MATEMATUKA W MATEMATUWYECKO OBPA3OBAHWE, 2003
MATHEMATICS AND EDUCATION IN MATHEMATICS, 2003
Proceedings of the Thirty Second Spring Conference of
the Union of Bulgarian Mathematicians

Sunny Beach, April 5-8, 2003

AN APPLICATION OF COMPUTER GRAPHICS TO
GEOMETRY

Dobri St. Dobrev

By moving line through a fixed point we cut a plane figure (square, rectangle, trapez-
ium or polygon which sides are circles arcs) and rotate the line. Then we prove that
the length function of the section is only a continuos function, but the area function
is exactly once differentiable function in the vertices of the plane figure. Using the
program MAPLE 6 we visualize the corresponding surfaces and results.

We consider a square OABC' and a straight line g = M N where M (m,0) and N(0,n).

x
The straight line has an equation M N : — + y_ 1. We intersect the square with

the line, then we rotate the line around the pgilnt ]\g (m,0), and want to investigate what

will happen when the line goes through the vertex C'. Here we consider the case m > 1.
We denote by P the intersection point of the line g and the segment AB and by @

the intersection point of g with the segment BC'. It is easy to find their coordinates:
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For the lengths PQ and PN we have:
2 2
PQ*(m,n) = (m+n— mn)Q%
m? +n?
m2n2
The line g goes through the vertex C' if n = 1. We have:
Assertion 1. PQ?*(m,n =1)= PN%(m,n =1) = PC2.
For the derivative of the length functions with respect to n we have
Assertion 2. (PQ?)(m,n=1)= (PN?)(m,n=1).
Thus it can be proved the following

PN?*(m,n) =

Theorem 1. The length of the section of a moving line through a fized point is only
a continuos function in the vertices of the square, but not differentiable.

This theorem is proved by Prof. G. Stanilov in [1].

Now we want to investigate also the area functions for the corresponding sections in
the vertices of the square. We find
(mn —m —n)? (2m—1)n

; Soapno =
2m

Soapgco(m,n) = — Gy

Then we have

Assertion 3. Spoapgco(m,n =1)= Soapno(m,n =1);
Assertion 4. Sj4poco(msn=1) =S apno(m,n=1);
Assertion 5. S{,poco(m.n=1) # SHapno(m,n=1).

Theorem 2. The area of the section of a square with a moving line through a fized
point (M(m)) is exactly once differentiable function in the vertices of the square.
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Using the programme MAPLFE these theorems are visualized by pictures 1 and 2.

Remark 1. The theorems 1 and 2 hold also for any m < 0 and 0 < m < 1.

Remark 2. Both theorems hold also for:

a) any rectangular trapezium;

b) any rectangle.

We omit the proofs for these cases. But we will prove Theorem 1 for more general
case, namely, we consider the polygon OABC (Fig. 2) which consists of a segment OA,
an arc AB, an arc BC and an arc CO, where:

0 A(0.1) Mmo) %

Figure 2

the arc AB is a part of the circle k with radius 0.5v/5 and center 0'(0;0.5);

the arc BC is a part of the circle k; with radius v/0.5 and center O1(0.5;0.5);

the arc CO is a part of the circle ko with radius 0.5 and center O’(0;0.5).
The moving line M N cut the sides of the polygon in the points:

P=MNNAB, Q=MNNBC, R=MNNCO.

These circles have equations:

)
k:a?+ (y—0.5)% = 7
0.

ki : (z—0.5)2+ (y —0.5)2 = 0.5,

ko : 2 + (y — 0.5)% = 0.25.
The coordinates of the intersection points are:

P(z(P),y(P)), Q(z(Q),y(Q)), R(x(R),y(R)) where

mn (2n — 1) + VD
2(m?+n2)

xz(P) =

y(P) = —[m = x(P)], D = m*[bm*+4m*(n + 1 — n*)};
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(2n? +m —n) — VD,

I(Q) = 2(m2 + 7?,2) )
y(Q) = = [m — 2(Q)], D1 = m[(m — n)” + dmn(m + n — mn)};
~ mn(2n—1—+/Dy)
(R) = 2(m?2 + n?) ’

y(R) = %[m — z(R)], Dy = m*n(n 4 4m?* — 4m?n)
We find the following length functions:

(VD + vDi - m?)?,

PQQ(mvn) = 4(m2 +Tl2) )
2
PR*(m,n) = %—_}_\/N_D;))

Then we have:
Assertion 6. PQ?*(m,n =1) = PR*(m,n = 1);
Assertion 7. (PQ?)(m,n=1) = (PR?)(m,n =1).
Thus the Theorem 1 holds also for the polygon OABC' (Fig. 2).

Assertions 6 and 7 are visualized by Picture 3.
Having in mind such results Prof. G. Stanilov has stated the following

Conjecture. Let it be given an arbitrary plane convexr polygon with sides which
are sufficiently differentiable curves. We consider a straight line g which will be rotated
around a fized point M. Then for the length functions PQ and PR is holds Theorem 1,
and for the area functions it holds Theorem 2.
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EAHO ITPNJIOZ2KEHUVE HA KOMITIOT'bPHATA TPA®UKA B
TFTEOMETPUATA

Hobpu Ct. obpen

ITpecnvame pasHuHHa dburypa (KBaJpar, IPABObI'bJIHUK, TPAIIE] WA U3I'bKHAJ 110~
JIATOH CbC CTPAHU JIbI'M OT OKPBbXKHOCTH) C IOJBUKHA IIpaBa, MUHABAINA 11pe3 dbuK-
cupaHa TOYKa, CJIeJ[ KOeTO BbPTUM IIpaBaTa OKOJIO Ta3u Todka. Jlokassame, ye yH-
KIUSTa JTbJYKAHA Ha CEUYEHHETO € CaMO HelpeKbCHATa (DYHKIMs, obade JIUIETO Ha
CEYEeHMEeTO, OTPAHMYIEHO OT (bUryparTa U [IpaBara, € TOYHO eJHOKPATHO IyiajKa MyHK-
st BbB BbpxoBere Ha durypara. C nmomoria ua nporpamara Maple Busyanausupame
[TOJTy YEHUTE TTOBbPXHUHU U PE3YJITATH.



