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SPACE"
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Special compositions, generated by a net in a space with a symmetric linear connection
are considered in [6]. In [6] it is also introduced the prolonged covariant differentiation
of satellites of the metric tensor of a Weyl space. In this paper, special compositions
generated by a net in a 3-dimensional Weyl space are studied. Conformal geometry
of special compositions in a 3-dimensional Weyl space is considered. It is proven,
that an orthogonal Cartesian composition exists only in a 3-dimensional Riemannian
space, where the form of the curvature tensor is found.

1. Preliminaries. Let W3 (g;;,ws) be a 3-dimensional Weyl space with a metric
tensor g;; and a complementary vector wy. The coefficients of the Weyl connection V

are determined by the equation: I‘i—“]- = {5} — (wi(;;-“ + w;oF — gijg’”ws), where {S}
are the Cristoffel symbols, determined by g;;, det(g;;) # 0. The following equations
are valid: Vygi; = 2wkgij, Vig¥ = —2wg" [9]. Following [7], the prolonged covariant
differentiation V of the satellite A with weight {p} in the Weyl space is defined by
VZA = VZA - pwiA.

Let (11), v, 13)) be a net in W3, defined by the independent tangent vector fields ’Izcﬂ of the
curves of the net (k = 1,2,3). We determine the inverse covectors 1’3,- of gi (k=1,2,3),

respectively, by the equations:

(1.1) =8 fgk%}s = ",
In the paper [7] there are found the derivative equations:
°C s Mo ° k L
(1.2) Vﬂlf = 1]}’(,);, V,"Us = —Tﬂ]s, k= 1, 2,3.
m

Later we will consider a net (11J, v, g) € W3, for which the independent tangent vector

fields gi are normalized by the terms [9]:

1.3 vtv! = giv'? = givted =1, cosw = gjvt?
(1.3) 9 T Uy = 9uyy ’ STy
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where w = w are the angles defined by v and v, s, k=1,2,3, s # k. In the paper [4] the

following relations are given:
(1.4) giky = cosw 11Ji+cosué2vi—|—cosc%%}i, s=1,2,3.
The net (v v 13)) € Ws, for which conditions (1.3) and (1.4) are valid, will be called

normalzzed Let us remark that normalized nets (11), v, ’g) € V3 are studied in the paper

[1]. According to [4, Lemma 1.1] for the coefficients of equations (1.2) the following
equations are valid:

1 2 3 m m
(1.5) coswTy + coswTy + coswTy =0, cos wT;+cos wT; =d;cosw, k,s=1,2,3.
sl g s2 g s3 s km s sm L ks

Let us take a given composition X x X7 in W3, where X5 (dim Xy = 2) and X3
(dim X; = 1) are the fundamental manifolds of the composition. Then through each
point p € W3 there exists exactly one position P (Xs) and P (X;), from X2 and X3
respectively. Following [5], W3 is a space of composition W3(Xz x X1), provided there
exists a tensor field a] of type (1,1) for which are valid the following equations:

(1.6) aga;? = oF,
and the condition for integration of the structure al According to [5], the Nijenhuis
tensor N’“ for a].is annulled, i.e. N’“ =aiVs a —a;Vs ak —a¥ (V; aj ' — V,a$) = 0.

In [6] is defined the affinor a¥ of the composmon in the Weyl space W,,. In W3 for
affinor a , determined uniquely by the net (v 'Y, 13)) are realized the following conditions:

(1.7) af = 11) ’ui +12) 1211 — 13)1“%1 = 51- — %igk, aizl)k = 1125, ai’gk = 12)5, aijuk = fjgs.

Let 7 be a conformal transformation of W, (g;;, wk) into W (gij, wk). Then following
[9], in the corresponding points of these spaces we have: Jij = 9ijs Wi = w; — p;, where
the covector p; is called the vector of the conformal transformation T.

Let F and I‘k be the coefficients of the Weyl connections of W3 and W3, respectively.
Then we have [9]: fij =TF +6p; + 05 pi — 99" ps.
Let W3 and W3 be conformally equivalent Weyl spaces. Then with respect of the

connection V of W3 the derivative equations give the expression of (1.2), while with
respect of the connection V of W3 they have the following form:

=2 m =2 k k m
(1.8) Viv® = Pw®, Vvs=—-Puws, k=12,3.
k k m m

The relation between the coefficients in (1.2) and (1.8) in the case of conformal trans-
formation 7 is found in [8], i.e.

l l
(19) Pk = Tk +pmvm1l}k - p{)gkmvma
S S S s

1 !
where pv = g™ p,vk, s =1,2,3,1=1,2,3.
The vector of the conformal transformation p; has the form:
1 2 3
(1.10) pj = (pmzl)m) v+ (pmgm) v+ (pmgm) v,
We can assert that when we have a conformal transformation 7 of compositions X X
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X, € W3 and X5 x X; € W, associated with the normalized net (11),12),13)), conditions

! !
(1.5) are valid about T} and their analogous equations about P.
S S

2. Conformal transformation of a composition in W3.  Following [10], the
composition Xo x X7 € W3 is called geodesic-Chebyshevian, if the tangent section of
P (X5) and the tangent vector of the curve P (X;) can be translated parallelly in the
direction of every curve of P (X5).

The composition Xo x X3 € W3 is called Chebyshevian-geodesic, if the tangent section
of P(X3) is translated parallelly in the curve P (X7), and the tangent vector of P (X7)
is translated parallelly in the curve P (X7), i.e. the curve P (X) is geodesic.

Definition 2.1. A composition Xo x X1 € W3 is called conformally geodesic-Cheby-
shevian (respectively conformally Chebyshevian-geodesic) when it can be transformed into
a geodesic-Chebyshevian (respectively Chebyshevian-geodesic) composition Xox X1 € W3
by the transformation T.

In [3, Theorem 1, Theorem 3, Theorem 4] are found geometrical characteristics and
conditions for geodesic-Chebyshevian and Chebyshevian-geodesic compositions, i.e.

1) If Xo x X; € W3 is a geodesic-Chebyshevian composition, then according to [3,
Theorem 1], we obtain:

1 1 2 2 3 3 3 3
(2.1) Pt = Ppo® = Pk = Pt = Pt = Pt = Pt = Pk =o.
31 3 2 31 3 2 11 12 21 2 2

2) If X, x X; € W3 is a Chebyshevian-geodesic composition, then according to 3,
Theorem 3, Theorem 4], we obtain:

1 2 3 3 2 1 s
(22) kak:Pk’Uk:Pk’Uk:Pk’Uk:O, kak:Pk’l)k: <Pkwk) ’Uk:O, s=1,2,3.
33 33 13 2 3 13 2 3 s 3

Theorem 2.1. A composition X9 x X1 € Wi, determined by the normalized net
(1{,12),13{), is a conformally geodesic-Chebyshevian if and only if the following conditions

are valid:
L 1 2 9
Trv" = cos wpv, Trv" = cos wpv,
3 2 23 31 13
3 3 3 3 3
Trv® = Tro" = po, Txv" = cos wpv,

(2 3) 11 2 2 31 13
Jé’kvk = cos wpg %kvk = cos wp11J — p U™
32 23’ 31 13 Mg
I%k’uk = cos wp% — D™ I?:k’uk = Iék’uk = cos wp%
32 23 m3 12 a1 12

The vector pi of the conformal transformation T satisfies the following condition:
3 3
2pmu™ = pzl) + cos wp12) + Tv®,  ppv™ = cos wpzl) + p% + Ty,
1 12 31 2 12 32
(2.4) 3 1 2
Pm0™ = — (Tkvk + Tpok + Tkvk> .
3 11 31 32

Proof. Let X x X; € W3 be a conformally geodesic-Chebyshevian composition.
Then for X, x X1 € W3 equations (2.1) are valid. After contracting equation (1.9) to
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the vectors 11Jk and gk, and having in mind (1.5) and (2.1), we obtain (2.3).
Conversely, if equations (2.3) are valid, then from (1.9) it follows (2.1). In order to
determine the vector of the conformal transformation py from (1.10), we use the functions

p11), p12) and p% from (2.3). Equations (2.4) are obtained through a suitable transformation
of (2.3). O
Analogously, using (1.5), (1.9) and (2.2), it follows that:

Theorem 2.2 A composition Xo x X1 € W3, determined by the mormalized net
(11), v, g), is conformally Chebyshevian-geodesic if and only if the following conditions are

valid:
Rt b b g Bk eoniph Bk o cong
Skg pv, 3’613) pv, 1kg COS Cl'%pva ng COS é’%pva
3 3 3 3
(2.5) P = (cos wwy + Ty — Tk) vF ppu™ = (cos wwg +Tg — Tk) vk,
1 13 3 1 3 2 23 3 2 3

2
e 3 2

1
m k k k
v = WEU" = pv Tiv Tv" = cos wpv Tv" = cos wpv.
pm3 k3 p 3k3 ) 1k3 13]? ) 2k3 23]?

The vector py of the conformal transformation T has the form (1.10), where the coeffi-
cients pn,v™, s = 1,2,3, are defined in (2.5).

3. Orthogonal compositions in W3.

Definition 3.1 [11]. A composition Xo x X1 € W3 is orthogonal, when the vectors

vk, vk and vF, vF are orthogonal, i.e.

173 273

3.1 v =g =0 <= cosw = cosw = 0.
(3.1) 9ig§ Y = 9y Y 13 23

In the paper [11] it is introduced a tensor of type (0, 2):

(3.2) Qi = afgkj.
which is called the tensor on the composition in W,,. It is proved, that a composition
in W, is orthogonal if and only if a;; = a;. In this case, the tensor a;; is called

associated with the metric tensor g;;. From (3.2) it follows, that a;; is nondegenerate,
ie. det(a;;) #0.
Let the composition Xo x X; € Ws, determined by the normalized net (11),12),13)) be

orthogonal. Using (1.6), (3.2) and a;; = aj;, for the metric tensor g;; we have the form:
(3.3) afafgsk = Gij-

According to [5], the condition (3.3) for the metric tensor means, that we can con-
sider W3 as a Riemannian space with the structure of an almost product a! about the

connection V, determined by ¢ij. Having in mind (1.1), (1.3), (1.7), (3.1), (3.2) and (3.3)
we get:

Lemma 3.1. The Weyl space W3 is a space of orthogonal composition X, x X1,
determined by the normalized net (11),12),%)) if and only if the metric tensor g;; and the

tensor a;; associated with it, have the form:

11 22 33 12 21 33
(3.4) 9ij = ViV + ViV + V05 + cos w (viv; + 005 ), aij = gij — 20;0;.
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Taking into account (1.3), (3.1), (3.3) and (3.4), the tensor g;; in W3 determines a
positive definite metric (Riemannian), and the tensor a;; — an associated metric, which
is indefinite with signature (2,1).

Theorem 3.1. Let the conformally geodesic- Chebyshevian composition Xo x X1 € W3
be orthogonal. Then the following relations are valid:

3 L2, 3 3,
(3.5) T, =0, Tpv" = Tpv® =0, Tpv" = Tiv" = pro™
3 32 31 11 22 3

The metric tensor on W3 has the form (3.4).

Proof. The equations (3.5) follow from (3.1), (3.4) and Theorem 2.1. O
Having in mind Theorem 2.2, (3.1) and (3.4), we get the following:

Theorem 3.2. Let the conformally Chebyshevian-geodesic composition Xo x X1 € W3
be orthogonal. Then the following conditions are valid:

3 1 1 2 2
(3.6) Ty, =0, Tk’Uk = Tkvk = Tkvk = Tkvk =0.
3 13 23 23 13

The metric tensor of W3 has the form (3.4), and the vector of the conformal transforma-
tion T has the form:

3 1 3 2
(3.7) DL = —ngsvk — ngsvk + w0 vy,
1 2

Let the composition X5 x X; € W3 be orthogonal and Cartesian. Then, according
to [2], for the affinor aj, with respect to the Weyl connection V, we have: Vjaj = 0.
According to [9], the integrability condition for the last equation has the form:

(3.8) Rijkl.als = Rijl.sagc'
where RijkS is the curvature tensor for connection V. In [2, Theorem 5] it is proven, that
the curvature tensor of an arbitrary Weyl space W3 has the following form:

o1 . . . ,
(3.9) Rl = 3 {(gjkSim — gixSim) 9" + Sjr6; — Sixd3 + (Sj: — Sij) 6i }
where Sj;, = 2R + Ryj — %gjk,Rjk is the Ricci tensor, and R = gijjk - the scalar
curvature. Using (1.1) and (1.7), we can prove that the equation (3.8) is equivalent to:

3 s . 13
(3.10) Rz.jk{vlgé = Rz.jlégluk.

Substituting (3.9) in (3.10) and using a series of transformations, in view of (1.7), (3.3)
and (3.4), we obtain:
3R 33 3R R 33 R
Skj = Sik = (gjk - 2'UjUk) = %k Rip=5 (gjk - Uj%) =7 (9jk + ajk) -
According to (3.9) and the last equation, because of the symmetry of Ricci tensor, it
follows that:

Theorem 3.3. Fvery W3, containing an orthogonal Cartesian composition Xo X X1,
is a Riemannian space V3. The curvature tensor of Vi of type (0,4) has the form:
33 33 33 33

1
Riju = 3 (gjkgil — 9ikgjl — VjVkGil + ViVkGj1 — ViVigjk + Ujvlgik) )

® is determined by the Riemannian connection V with components

where Rijp = glsRijk‘

136



the Crristoffel symbols {Z }

Using (1.3), we immediately obtain the following:

Corollary 3.1. Let V5 be a Riemannian space, containing the orthogonal Cartesian
composition Xo X X1. Then, for the Ricci curvatures in the direction of the net vectors
(11), v, g), the following equalities hold:

L
2 )

Rivivf = Rl = RivivP = 0.
kT kS L
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KOH®OPMHA TPAHC®OPMAIINA HA CIIEITAJTHN
KOMIIO3UIINM B TPUMEPHO BAMJIOBO ITPOCTPAHCTBO

Hobpunka K. I'pubaueBa

CrerpasHu KOMIIO3UIIMH, ITOPOJIEHH OT MPEXKa B IPOCTPAHCTBO CbC CHMETPUYHA JIN-
HeifHa CBBP3aHOCT ca u3y4asaHu B [6]. B [6] e BbBeJeHO NPOIBIKEHO KOBADUAHTHO
nudepeHnrpane Ha CaTeJIMTUTE HA METPUYHHS TEH30D BbB BailsoBo mpocTpaHCTBO.
B Ta3u crarus m3ydyaBame CIEIHAIHE KOMIIO3UIUH, IIOPOJIEHH OT MPEXKa B TPUMEPHO
BaitnoBo npocrpancrso. Pasrinenana e kondopmua reomerpust Ha CHenuaIH KOMIIO-
3uIun B TpuMepHO BaitiioBo npocrpancTBo. /oka3aHo e, 4e OPTOrOHAJIHO JEeKapTOBa
KOMIIO3HIIMS CHINECTBYBa CaMO B TPUMEPHO PHMaHOBO MPOCTPAHCTBO, K'bJIETO € Ha-
MepeH BHJa Ha TEH30pa Ha KPUBHHA.



