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TWO-POINT BOUNDARY-VALUE PROBLEMS WITH
IMPULSE EFFECTS"

Lyudmil I. Karandzhulov

A new scheme for investigation of boundary value problems of ordinary differential
equations with impulse effects at finite number of points is suggested. The problem
is reduced to a two-point boundary value problem which dimension is greater than
the dimension of the original problem. Conditions for existence of unique solution
and family of solutions are obtained.

1. Statement of the problem. We consider a two-point boundary-value problem
with generalized impulse conditions at finite number of points

1) W — A@y+ 7). v €t 7 £
(2) By(a) + Cy(b) = d,
(3) Niy(m; +0) + My(r; — 0) = v;, i = 1,p,

a=T0<T <72 << Tp < Tpy1 =D,
where the coefficients of the system (1) and the equalities (2), (3) are subordinate to the
following conditions:

(H1) A(x) is (n x n) matrix with continuous elements on [a, b], f(x) is n-dimensional
partially continuous vector function with break points of the first kind at 7;: f(z) =
fix), z € [a,n], f(x) = fi(x), ® € (7, 7is1], @ = 1,p, where fi(z) is continuous in
[ric1,ml, i=1p+1;

(H2) B and C are (k x n) constant matrices, d € R"” and M;, N; i =1, p, are (s x n)
constant matrices, v; € R®.

Further, we give conditions for existence of the solution y(-) € C* ([a,b] \ {71, -+ ,7p})
of the impulsive boundary-value problem (1) — (3) and construct this solution.

If instead of (3) we consider the following impulse conditions

y(mi+0) + (Bn + Si) y(r; — 0) = v, i =1,p,

where (E, +5;) are nonsingular matrices, then we obtain the problem investigated in
p+1

[4]. The system (1) with impulse and boundary conditions united in the form > ly;(+)
i=1
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where the functionals

is investigated in [2].

-/ " do(s)] Cils)yils), i = T FT,

Til

2. Main results. We denote z; = 7, i = 0,p + 1 and replace
T —Tj-1
4 it
@ .
This means that © € [x;_1,2;] is equivalent to ¢ € [0,1]. Therefore after change of
variables (4) the intervals [x;_1,;], i = 1,p + 1 are represented in [0, 1].

d dz;(t) dt
Let y(zi—1 + th;) = z(t), t € [0,1] when x € [z;_1,2;]. Then & dz(t) dt =

=t hy=x;,—x;1,i=1,p+ 1.

1 dz;(t dx dt dx
h_i chhg ) Thus (1) takes the form
dZ;]Et) — hiA(xi—l + thi)zi(t) + hif(xi—l + thi)7 i=T,p+1

We introduce the next denotations
Ai(t) = hiA(Ii_1 + thi), gi(t) = hif(-fi—l + thi).
Then the last system takes the form
deL' (t)

(5) = A=) + (1), i=TpF1 teo 1],

By means of the notations introduced above we find y(a) = 21(0), y(b) = zp+1(1). For
this reason (2) takes the form

Since the solution y(z) of the problem (1) — (3) is continuous on every interval [a, z1],
(xi—1,m;], 7 =2,p+ 1, then as lierOy(:E) =y(1; +0), we obtain
y(ri = 0) = zi(1), y(7i +0) = 2i41(0).
On this way the impulse conditions (3) take the form
(7) Mizi(l) + NiZi_;_l(O) =0, 1 = m
Let z(t) and g(t) be (p + 1)n-dimensional vector functions
2(t) = col(z1(t), -, zp41(t)), g(t) = col(g1(t), -, gp41(1)).

Then we rewrite the differential systems (5) and conditions (6), (7) like a generalized
two-point boundary-value problem

(8) (t) = A(t)2(t) + g(t), t<[0,1],
(9) Bz(0) + C2(1) = d,
where

A(t) = diag (A1(t),- -+, Ap+1(t)) is ((p+ 1)n x (p + 1)n) matrix,

B = diag (B, N1,--- ,Np)) is ((k + ps) x (p+ 1)n)) constant matrix,
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is ((k + ps) x (p + 1)n) constant matrix,

M, 0
d=1d, vy, --- ,vp]T is (k + ps)- dimensional vector.
We are to solve the problem (8), (9) instead of the problem (1) — (3). It is clear that
yi(z) = [2(t)],, when t = (z — 7;)/h;. Here index n; means successively n in number

components of the solution () of (8), (9).
Let ®(t), ®(0) = E(p41), be the normal fundamental matrix of the solutions of
% = A(t)z. The generalized solution of the system (8) has the form

(10) 2(t) = B(t)e +n(t), ¢ RPHI™,
t — —_——

where n(t) = [ ®(t)® 1(s)g(s)ds is a particular solution of (8). We substitute (10) in
0

the boundary condition (9) and bearing in mind ®(0) = E(,41),, 7(0) = 0, we obtain

(11) Qc=d—Cn(1),
where Q = B + C®(1) is ((k + ps) x (p+ 1)n) matrix.

We denote by QT the ((p+ 1)n x (k + ps)) pseudoinverse matrix [1], [3] of the matrix
Q, by Pg and Pg- the orthoprojectors Pg : RPHI™ — ker(Q), Pg- : R¥ P — ker(Q*),
Q*=Q".

Theorem. Let the conditions (H1), (H2) be satisfied and rank@ = n; < min(k +
ps, (p + 1)n). Then the boundary-value problem (8), (9) has one-parametric family of
solutions
(12) 2(t,€) = () Pog +Z(t), Z(t) = ®(H)Q™ (d — Cn(1)) + 1(t)
if and only if Pg~ (E —Cn(1)) =0.

Proof. We have rank@® = ny < min(k + ps, (p + 1)n). Then the system (11) has a
parametric solution
(13) c=Poé+Q" (d—Cn(1)), £eRPTH
if and only if the condition of orthogonality Pg- (E — 677(1)) = 0 is fulfilled. We substi-
tute (13) in (10) and obtain (12).

Corollary 1. Let the conditions (H1), (H2) be satisfied and Pg- = 0. Then the
boundary-value problem (8), (9) has one-parametric solution of the form (12).

In this case rank@ = (p + 1)n and the system (11) is always solvable.

Corollary 2. Let the conditions (H1), (H2) be satisfied and Po = 0. Then the
boundary-value problem (8), (9) has an unique solution z(t) = Z(t) if and only if
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Pgy- (d—Cn(1)) =0.

In this case rank@ = k + ps.

Corollary 3. Let the conditions (H1), (H2) be satisfied and Pg = 0, Po« = 0. Then
the boundary-value problem (8), (9) has a unique solution z(t) = Z(t) and QT = Q1.

In this case k 4+ ps = (p + 1)n and det Q # 0. Here we may supplement a case when
k=s=n.

Keeping in mind the replacement (4) for the solution of the boundary-value problem
(1), (2) with impulse effects (3), we find

yi(z) = {6 <xh_1a) PQL15+ [z (Ih_l“ﬂn z € [a, 7],

(14)(a, €) = yi(x):[5(30;:1‘)13@]%&[g(f”;i”)}m, x € (i1, 7,
i=2,p+1,

where ny +ng + -+ + npr1 = (p + 1)n, n1 means the first n in number rows, no- the
second and etc., np41- the last n in number rows of the matrix ®(¢)Pg and the vector
Z(t).

3. Examples.

3.1. We illustrate the theorem by the impulsive problem

ZZ*O z€0,2, 2 £ 1, y(0) +y(2) =1, y(1+0) +y(1—0) = 1.

In this case

= 0 is fulfilled. This shows that the

— 0 1 = 1 0
o-[va] a1 - [0]
Since ) has the representation @ = [ 1 1 ], then rank@ = 1. Thus we find
successively
171 1 1 1 -1
+ _ . = =
=l | re=3la )

17 1 -1

1 1}’]3@5{—1 1
1

1

Obviously, the condition of orthogonality Pg-

1

system

el

is always solvable and accordlng to (13) has one parametric solution

[ et

1 -1 111
|1 s ] e

From (12) we find

(1,6) =
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Finally from (14) we get

yl(x):%[ L, _1]€+%a IE[Ovl]v
x(t, &) = .
yg(I):§[—1, 11¢€+12, z€(1,2]
yi(z) = A+12, =z €[0,1],
x(t) = AER

ya(x) = =A+12, z € (1,2
3.2. We will find periodic solution of the system
dy

% =1, z¢€ [073]7 x#1, y(O) :y(?’)a y(1+0) =0.

In this case h; = 1, hg = 2 and the system (8) has the form
| &) ] 1
=] 50|12

.= 10 -
and we obtain ®(t) = [ 0 1 ] . The boundary conditions (9) are
1 0 0 -1 0
[0 1]2(0)—1—{0 0}2(1)—{0].

The system (11) has the form

Then

In accordance with corollary 3
2(t)=z(t) =] t+2, 2t
and from (14) we find
n(z)=xz+2, x€]|0,1],
x(t,§) =
yo(z) =2 —1, z€ (1,3
We describe a scheme for investigation of boundary-value problems with impulse ef-

fects of the form (3)._This scheme may be applied to multipoint boundary-value problems.
Then the matrices B and C' are not so simple.
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JBYTOYKOBU 'PAHNYHU 3AJIAYUN C UMITYJICHO
B'b3JIENCTUBUE

JIronmua UB. Kapaumkysios

B paborara e nmpeziokena HOBa cxeMa 3a WU3CJI€/IBaHE HA MPAHUYHU 33/1a9K 38 OOUK-
HOBEHU JupepeHIna il YPaBHEHUsI C OOIIM MMITYJICHH Bb3JIEHCTBHUSI B KpaeH Opoit
TOYKHU Ype3 CBEXKJIAHE M0 JBYTOYKOBA 'PAHUYHA 33J/ia49a C IO-TOJISIMa Pa3MEPHOCT OT
mbpBoHadaHaTa. [loyyeHn ca yCaoBUsITa 3a ChINECTBYBaHE KAKTO HA €IUHCTBEHO
pellleHre, Taka U Ha CEMEHCTBO OT PEeIlleHusl.
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