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CLIQUES WITH MAXIMAL DEGREE IN GRAPHS"

N. Khadzhiivanov

The class of the p-ordered graphs is introduced (cf. Definition). It is proved that
in any p-ordered graph there exists a p-clique such that the arithmetic mean of its
vertex degrees is at least equal to the arithmetic mean of all vertex degrees in the
graph.

Let G be a graph, d (v) — the degree of the vertex v in G. Given the vertex set M,

1
we denote d (M) = ] Z d(v) and call it the degree of M.
veEM

In [2] we proved the following

Theorem 1. Let G be a nonregular graph and V be the set of all vertices of G. If the
natural number p satisfies the inequality p < |V|, then there exists a p-vertex subset M
of V with d(M) > d(V).

For p > 3 it is impossible to strenghten this proposition by the additional statement
that M is a clique (i.e. any two vertices are adjacent). R. Faudree proved in [1] that if

G is a graph with n vertices and at least b n? edges, then there exists a p-clique K

such that d(K) > d(V). In this article, we determine another condition that is sufficient
for the existence of a p-clique K with d(K) > d(V).

Definition. We call p-degree of a vertex v and denote it by d,(v) the number of all

p-cliques containing v. The graph G is said to be p-ordered, if it contains a p-clique and
the inequality

(d(u) — d(v))(dp(u) — dp(v)) =0
holds for each pair of vertices u, v.
Every graph is 2-ordered. Any regular or any p-regular graph is p-ordered. It is not
difficult to prove that any complete s-partite graph is p-ordered for all p.

When G is a p-ordered graph that is neither regular nor p-regular, Theorem 1 may
be precised as:

Theorem 2. Let G with a vertex set V be p-ordered graph that is neither reqular nor
p-reqular. Then the inequality d(K) > d(V') holds for some p-clique K.

Theorem 2 may be completed in the following way:
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Theorem 3. Let G be a p-ordered graph and V' be its vertex set. Then the inequality
d(K) > d(V) holds for some p-clique K.

Proof of Theorems 2 and 3. Let G be a graph. We denote by C,(G) the set of
all p-cliques in G. In our proof we use the equality

(1) > dy(v) = plCy(G))|
veV

This is true, since each p-clique K in G contributes 1 only to those terms d(v), for
which v € K, i.e. p times.

We need also the equality

1
(2) > dK) ==Y d(v).dy(v).
KeCp(G) veV

It holds as in the lefthand sum each degree d(v) occurs as many times, as is the
number of the p-cliques that contain v, i.e. d,(v) times.

Let us recall the famous inequality of P. Tchebishev (see [3], p. 43):

If the real numbers 1, ..., Ty, y1,- ..,y satysfy the inequalities
(3) (xi_xj)(yi_yj) 207 iaj€{1527---7n}a
then
(4) $1+---+$n.y1+---+ynZx1y1+---+fvnyn'

n n n

Furthermore, the equality in (4) holds if and only if 27 = -+ =, or y1 = - -+ = yn.

Assume now that G is a p-ordered graph with vertex set V. = {v1,...,v,}. Let
x; = d(v;), y; = dp(v;). Then the inequalities (3) hold and, therefore, according to (4),

we obtain
n n

(5) Zd(vi).de(vi) < nZd(vi)dp(vi).

Then (see (1), (2) and (5))
d(K)

KeCy(G)
(6) d(V) < e

The equality holds only when G is regular or p-regular.
With the aid of (6) it is easy to finish the proof.
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KJINKN C MAKCUMAJIHA CTEIIEH B I'PA®UA

Huxkoumnaii I XamKunBaHoB

Heka G e rpad u V e MHOXKECTBOTO OT BbPXOBETE My. 3a IPOM3BOJIHO MHOXKECTBO
M or Bbpxose Ha rpada nog cmenen nwa M (o3nadenue d(M)) pasbupame cpesHOTO
aApUTMETUIHO Ha CTENeHUTe Ha BbpxoBere Ha M.

B npousBosieH HeperysispeH n-BbpXoB rpad npu p < n CbIIECTBYBa p-BbPXOBO IIOJI-
mHO)ectBo M na V, 3a xoero d(M) > d(V) (Teopema 1). Ho upu p > 3 me e
CHT'YPHO, Ye MOXKe JIa Cé HaMepH p-KJmKa M, KOSTO yJIOBJIEeTBOPSIBA TOBA HEPABEHCT-
Bo. ToBa obGaue MOXKe Jla ce HAIPaBU 3a euH Kjac rpadu. Ilog p-cTenen Ha Bbpxa v
(o3Hauenue d,(v)) pasbupame 6post Ha p-KIUKUTE HA rpada, KouTo cbrbpxkar v. Ha-
puuame p-napeder 2pag TO3U, KONTO ChIbprKA MOHE €JHA P-KJIUKA M HEPABEHCTBOTO
(d(u)—d(v)).(dp(u)—dp(v)) > 0 e B cuia 3a Besika ABONKA BbPXOBE U, v. B npoussosen
p-HapezeH rpad Moxke ja ce Hamepu p-kiuka M, 3a xosito d(M) > d(V). (Teopema
3). IIpu ToBa HEPABEHCTBOTO € JIOPU CTPOrO, aKO rpadybT He € HUTO PeryJisipeH, HUTO
p-peryasiper (Teopema 2).



