MATEMATUKA W MATEMATUWYECKO OBPA3OBAHWE, 2003
MATHEMATICS AND EDUCATION IN MATHEMATICS, 2003
Proceedings of the Thirty Second Spring Conference of
the Union of Bulgarian Mathematicians

Sunny Beach, April 5-8, 2003

SOME RESULTS ON BOUNDED AND INFINITELY
DIVISIBLE RANDOM VECTORS
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In this paper we consider bounded from below infinitely divisible random vectors
and give similar statements about bounded from above ones. We investigate the
relationship between the infinimums of supports of the Lévy measure and distribution
function of such a vector. The results generalize those of Baxter & Shappiro (1960),
which concern the one-dimensional case.

1. Introduction. By definition a d-dimensional random vector X, defined on
a probability space (Q,.A,P) is infinitely divisible (ID) if for all n € A there exist
independent identically distributed (i.i.d.) random vectors (r.v’s) X1p, Xan, . .., Xnn such
that XgXln + Xo, + -+ X,n. Here and further on we use the notation 4 in the sense
of “coincide in distribution”. The distribution of such a vector is uniquely determined
by its characteristic function (ch.fct.) ¢(z). In general In p(z) has the form
Q(2)

2

i(z,x)

1) i) - G [ e e
R4\ {0}
where z € R%, 7 is a constant vector in R%, I is the Lévy measure of X, II1({|z|>1}) < oo,
lglg)l (z,2)(dx) < o0
e<|z|<1
and
(z,2)

|z|<e

As it is known, In¢(z) can be also written in the equivalent form

@ i - B [ @ im0 <Jel < b
R4\ {0}
where Te is a continuity point of II(x), e € R, e = (1,...,1) and

(a(1),2) = (v,2) + / (z,z)(dx) — / %H(dm).
o<|z|<T 0<|z|
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Note: With an abuse of notation we denote by the same letter II the Lévy measure
and the corresponding distribution function. More precisely, II(AS) = —II(z). Here and
further on AS = [0, 00)?\[0, ) .

The properties of multidimensional ID r.v’s seem to be investigated at first by Rvacheva
(1962). It is well known that if an ID r.v. is almost surely (a.s.) bounded, then
X*2 constant. Further, in this paper we consider the bounded from below ID r.v’s. The
statements concerning bounded from above r.v’s are analogous. Our results generalize
those of Baxter & Shappiro (1960) which consider the one-dimensional case.

Recall that the d-dimensional r.v. X is bounded from below if there exists a vector
a€ R? such that P(X > a) = 1, where {X > a} = {X; > a1,..., X4 > aq}.
Our main results follow below.

Proposition 1. A necessary and sufficient condition for the ID r.v. X to be bounded
from below is its Lévy measure I and Q(2) to satisfy the following three conditions:

DIy e RY: Uy < 0))=0;

2) Q(z)=0 forzall z > 0;

3)lim [ (,2)I(dx) < oo, where e € R, e = (1,...,1).
101\ fee}

Note that df IT is an increasing and non-positive one.

Proposition 2. Let X be ID with df F and Lévy measure I and Q(z) satisfying
conditions 1), 2) and 3). Then
i) there exists ap € R such that P(X > ag) = 1 and

(z,7) /
= —_ 711 = —_ H :
@2 = (o= [ ) = (o). 2) (= )TI(do);

[0,00)7\{0} [0,7)\{0}
i) ap = inf Supp F — inf Supp II;
iii) the ch.fet. of X has the form
3) o) =explifan )+ [ (@ - ),

[0,00)"\{0}

Proposition 3. A necessary and sufficient condition for the ID r.v. X to be bounded
from above is its Lévy measure II and Q(z) to satisfy the following three conditions:

1) Ty e RY: Uy > 0)) = 0;

=1
2") Q(z) =0 for all z > 0;
3) —lim Ik (z, 2)II(dz) < oo, where e € RY, e = (1,...,1).

Here df II is an increasing and non-negative.

Proposition 4. Let X be ID with df F and Lévy measure I and Q(z) satisfying
conditions 1'), 2') and 3'). Then
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i') there exists by € R? such that P(X < bg) =1 and

(b, 2) = (v, 2) — / %H(dx) = (a(1),2) — / (z, 2)II(dx);

(—o0,0]\{0} (=n0]"\{0}
11') by = sup Supp F — sup Supp II;
iii’) the ch.fct. of X has the form

(4) o(2) = exp{i(bo, =) + / (e — 1)1(dx)}.
(—o0,0]9\{0}

2. Proofs. In order to prove Proposition 1 we need the following three lemmas.
Lemma 1. Let X be bounded from below ID r.v. Then

1) I({y € R*: lLilin <0})=0.

Proof. X is bounded from bellow, i.e. there exists ap € R? such that P(X —ay>0)
= 1. So, X —ag is ID, too. Then, for all ne N, there exist i.i.d. r.v’s Xp1,..., Xun
with fd’s F,, such that X —ap = Xp1 + -+ Xpn. So, P(Xon + -+ X > 0) =11

d .
and we get P(U{Xi; < 0}) = 0. Let S, := {y € R4 : |y| > r}, 5,7 = {y €
i=1
R? : |y| > r,y > 0} and assume that 1) is not valid. Then, there exists ro > 0
such that Iy _q,(Sr,) > Ix_q,(S;t). By the multidimensional Central Criterion of
Convergence (CCC) (cf. Rvacheva, 1962, Th.2.3), nP(X,1 € S})— Ix_,, (S} ) and

To

nP(Xn1 € Sry) — Ix_4,(Sr,). On the other hand, P(X,; € Sy,) =

d
=P (X1 € Sy, [ J{X <0}) + P(X1 € Sy, Xy > 0) =P (X1 € S,1).
i=1
So we get a contradiction and thus the proof is complete since X ~ ID(y + ag, IIx_q,)-
Lemma 2. Let X be bounded from below ID r.v. Then
2) Q(t) =0, for all te R
Sketch of the proof. Assume that Q(¢) is not identically zero. Then X has a
normal component, and consequently, is unbounded.
Lemma 3. Let X be bounded from below ID r.v. Then
3)lim [ (2)(dz) < co.
=100e,1)d\ {ee}
Proof. Let X — qg 4 Xo1 4+ -+ X, where X,,; are i.i.d. for i = 1,...,n and
have df F,, on [0,00)¢ (cf. the proof of Lemma 1.) Let er be a point of continuity of II.
Consequently,

(z,2)dF,(z) = / (z, z)dF, (x) for all T € (0, 00).
[—eT,eT] [0,e7]
On the other hand, by CCC:

L)lmn [ (z,2)dF,(z) < oc;
0 0,er]
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2.) lim nF, (M) = II(M) < oo, for all M C R0 ¢ M.

So, by integration by parts, we get:

o > limn/(x,z)an(ac):

n— 00
[0,e7]

T

d
= — lim Zti/Iidn{Fn(T,...,T) — Fo(r,...,1yxiy7y...,T)} =

0

- JLH;OD

Jree
Z

>  lim Zt n{Fu(r,...,7) — Fo(1,..., 7,24, 7,...,7) }da; =
= Zt/ A(T x;) dl‘“
where A, 5.y = {[0,7) x -+~ x [0,7) X (x4, 7) x [0,7) x --- x [0,7)},

d T
By the Monotone Convergence Theorem Y t; [TI(A(aqu,q;))dzi < oo. Integrating
i=1 0
again by parts, we complete the proof.

Proof of Proposition 1. The necessity follows by Lemma 1, Lemma 2 and Lemma
3. Sufficiency follows by i) in Proposition 2.

Proof of Proposition 2. First, we will show i). Conditions ii) and iii) will be its
consequences.

By condition 3), we have

(z,2) x;
——II(d . Let A\; == —II(d dlet ap =~v— A
T+ (@.2) (dr) < co. Le ¥ @.2) II(dx), and let ag = v
[0,1)"\ {0} [0,1)"\{0}
Then, ¢(z) = exp{i(ao, z)+ / (e!®® —1)II(dx)} and X —ag has the characteristic
[0,00)7\{0}
function
(5) Ee® X7+ = pe(3X—a0) — oxy / (@) — 1)II(dx)
[0,00)"\{0}

We consider two cases.
Case 1: —II(0+) := lifloln(Aza) < oo. It is not difficult to see that ap — X has df
€

o (—TI(— xk
F(z) = OB % for all z € (—00,0]?\{0} and F(z) = 1, elsewhere. Then,
k=0 ~

F0)=Plap— X <0)=Pap < X)=1,ie. X >agp as.



To prove ii) note that
inf Supp {(X —v+X)} = —sup{y € (—o0,0]": F(y) <1} =

= —sup{y e (_00,0]01 . iw < e—H(O+)} _

k!
k=0
_ s (O P o)ty B
= sup{yG(oo,O]d.l;)<_H(O+)> x <e (O+)}

= —sup{y € (—00,0]’: ~II(~y) < ~1I(0+)} =
= inf{y € [0,00)¢ : TI(y) > II(04)} = inf Supp IL
Consequently ag = inf Supp X — inf Supp IIL.
iii) is obvious.
Case 2: Let liirgH(Ags) = inf ty. We choose a sequence ¢,, | 0, as n — oo, such that

ene are continuity points of II(x) for all ne A. Let X, be a sequence of independent ID
r.v's with df F,,(x) and characteristic function

: i) _q_ &8 o
i+ [ T ),
R4\{0}
whose Lévy measure II,, has the form
I(A;) =z e AS
(6) Hn(Ag) = H(Agn) VS [07 Gn)d
0 elsewhere

So, II,, satisfies the finiteness condition of the previous case for all n € A/. Then,

. a.s. xX;
XSy e — — 1,
(7) n>Yi— € / T+ @) (dx)

[en, )\ {ene}
Since II,,(u) — II(u) weakly and lim [ (z2)%IL(dz)=0 by CCC we get

n—oo 00zl <en
X, % X. Now, taking the limit as n — oo in (7), we finally get
n—oo
-a.s. ZT;
)(Z > s — -
h 1+ (2,2)
[0,1)\{0}
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II(dx).
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HAKOUN PE3VYJITATU 3A OTPAHUYEHUNUTE N1 BE3TPAHNUYHO
AEJINMMHA CJIVHAVHN BEKTOPU

ITaBauna K. ﬂopgaHOBa

B rasm cratms pasriexkjiame OrpaHHYEHUTE OTAOIY U (POPMyJIHUpaMe aHAJIOTHUIHI
TBDbPJIEHUs] 33 OUPAHUYEHUTE OTrope Oa3rpaHMYHO JEJMME CaydaiiHu BekTopu. 13-
cieaBaMe BPb3KaTa MEXKJY JOJHUTE TPAHUIM Ha HOCUTEJINTE HA MsIpKaTa Ha JleBn u
dyHKIMATA Ha pa3lpeiesieHue Ha TaK'bB BEKTOD.

Crarusita 0606masa pesyiararure Ha Bakcrep u [ITanupo (1960), kbaeTo e pasrienas
€JITHOMEPHHUs CJIydaii.
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