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WEYL SPACES OF COMPOSITIONS

Georgi Zlatanov Zlatanov

Three Weyl spaces of nonorthogonal compositions of two base manifolds are investi-
gated in the present paper. The hybridian tensor generated by the first Weyl space
and introduced by G. Timofeev is chosen as a fundamental tensor for the second of
them and the third Weyl space is conformal to the second one. Necessary and suf-
ficient conditions, so that these three Weyl spaces to be spaces of compositions are
found with the help of the prolonged covariant differentiation. The relations between
the tensors of curvatures of these three Weyl spaces of compositions are established.
The characteristics for an isotropic composition in these spaces are obtained.

1. Preliminary. Let Wx(gag,T») be Weyl space with a fundamental tensor gos
and a complementary covector T .
After renormalization of the fundamental tensor by the law

(1) gaﬁ = )\2ga67

where A is a point function, the complementary covector T, transforms by the law ([1],
p.152)

9]

(2) T, = T, + O lnA.

According to ([1], p.152) the fundamental tensor g,s and the complementary covector
T, satisfy the identities

(3) va Gap = 2Ta Gap, VU gaﬁ = 72Ta gaﬁ
where ¢®? is the reciprocal tensor to gap and
(4) Jop 977 = 83

The equalities

(o)

(5) Vo Jas =0, Vo gaﬁ =0,

[e]
where with V is denoted the prolonged covariant differentiation, are introduced in [8].
Consider in the space Wy the composition X,, x X, of two base manifolds X,, and
Xm, (n+m = N). The spaces Wy of compositions will be denoted Wy (X, x X,,). Two
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positions P(X,,) and P(X,,) of the base manifolds pass through any point of the space
WN (Xn X Xm).

According to [2] and [3] each composition is completely definite with the field of the
affinor aZ, satisfying the condition

(6) agay =0,

The affinor a? is called an affinor of the composition.
We presuppose that the composition is always integrable and nonorthogonal. The
condition for integrability of the structure characterizes with the equality [6] and

o

(7) aj3Via g —agVig ag = 0.
According to [6, 7] the projecting affinors a g, a g are defined by the equalities

n m 1
0 i 0= 508 +al), &0 =508 - al).

n m
It is true the equality gng = Gag + 29ap + Gop, Where

m

n
(9) Gap =03 0% gou, Gap =103 0 % gou, Gap = al, ) Gov-

The tensor Gy is named hybridian metrical tensor [4]. Due of (5) G # 0 for nonorthog-
onal compositions X,, x X,,.
Acccording to [4] the tensor of the composition

(10) Ao = ag Jop
and the fundamental tensor of Wy satisfy the equation
(11) Qoo 9°° Qg = gas-

In [4] Timofeev has proved the following theorem

Theorem 1. The Weyl space Wi (gag, To) is a space of composition Wiy (Xp X Xp,),
if and only if there exists a tensor aqg, satisfying equalities (11) and

(12) 9°? ag, V[aag]y — 97 aup V[ﬁaa]y — 2T[a 98y — 2T,9°° Alas/p) g = 0.

2. Weyl spaces of compositions. Let us note that by means of the prolonged
covariant differentiation the equality (12) can be written in the form

(13) q°r agp V[aaa]u —9°° Qap V[Baa]u =0.

We denote by V and *V covariant derivatives in Weyl spaces Wy and “Wy,a = 1,2,
respectively.

Let Wi (gas, T) be a space of composition Wy (X, x X,,).
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Theorem 2. The Weyl space ‘Wi (Gag, T5) is a space of composition ‘W (X, x
Xm), if and only if there exists a tensor aqg, satisfying equalities

(14) Qoo G agy = Gaﬁ7
(15) G aps 1V[aa/V/U] = G7 apa 1V[3(1/1//17] =0.

Proof. It is easily to see that the weight of the hybridian tensor Gos is {2}. Hence
after renormalization (1) of gog for Go3 we have éag = )\QGQQ . Since T, transforms
by the law (2), then there exists only one Weyl space 'Wx (Gog,T,;) with a fundamental
tensor G,z and a complementary covector T, satisfying v, Gaop =21, Gog.

According to [8]

(16) W, Gop =0, 'V, G* =0.
Consider the tensor
(17) G = a((f‘ af) g°".

Using (6) and (7) we find GopG*® = 63, which means that G*3{—2} is a reciprocal
tensor of the tensor Gug.

Let the Weyl space 'Wx (Gag, T,) be a space of composition Wy (X, x X,,). Con-
sider the tensor of the composition X,, x X,,

(18) laaﬁ = ag Ggg.
Obviously 'a,3{2}. Taking into account (9), (10), (18) we obtained
(19) 1aa5 = GBx-

To prove (14) it is sufficient to substitute G’ and a,g from (17) and (19) in (14) and
keeping in mind (4) and (18).

After prolonged covariant differentiation of (18) and applying (16) and (19) we find
'V, Gga = V., a7 Gop. Now after substitution of V,, a7 = 'V,Ggn G in (7) we
obtain (15).

Theorem 3. The Weyl space 2Wi (gag, a4T,) is a space of composition *Wy (X, X
Xm), if and only if there exists a tensor aqg, satisfying equalities (11) and

(20) q°" Qpp QV[(XG’O']I/ —9°° Qap 2V[Baa]y =0.

Proof. Let us consider the covector P, = aZTj and the equality

(21) 2v0 Japg = 2Pa 9aps-
215



From (1) and (21) it follows 2V, og = 2(9-\ + a%P,) Jap, which means that P,
transforms by the law (2). Hence there exists only one weyl space Wy (gas, Pr) with a
fundamental tensor g,3 and a complementary covector F,.

According to [8] the equality (21) takes the form

o

(22) Vo gap =0.

Let the Weyl space Wi (gag, P») be a space of composition Wy (X, x Xy,). It is easy
to see that the tensor (10) is the tensor of the composition X,, x X,, and it satisfies (11).
From (7), (10), (22) it follows (20).

3. Transformation of Weyl connectedness in Wn(X,, X X;,).

Theorem 4. The tensors of curvatures Rop 7, * Rag7, QRQM‘.’ of the spaces Wi (X, x
X)), "W (X % Xon), 2Wa (X, x X)), respectively satisfy the equalities:

(23) 'Rupo? = Rapo?,

m
(24) 2Raﬁgq - Ra[qu = 4NV[aT6];
where
(25) Ty=149T,

Proof. From 'V, T3 —V, T = =155 T, where T7; is the affine strain tensor, we
obtain

(26) 'Via Tg) = Via Ty
According to ([1], p.157) we have
(27) Ropo? = 72NV[C¥T3], lRaﬁg‘.’ = —-2N 1V[aTg].

From (26), (27) it follows (23).

Obviously there exists a conformal maping between the spaces Wiy (X, X Xpn),
Wy (X, X Xy). Acccording to ([1], p.157) the tensors of curvatures of the spaces
W (X, x X)), 2Wh (X, x X,,,) satisfy the equality

(28) QRaﬁcrq = Raﬁo’q + 2Pq1~j'y[ﬁ Palvs

where

(29) 2PYT 5 = 8 55 + 6% 07 — g" g,
1 ps

(30) Pav = Vapy — §P-qau PpPo,
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(31) Do =Ty — Po.

m m
From (8), (25) and (31) we obtain po =2 a § T, =2 Ty, , i.e. poy € P(X,,). Takig into

«

account (30) and p, = 2 ?a, P75 =0 we find

(32) Plav] = 2V[aTV]

At last from (28) and (32) it follows the validity of (24).

4. Isotropic composition in Wn(gag, Ts). It is known that the Weyl space
W (9a8, T») assumes an isotropic composition if and only if the tensor of the composition
aqp is asymmetric [4]. In this case the positions P(X,) and P(X,,) have the same
dimension and the space Wi (gag, To) is even-dimensional.

Theorem 5. The Weyl space Wy (gag, To) assumes an isotropic composition if and
only if for any field of directions v* the fields of directions v* and a$ v° are orthogonal
in Wy (gaﬁv TU)'

Proof. The fields of directions v® and a$ v? are orthogonal in W (gag, Tw) if and
only if

(33) Jap V¢ ag v = 0.

According to (10) the equality (33) is equivalent to the equality ass v® v® = 0. Since
v® are arbitrary, then (33) is equivalent to a(ap) = 0, i.e. the tensor of the composition
is asymmetric.

Corollary 1. If one of the spaces of compositions Wy (X, X Xp), "W (Xy X X)),
Wy (X, x X,,) assumes an isotropic composition then the other two spaces assume
1sotropic compositions too.

The validity of the corollary follows from the fact that the tensors of the compositions
of the spaces Wi (X, x Xp), 'Wn(X, x Xp), 2Wn (X, x X)) are ang, aga, aass
respectively.
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BAMNJIOBU IIPOCTPAHCTBA OT KOMIIO3UIIN

Teopru 3aTamoB 3JaTaHoOB

Heka e mameno BaifjioBO mpOCTPAHCTBO OT HEOPTOrOHAJIHA KOMIIO3HUIHsA. Pasriex-
JIaT ce Olle JBe BaMJIOBU IIPOCTPAHCTBA, CBbP3aHU C JAJEHOTO IO CIEJHUS HAYHH:
OCHOBHUSIT TEH30D HA €JIHOTO € BbBEJIEHUST OT TumodeeB XubPUIAEH TEH30D, a JAPY-
roTO BaMJIOBO IPOCTPAHCTBO € KOH(MOPMHO Ha jajeHoTo. C MoMoIa Ha IMPOIbIZKEHO
KOBApUAHTHO JTHdepeHIpane ca HaMapeHn HeOOXOMUMU U JOCTATHIHU YCJIOBUSI TPH-
Te BAMJIOBM MPOCTPAHCTBA Ja ObJaT MPOCTPAHCTBA OT KOMIIO3UIMKM U Ca HAMEPEHU
BP'B3KH MeK/1a TEH30PWUTE Ha KPUBUHATA Ha T€3UW MPOCTpPaHCTBa. lloydena e xapax-
TEPUCTUKA 38 U30TOIHA KOMITO3UIMS B T€3U ITPOCTPAHCTBA.
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