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SPECIAL COMPOSITIONS AND CURVATURE
PROPERTIES ON A THREE-DIMENSIONAL WEYL SPACE

Dobrinka K. Gribacheva, Georgi Z. Zlatanov

Special compositions, generated by a net in a space with a symmetric linear connection
are considered in [2]. In [4] there is introduced the prolonged covariant differentiation
of satellites of the metric tensor of a Weyl space. In this paper, the special composi-
tions, generated by a net in the 3-dimensional Weyl space are characterized in terms
of the prolonged covariant differentiation. There the form of the curvature tensor on
a 3-dimensional Weyl space and the Ricci curvatures of some tangent vectors of the
net are given.

1. Preliminaries. Let W3 be a 3-dimensional Weyl space with a metric tensor g;s
and its inverse tensor gkj, i.e. g,-kgkj = g, 1,7, k=1,2,3.

As it is well-known [5], the Weyl connection V with components Ffj is determined by
the equation:

k
(1) Ffj = {U} - (%‘5? + wj(sf - gijgksws) )

where wy, is the complementary vector of W3 and {fj} are the Cristoffel symbols, deter-
mined by g;;. There are valid the following equations:
(2) Vigij = 2WkGij Vig” = —2wig".

Let us consider a composition W3 (X2 x X1) in W3, where X5 (dim X = 2), X; (dim
X1 = 1) are the fundamental manifolds. There exists a unique position of each of the
fundamental manifolds X5 and X; at every point p € W3, which is denoted by P (X3)
and P (X7), respectively.

According to [8], W3 is the space of the composition W3 (X2 x X1), if there exists a
tensor field a] of type (1,1) determined by the equations:

(3) aga? = 511?7

(4) NZ@- = afVSa? - a?VSaf + a® (Via$ — Vjai) =0,
where Ni’“j is the Nijenhuis tensor of the structure ag .

Following [6], the composition W3 (X2 x X7) is called Cartesian, if the tangent section
of P (X3) and the tangent vector of P (X1) is translated parallelly in the direction of every

curve of P (X2) and P (X7). The characteristics of the Cartesian composition is:
(5) Vias = 0.
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A composition W5 (X2 x X7) is called Chebyshevian, if the tangent section of P (X3)
is translated parallelly in P (X7) and the tangent vector of P (X;) is translated paral-
lelly in the direction of every curve of P (X3) . The characteristic of the Chebyshevian
composition is:

(6) Viaf - Vjaf =0.

The composition W3 (X3 x X7) is called geodesic, if the tangent section of P (X3) is
translated parallelly in the direction of every curve of P (X2) and the curve P (X7) is
geodesic. The characteristic of the geodesic composition is:

(7) afVsal + atVia = 0.
Let (11),12),15) be a net in W3, determined by independent tangent vector fields ’lt:) of
k )
the curve of the net (k =1,2,3). We determine the inverse covectors v; of 1; (k =1,2,3),

respectively, by the equations:

(8) gkvk =6 o g%s S

According to [4], the prolonged covariant differentiation % of the satellite A with
weight {p} in the Weyl space is defined by:

(9) % A=V;A—puw;A.
K]
In [4] there are found the derivative equations of the directional vectors of the net:
o m o k k
(10) Vvt =T, v, Vivs=-T; v™, k=123
k k m m S
2. Special compositions in W3. In [2] there is defined the affinor a¥ of the

composition in the Weyl space. It is determined uniquely by the net and it has the
following form in Wis:

1 2 3
11 af = oP v +oF v, — 0P v,
( ) 7 1 T 2 T 3 T
There is follows immediately af satisfies (3) and the conditions:
12 ajvf =v® aivk =0 ajuR = —vs.
( ) kl 1’ k2 57 kg 3

The composition W3 (X2 x X1) is determined by af , if the affinor satisfies (4). The
composition W5 (X x X7) is called associated to the net (11), v, 13))

Theorem 1. The Weyl space W3 is a space of the composition W3 (X2 X X1) associ-
ated to net (11),12),3)) if and only if:

1 3 Los3 1 1 3 2
Twoa+Tsv v v + Ty v =0,
2 2 2
(13) T[k%i]"f'Tsvég[k%)i]+Ts’l)6’(3)[k12)i]:()7
3 3 1 3 2
3 1 3 2 3 2 1 3 1 2 3 1 3 3 s 3
?[kvi]+g[kvi]7221511)51)[1“1}1]7?Sgsv[kvz]+?sgsv[kvz]+€sgsv[kvi]—0
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Proof. The affinor a¥ has weight {0} and according to [4] we have:
(14) %saf = V.ak.

Then the condition (4) receives the form:
(15) afvsaf — aﬁvsaf + a” (Vm? - Vjaf) =0.
According to (10) and (11) we obtain:

o 3 1 1 3 3 2 2 3
k_ kL % k2 k3

(16) Vsaj2<?51§ v; €5111 v]+12“Sg v; 1;512) Uj>.

Having in mind (11), (12), (16), (15) and the linear independence of gi, it follows

(13). Conversely, (13) implies (15). O
We receive the following equality by contracting the last equation of (13) with 11)5 and

v%:
2
3 ) 3
(17) T, v = T, v°.
1 2 2 1

Theorem 2. The composition W3 (X2 x X7) is Cartesian if and only if the coefficients
of the derivative equations satisfy the conditions:

3 1 3 2
(18) To =Ty, =T, =Ty = 0.
1 3 2 3

Proof. According (5), (14), (16) and the linear independence of gi, 1]31 (k=1,2,3),

we obtain (18). Conversely, (18) implies (5).
Since the composition in Theorem 2 is Cartesian, then the vectors 111k, 12)’“ and g’“ are

translated parallelly in the direction of v and the vector 13)’“ is translated parallelly in the

direction of v and v. Hence, according [3], we have the conditions:
k s _ .,k s _ .k s _ .k s _ o,k s __
) PV =4y =y = g =g iy =0
Using (9), (10), (18) and (19), we obtain:

Corollary 2.1. Let the composition W3 (Xo x X1) be Cartesian. There are valid the
following conditions for the non-zero coefficients of the derivative equations:

3 2 2 1 1
(20) Ty =3wy, afTp=T, a'Tp=T,.
3 1 1 2 2

Theorem 3. The associated composition W5 (Xa x X1) to the net (11), v, g) is Cheby-

shevian if and only if:

(21)
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Proof. According (14), the condition (6) receives the form:
(22) Viaj, — Via; = 0.
Having in mind (16), (22) and linear independence of gi, we obtain (21). We verify
immediately that (21) implies (22), which is equivalent to (6). Hence the composition is
Chebyshevian.

1 2 3 3 3
It is easy to prove that the coefficients Ty and Ty are collinear to vy and Tk, Tk
3 3 12

are linear dependent of 1le and ’12Jk in the case when Ws5 (X5 x X7) is a Chebyshevian
composition.

A geodesic composition W3 (X2 x X7) is characterized by condition (7) and because
of (14) it is equivalent to:

(23) af%sa? + a?%kazn =0.

Having in mind (11), (16) and (23), we establish the truthfulness of the following
theorem by an analogous way of the proof of Theorem 3.

Theorem 4. The associated composition W5 (Xa x X1) to the net (11), v, g) 18 geodesic
if and only if:

& 1 1 & 2 2 & 3 3 & 3 3
(24) a; j:;k = z;h a; j;k‘ = Z—‘ia a; ?k = _?h a; j;k‘ = _g—zia
3 3

1 2 3
i.e. Ty, Ty belong to P (X2) and Ty, Ty are collinear to covector v.
3 3 12

3. The curvature tensor of W3. There is known [3], the curvature tensor is
expressed by the Ricci tensor and the metric tensor for every 3-dimensional Riemannian

manifold. Let K; k.l be the curvature tensor of (W3, g;;,wy) determined by the Cristoffel

symbols fj} Let K;, and K = g K;; be the Ricci tensor and the scalar curvature,

respectively. Since the connection V for fj

Kijk? has the following form [3, p.282]:

} is Riemannian, then the curvature tensor

(25) K = 9 K — gin K + Kji6; — Kid; — 5 (9187 — gird3) ,
where K} = ¢°™" Ky,
Theorem 5. Let (W3, g,w) be 3-dimensional Weyl space and V be the Weyl connec-

tion of Ws3. Then the curvature tensor R, * of V satisfies the condition:

5 1 ms S S S
(26) Ri> = 3 {(gjxSim — girSim) g™ + Sjr6; — Sikd; + (Sji — Sij) 67 }

3R .
where S, = 2R, + Ry — ik R = gY R;; — the scalar curvature.
Proof. Having in mind [5] and (1) for Rijk_l and tensor Kijk.l we have:
Rijk% = szkl - @ileé + VT + Ti;Tij - TjszikSa

where Tj,i = w;dl + wiéj?»l — gikg MW
Using (2), the last equation has the following form:

(27) Rijk_l = Kijk,l + (@jwi - @iwj) Sk + Mol — Mik5§ + g M} — gikM;.a
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5 1
where M, = Vjjwi + wjwi, — zgjpw’ws, Mj‘l = glijk'

2
_ According to (1) and the identity for the curvature tensor of a Weyl space [5], i.e.
R}, = —2nV|y,,], we have the following equality for n =3
- - R — Ri:
(28) iji - viwj = iji - Viwj = %

Then, by contracting ¢ and [ in (27), we obtain the form of the Ricci tensor and the
scalar curvature:

2 1
(29) Kju = 3Rk + 3

The equalities (28), (25), (29) and (27) imply (26). O
There is known [7], the Ricci curvature in direction the unit vector field v* is
R (v,v) = R;;v"v’ with respect to g;;.

Rij — My, — gjig"*M;s, R =K + 49" M;s.

Theorem 6. Let W5 (X2 x X1) be a Cartesian composition. Then the Ricci curvature
in the direction of the vector 13)’“ 18 zero.

o
Proof. The condition (20) for Cartesian composition implies ngs = Swjgs. Since the
vector gs has weight {—1}, according to (9) and the last equation, we obtain

ngs = 2wjgs. The integrability conditions of the last equation are:
(30) ViViv® = V;Viv® = Ry v,

We obtains the left side of (30), by using of (28), and the right side of (30) — by using
of (26). After some calculation, we obtain Rjkgjgk = 0, i.e. the Ricci curvature in the

direction of gk is zero.
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CIIEIIIAJTHA KOMIIO3UIINY B TPUMEPHO BAMJIOBO
ITPOCTPAHCTBO. CBOUCTBA HA TEH30PA HA KPUBUHA

Hobpunka K. I'pubaueBa, I'eopru 3. 3iaraHoB

Crenpa/Hu KOMITO3UIIMY, TOPOJIEHN OT MpeKa B IPOCTPAHCTBO CbC CUMETPUYIHA JIU-
HeifHa cBbp3aHOCT ce m3ydasar B [2]. B [4] ce BbBex/a NPOIBIZKEHO KOBADUAHTHO
nudepeHnupane Ha CI'bTHUIUTE HA METPUYHUS TEH30p Ha BailyioBo mpocTpaHCTBO.
B rasm pabora ¢ momonrra Ha IPOIBIYKEHOTO KOBAPDUAHTHO JMpeEpeHIpaHe ce Xa-
paKTepHU3UpaT CHElHAJIHU KOMIIO3UIIUH, IIOPOJEHN OT Mpeka B TpuUMepHO Baiinoso
npoctpancTBo. Hamepen e Bua Ha TeH30pa HA KPUBUHA Ha TpuMepHO BaitiioBo mpoc-
TPAHCTBO U KPUBHHHTe Ha Pudum Ha HIKOM OT NONUpATE/HUTE BEKTOPU HA JIMHUUTE
Ha MpeXKaTa.



