MATEMATUKA W MATEMATUWYECKO OBPA3OBAHWE, 2003
MATHEMATICS AND EDUCATION IN MATHEMATICS, 2003
Proceedings of the Thirty Second Spring Conference of
the Union of Bulgarian Mathematicians
Sunny Beach, April 5-8, 2003

SHAPE THEOREMS FOR QUADRANGLES"

Georgi Hristov Georgiev, Radostina P. Encheva

A shape of a triangle is a complex number corresponding to an orbit of triangles under
the group of the plane direct similarities. A shape of a quadrangle is an ordered pair
of complex numbers corresponding to an equivalence class of quadrangles under the
same group. We apply the shapes of triangles for the examinations of the shapes of
quadrangles. In particular, we obtain some equalities for shapes by the use of some
geometric constructions.

Complex numbers are a power tool to study the Euclidean plane. There are several
books which consider different applications of complex number in the plane geometry (see
[5] and [9]). June Lester created a new complex analytic formalism based on a cross-ratio
and introduced the notion of a shape of a triangle. Many applications of this formalism
are considered in triangle series (see [6], [7] and [8]). The notion of shape was extended
by R. Artzy in [1]. He introduced a shape of polygons and examined some properties of
shapes of quadrangles.

In this paper, we apply shapes of triangles for examination of shapes of quadrangles.
First, we recall the basic definitions and assertions concerning shapes. According to [6],
if a, b and c are three distinct points in the Gaussian plane the number

a—c
Aabc = a_b
is called a shape of the oriented triangle. The shape Aapc is real if and only if Aabc
is degenerated, i.e. the points a, b and c are collinear. It is clear that Aape € C\ R
for any non - degenerate triangle Aabc. If p = Aape, then p’ = Apea = (1 —p)~! and
p" = Acap =1 —p~L. In [6], J. Lester proves two main theorems which are a very useful
tool for calculation of shapes. We shall recall the parts of these theorems which will be
used in our proofs.

First Shape Theorem. Let a and b be distinct fized points and let p, q and r be
three arbitrary points in the Euclidean plane. If Apan, = X, Agab = , Dyab = v, then
the triangle Apqr has a shape
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Let Aabp = N, Dabg = 1/ and Aapy = 1/, then)\:lf%,uzlf%, 1/:17%.
Using First Shape Theorem we obtain another more comfortable representation of the
shape of the triangle Apqr

1 _ 1)
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(1) qur = /{
v

Second Shape Theorem. Let Aabc be a non - degenerate triangle with shape Nape,
and let p, q and r be three arbitrary points. If Apcb = A, Dgac = p and Appa = v, then

AMabe — (1 = M) (1 —v)~ L
(1=Ap)(1 = p) " Dape — 17

qur =

As above, if Achp = N, Dacqg = 1/ and Apar = v/, then A =1 — %, w=1- %,

v=1-— i, and
v
/ !/ /
(2) Apgr = N ()\/1_?_&/ Sl / U
w =140 =X

See [6] for more details. Other applications of shapes are considered in [2] and [3].

According to [1], the shape of an ordered quadrangle abed in the Gaussian plane
is the ordered pair [p, q], where p = Aape and ¢ = Aaca. We denote the shape of the
quadrangle abced by S(abced).

It is easy to see that similar triangles with the same orientation have the same shape,
i.e. the shape of a triangle is invariant under the group of direct plane similarities. Now
we shall prove the same assertion for quadrangles.

Proposition 1. Let abed and a'b’c’d’ be two convex quadrangles with shapes [p, q|
and [p’, ¢'], respectively. Then
i. The quadrangles are similar if and only if they have the same orientation and p = p/,
q=q.
1. The quadrangles are antisimilar if and only if they have an opposite orientation and
P=04d=7q

Proof. i. If abcd and a’b’c’d’ are similar, then there exists a similarity f € Sim™(2)
which preserves the orientation in the plane and f(a) = a’, f(b) = b/, f(c) = ¢,
f(d) = d’. Thus, Aabc is similar to Aa’b’c’ and Aacd is similar to Aa'c'd’, i. e.
p'=pand ¢ =gq.
Conversely, if p = p and ¢’ = ¢, then there is a similarity f € Sim+(2) such that
f(a) = a’, f(b) = b’ and f(c) = ¢’. Suppose that f(d) = d”. According to i., the
quadrangles abed and a’b’c’d” are similar and then ¢ = Aped = Daear = Darerdr.
Hence, d’ = d” and the quadrangles abed and a’b’c’d’ are similar.
The proof of the second assertion is the same.

The proposal of this paper is to give generalizations of the first and second shape
theorems. For this we need formulas for calculating the shapes of quadrangles when the
order of the vertices is changed.

Lemma 1. Let abed be a convezr quadrangle with shape [p, q|, then

. 1— 1
- S(beda) = | T=HE 2] S(edab) = [ L4, 252
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S(dabc) = [pq—‘l, 21(1—‘1)} .

bq —pq
. S(dcba) = [pl(l_pgy z%] , S(cbad) = [%, 1-— q] ,
S(badc) = {1 - pq, 11_—_5(]} , S(adcb) = [%, %}
Proof. Since p = ﬁ and g = 3:2, then Agpa = g:g = pq. Thus, Apda =
(1 —pg)~t and Apaa = 1 — pg. On the other hand, Apeq = Et)):(ci _ (= f)q)_(lé —a) _

= (1 —pq)(1 —p)~'. Hence, S(bcda) = [Aped, Lbdal = {1117;;], T flpq} . The proof of
the rest equalities is analogous.
The first shape theorem can be extended to a formula for calculating the shape of a

quadrangle.

Figure 1

Theorem 1. Let a and b be two distinct points in the plane. For arbitrary points
ci, i« = 1,2,3,4, we suppose that Nape, = Ai. Then, the shape of the quadrangle
C1C2C3Cy4 1S
A3 — A A=\

A=A Az =AM ]

S(Cla Cz2, C3, C4) =

Proof. Since 2:% = \;, we have ¢; = a — \;(a — b) (see Figure 1). Then

ci—c3 a—A(a—b)—at+X(a—b) A3—X\

Ac cacz — = =
. Ci1 —C2 a—)\l(a—b)—a—f—)\g(a—b) Ao — A\

and
A ~c1—c4 a—M(a—b)—a+XM(a—-b) M-\
cresca Ci1 —C3g a a—)q(a—b) —a—i—)\g(a—b) B )\3 —)\1'
This completes the proof.
Theorem 2. Let abed be a quadrangle with a shape [p, q|. On the sides of the
quadrangle abed construct triangles Acday, Adaby, Aabcy and Abcedy externally
with shapes A1, A2, A3 and Ay, respectively. Then the shape of the quadrangle a;bycidy
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[ p—Ap(1—q) — A3 Alp(l—Q)‘i‘(l—M)(l—p)]
(1 =A)p(1 —q) +pgra’ Ap(l—¢q)+ A3 —p

Proof. It follows from Acda; = A1, Ddab; = A2, Dabe; = A3 and Aped; = Ay that
ap =c—)\1(c—d), b1 :d—)\g(d—a), C1 :a—)\g(a—b) and d1 =b—)\4(b—c).

Figure 2

Hence, we find that
3) At _ alfcl:cfaf)\l(cfd)Jr)\g(afb):
aibica a; — by (1—X1)(c—d)+ Xa(d —a)
1 — (1= X1)Adac — A3Dadb
A2 — (1 — X)) Adac

Since Adac = 1 —Dadge =1 f% and Naap = 1 —Agab = plq(see Figure 2), then replacing

in (3) we obtain the first component of the shape of the quadrangle a;bjc1d;. Similarly
ag—di c—b-X(c—d)+M(b—-c)

(4) Dajerd, = ai—c1 c—a—\c—d)+ra—b)
- 1 — XA Acbd — M
 1—MAcba — (1 —A3)Apea
_ (g=1)p

From Ac¢pa = = and Apca = (1 — p)~1, replacing in (4) we get the second
component of the shape of the quadrangle a;b;ci1d; and this completes the proof.

Some particular cases of Theorem 2 are used in [3] to solve of some problems from

[4].

Theorem 3. Let abed be a quadrangle with a shape [p, q]. Let ac N bd = m,
abNcd =k and bcnad =1. Then

- Im pg 1 —pgq Imp
. Aa m=—P-7 9 1. s cm — . )
' P = P P g + Imp” =P T=p [pImg +Tmp
e = e Iy g Ly pFing_
cdm ™ 1—gq Ip[?Tm ¢ + Im p ) —dam pq) " pPImq + Imp’
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_ plmpg — [p[*Tm g
Aa 1= 2 3
Impg — [p[*Imq

Angy = —@T0(lpPTm g + Imp) — Im pg(Impg — |p|Tn g) Imp—TImpg

" q.Im p(|p|2Im g + Im p) — Im pq(|p|2Im ¢ + 2Im p — Im pq) 'Tm pq — |p|2Im g’
iii. The shape of the quadrangle mkld is [Amx1, OAmia], where

¢-(|p|*Im g + Im p) — Im pq
p.Img(|p[*Im ¢ + Im p) — Im pg(Im p + 2[p[*Im ¢ — Im pq

Amia = ) (|p/*Tm ¢ — Im pq).

Figure 3

Proof. Applying the First Shape Theorem for the triangles Aabb, Aabd and Aabm
with shapes 1, pqg and Aapm, respectively we find that
Aabm -1
pg—1
Since b, d, m are collinear (see Figure 3),then Apam = Apgm- Hence

(5) Napbm — 1 _ D abm — 1.
pg—1 pg—1

Similarly, applying the First Shape Theorem for the triangles Aaba, Aabc and Aabm

with shapes 0, p and Aapm, respectively and using that the points a, ¢, m are collinear

we get

Apdm =

©) Dot _ Db
p p
From (5) and (6), eliminating A, we find the first equality in 7. The shapes of the

triangles Abcm, Acdm and Adam are obtained from the shape of the triangle Aabm
by cycling the vertices of the quadrangle abcd and Lemma 1. Applying the first equality

in 4. for the quadrangle bacd with a shape |1 — p, 11__1;(1} we get

o Im pq . 4 .
Apar = (1 p)'—Impq ~p%Tmg’ Using that Aapy = 1 — Apar we find the last equality
in 4. Denote Aabm = A1, Aebk = A2 and Aael = A3. Hence m = a — Aj(a —b),
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k=c—X(c—Db)and l =a— A3(a— c), and replacing in A = Irnn:ll< we find that
Asp— A1

7 Amkl = )

@ K I=X)p+ra—X\

It follows from the second equality in . for the quadrangles acbd and bacd with shapes
[%, pq} and [1 —p, 11__1;(1} that

pl—q)  Imp
8 VAN = A= .
(8) cbk 2 p—1 Imp—Impq
Imp
9 Nael = dsg=¢q— .
©) Im pg — |p[*Img
Replacing (8), (9) and the first equality from ¢ in (7) we get ..
The last assertion in ¢ii. follows from the First Shape Theorem for the triangles Aabm,
Aabl and Aabd with shapes Aapm, ANapl and Aapq = pg, respectively. O
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IIIEVII TEOPEMMU 3A YETUPUbI'bJIHUIIN

T'eopru Xpucros I'eoprues, Pagoctuna II. EnueBa

IITeiin Ha TPUBI'BIHUK € KOMILJIEKCHO YHCJIO, ChOTBETCTBAINO Ha OopOHUTaTa OT TpPH-
BI'BJHUIM O] JEHCTBHETO Ha IpylaTa Ha MOJOOHOCTATE B PABHUHATA, 3aIla3BAIlN
opuentanusara. lllefin Ha YeTUPHBIBIHUK € HapeIeHA IBOHKA OT KOMILJIEKCHU YHC-
Jla, CbOTBETCTBYBAIIA Ha €KBUBAJIEHTEH KJaCc OT YEeTHUPHUbI'bJIHUAIN II0 OTHOIIIEHHE Ha
cbiara rpyna. Ilpumarame meiinioBe Ha TPUBILJIHUIM 33 U3ydUaBaHe Ha IIEHIIOBe HA
YeTHPUBIBJIHUII. B 4acTHOCT mosy4aBaMe ThKIECTBA 32 IIEHIIOBEe Ype3 U3IMOI3BAHE
Ha HAKOW I'€OMETPUYHU KOHCTPYKIIUU.



