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MEASURABILITY OF SETS OF PAIRS OF SKEW
NONISOTROPIC AND ISOTROPIC STRAIGHT LINES IN
THE SIMPLY ISOTROPIC SPACE"

Adrijan V. Borisov, Margarita G. Spirova

We study the measurability of sets of pairs of skew nonisotropic and isotropic straight
lines and the corresponding invariant densities with respect to the group of the general
similitudes and some of its subgroups.

1. Introduction. The simply isotropic space I3 is defined (see [7]) as a projective
space P3(R) with an absolute consisting of a plane w (the absolute figure) and two com-
plex conjugate straight lines f1, fo (the absolute plane) into w with a (real) intersection
point F' (the absolute point). In homogeneous coordinates (xo,z1, z2,z3) we can take
the plane xy = 0 as the plane w, the line g = 0,z1 + tx2 = 0 as the line f;, the line
2o = 0,21 —ixo = 0 as the line f> and the point (0,0,0,1) as the point F. All regular
projectivities transforming the absolute figure into itself form the 8-parameter group Gg
of the general simply isotropic similitudes. Passing on to affine coordinates (z,y, z), any
similitude of G can be written in the form [7; p. 3]

' = ¢+ cer(xcosp — ysing),
(1) Y = c2+cr(xsing +ycosp),
2 = ¢34+ cuT + ey + cs2,

where ¢y, co, c3, cq, C5,C6,c7 > 0 and ¢ are real parameters.

A straight line in Iél) is said to be (completely) isotropic if its infinite point coincides
with the absolute point F'; otherwise the straight line is said to be nonisotropic [7; p. 5].

We shall consider Gg and the following its subgroups:

I. B C Gg <= c¢; = 1. It is the group of the simply isotropic similitudes of the
d-distance [7; p. 5].

II. S; C Gg <= ¢ = 1. It is the group of the simply isotropic similitudes of the
s-distance [7; p. 6].

III. W7 C Gg <= ¢ = c7. It is the group of the simply isotropic angular similitudes
[7; p.18].

IV. G7; C Gg <= ¢ = 0. It is the group of the boundary simply isotropic similitudes
7 p.8].
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V. V7 CGg < cgc = 1. It is the group of the volume preserving simply isotropic
similitudes [7: p.8].

VI. Gg = G7N V7. Tt is the group of the volume preserving boundary simply isotropic
similitudes [7; p. 8].

VII. B¢ = B7 N Gr. Tt is the group of the modular boundary motions [7; p. 9].

VIII. Bs; = By N S7 N Gy. It is the group of the unimodular boundary motions
[7; p.9].

We emphasize that most of the common material of the geometry of the simply
isotropic space I5") can be found in [7], [9] and [10].

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [8], G.
I. Drinfel’d and A. V. Lucenko [4], [5], [6] we study the measurability of sets of pairs of
skew nonisotropic and isotropic straight lines in I;Y with respect to Gg and the indicated
above subgroups. Analogous problems for sets of pairs of skew nonisotropic straight lines
in Is™ have been treated in [1] and [2].

2. Measurability with respect to Gg. Let (G,.J) be a pair of skew nonisotropic
and isotropic straight lines determined by the equations

(2) G: z=az+ M, y=P0z+ u1, o] + [B] # 0
and
(3) Jix =X, y=po,

respectively. We can assume without loss of generality that o # 0 and then we can take
the Pluecker coordinates [7, p.38-41] pa, ps, ps, D6, qa, g5 as the parameters of the set
of pairs (G, J), where

6 )\1 6)\1 — Oéul
4 =2 A _
( ) D2 o’

1
b3 =—, DP5= , Deé — > g4 = M2, Q5:*>\2-
o (6 o

Under the action of (1) the pair (G, J)(p2, ps, s, D6, G4, qs) is transformed into the
pair (G', J')(p2',ps’, 5", 6", 4", ¢5") as follows:
p2’ = 7K (sin + pa cos ),
p3' = K(ca+ cspa2 + ceps3),
ps’ = K{(c3 — cs5ps + ceps)cr cos p—
(5) [ e3 + cape + c6(p2ps5 + pape)|er sinp — ci(ca + ¢5 + cop3) }
pe’ = crK[(c1p2 — c2) cosp + (c1 + capa) sin @ + crps),
g1’ = c7(qacosp — gssinp) + ca,
45" = cr(qasing + g5 cos ) — c1,
where K = [c7(cosp — ppsing)] . The transformations (5) form the associated group
Gs of Gg [8, p.34]. The group Gy is isomorphic to Gg and the invariant density with

respect to Gg of the pairs of lines (G, J), if it exists, coincides with the density with
respect to Gg of the points (p2, ps, ps, Pe, 44, ¢5) in the set of parameters.

The associated group Gy has the infinitesimal operators
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and it acts transitively on the set of points (p2,ps,ps,Ps,qa,qs). It is easy to verify
that Y7, Ys, Ys, Yy, Y5 and Yy are arcwise unconnected but Y7 = —pgYs + poYs, Ys
= p5Y3 + p3Ys. Since Y3(ps) + Ys(ps) # 0, we conclude that the following statement

holds:

Theorem 2.1. A set of pairs of skew nonisotropic and isotropic straight lines is not
measurable with respect to the group Gg and it has no measurable subsets.

3. Measurability with respect to S;. The associated group S7 of the group
S7 has the infinitesimal operators Y7, Ya, Y3, Vi, Vs, Y5 and Y7 from (6) and it acts
transitively on the set of parameters (p2, ps, ps, D6, 44, ¢5). The integral invariant function
f = f(p2,p3,D5, D6, q4, g5) satisfies the so-called system of R. Deltheil [3, p. 28], [8, p.11]
V() = 0.2() = 0.5() = 0.Y5(1) + 2/ = 0. (1) +4paf = 0.%6(f) = 0.%3(/) = 0

and has the form f =

, where h = const.
(p2gs + pe + q4)*(1 + p3)

Thus we established the following

Theorem 3.1. The set of pairs (G, J)(p2, D3, D5, D6, Qa, qs) s measurable with respect
to the group S7 and has the density

1
(7) G, J) = (p2gs + p6 + qa)?(1 + p3)

dp2 A dps N dps A dpe A dqs A dgs.

Remark 3.1. We note that a nonisotropic straight line G(ps,ps,ps,ps) and an
isotropic straight line J(qq4, ¢5) are skew iff [7, p. 43] pags + ps + g4 # 0.

Differentiating (4) and substituting into (7) we obtain another expression for the
density:

Corollary 3.1. The density (7) for the pairs (G, J) can be written of the form
1

B (e T R O

5 da AdB A dA Adu A dXs A dps.

4. Measurability with respect to Gg. The associated group Gg of the group
G has the infinitesimal operators
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Since G acts intransitively on the set of points (ps,ps,Ds, s, G, q5), the set of pairs
(G, J) is not measurable with respect to Gig. The system Y;(f) = 0,4 =1,...,6, has the
solution f = ps and it is an absolute invariant of Gg.

Consider the subset of pairs (G, J) satisfying the condition
(8) b2 = h’a
where h = const. The group G induces the group G§ on the subset (8) with the
infinitesimal operators

0 0 0 0 0 0
Zy=—ps— A he————, Zy=———+—, Z3g=—0),
! bs Ops Ops Ogs 2 Ops Oqa 57 Ops
0 0 0 0 0 0 0 0
4 = —3p3— — 2ps —— - - — T = — Zs=h— — pg——o
4 3p3 B D5 ap + e B +q4 90 +qs B’ 5= apy 26 s De p

and obviously it is transitive. The Deltheil system
Z1(f) =0, Z2(f) =0, Zs(f) =0, Zu(f) =2f =0, Z5(f) =0, Zs(f) =0
has the solution f = c(hqs + q4 + ps)?, where ¢ = const.
From here it follows

Theorem 4.1. The set of pairs (G, J)(p2, ps, Ps, De, G4, ¢5) s not measurable with re-
spect to the group Gg but it has the measurable subset (8) with the density

d(G,J) = (hgs + q4 + pe)*dps A dps A dps A dgs A dgs.

From Theorem 4.1. and (4), by direct computation, we obtain

Corollary 4.1. The set of pairs (G, J)(«, 5, M1, pi1, A2, p2), determined by (2) and (3),
is not measurable with respect to the group Gg but it has the measurable subset

ﬁ =h, h = const
«

with the density

2 —M)h — (p2 — Ml)]2

d(G,J):l[()\ |d0é/\d)\1/\du1 /\d)\g/\dﬂg.

5. Measurability with respect to By, Wy, G7, V7, Bg and Bs. By arguments
similar to the ones used above we study the measurability of sets of pairs (G, J) with
respect to all the rest groups. We collect the results in the following table:

111



a set of pairs (G, J) the density of (G, J) in
(Pluecker coordinates) parameters a, 3, A1, pi1, A2, U2

Br it is not measurable and

has no measurable subsets

d d dps N d; d dgs d d d\1 Nd dXa A d
Wi | d(G, ) = D2 A pg/\p/\pe/\4Q4/\ q A(G, J) = a ANdB N d 1 Adps A 2/\4;12
(P295 + p6 + q4) [(p2 — p1)a — (ha — M)A

G~ it is not measurable and

has no measurable subsets

(p2gs + p6 + q1)° [(p2 — 1) — (A2 — A1) B)?
V; dG,J) = ————— " d(G,J) = X
g (G = 0y (@) @2 T )
Xdp2 A dps N dps A dpe A dga A dgs Xda AdB A dh Adpr Adiz A dus

Bs it is not measurable and

has no measurable subsets

it is not measurable but it it is not measurable but it

has the measurable subset has the measurable subset
Bs p2 = h1, pags +pe + q1 = ha, B = cahi, (p2 — p)a— (A2 — A1)B = ahs,

h1, he = const, with the density h1, he = const, with the density
d(G,J) = dps A dps A dqa A dgs d(G,J) = |a™®| da AdXi A da A dps
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N3MEPUMOCT HA MHOXKECTBA OT ABONKUN KPbCTOCAHU
HEN3O0OTPOITHA 1 N3OTPOITHA ITPABA B ITPOCTO N30TPOIIHO
ITPOCPTAHCTBO

A npusa B. Bopuco, Maprapura I Crimposa

B crarusara e usciaenBana m3MepuMOCTTa HA MHOXKECTBa OT JIBOMKU KPHCTOCAHU He-
M30TPOIHA W M3O0TPOIHA IPaBa B IPOCTO M30TPOITHO IMPOCTPAHCTBO M Ca MOJIYyUEHU
CBOTBETHUATE I'bCTOTU OTHOCHO I'DYIaTa HA MOJOOHOCTUTE U HIKOW HEHHU HOJATPYIIN.
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