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ON THE NUMBER OF DISCRETE FUNCTIONS WITH A
GIVEN C-SPECTRUM OR WITH A GIVEN SPECTRUM"

Dimiter S. Kovachev

In this paper, results of [5] are generalized. Let M be the set of variables of a discrete
function. Range or the spectrum of M with respect to the function is continuation
of the research connected with the essential set of variables for the function (see [1]
and [4]) and can be used as a measure of essentiality.

1. Introduction. Let K, K1, Ko, ..., K, be finite, non-empty sets, and
K={0,1,..,k1}, |IK|=k >2, K,={ 0, 1,..., k-1}, |K;| = ki > 1, i=1,2,..., n,
where the cardinality of the set K is denoted by |K].

Let usset X = K1 X Kg x --- X K, = {(c1,¢2,...,¢n) ¢; € K;, i =1,...,n} and let
FF be the set of all functions of n variables defined in the set X and having values in
the set K.

In the special case K1 = Ko =--- = K,, = K ={0,1,...,k— 1}, we obtain the set of
all functions of the k-valued logic, which is denoted by PF.

Definition 1.1 [1] The number of all different values of the function f is called the
range of f.

We will denote the range of the function f by Rng(f) and by X we will denote the
set of variables of the function f(z1,x2,...,2y), le. X5 ={z1,22,..., 20}

We will denote [1] by A the number of all possible sets of constants for the variables
of the functions of F¥, where

(1) A= |X|=kiks.. kn,

and by Aps the number of all possible sets of constants for the variables of the set
M =A{z;,,zj,,..., %5, }, M C Xy, where

(2) Aur = kj kg, o Ky

Definition 1.2 [3] The function h is called a subfunction of the function f with respect
to R, R C Xy, if h is obtained from f by substitution of the variables of the set R with

R
constants, and this is denoted by h — f.

Let M, M C Xy, be a set of variables of the function f € F¥ and G be the set of all
X\M
subfunctions of f with respect to X;\M,ie. G=G(M,f)={g:9¢ i< f}
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Definition 1.3 [1] If g € G, then the range of the subfunction g is called range of
the set M for the function f with respect to g.

By Rng(M, f;g) we denote the range of the set M for f with respect to g, and
Rng(M, f;g) =Rng(g).

Definition 1.4 [1] The set Spr (M, f) = UG Rng(M, f;g) = UG Rng(g) is called
ge ge
spectrum of the set M for the function f.

Definition 1.5[1] The number max Spr (M, f) is called the range of M for the
function f.

The range of M for the function f will be denoted by Rng(M, f), and

Rng(M, f) =max Spr (M, f) = max (ggGRng(M , f;9)) =max (ggGRng(g))

Definition 1.6 [5] The set {17*,2P2 ... kPt} is called C-spectrum of M for f, where
pe, pe > 0,t=1,...,k, is the number of the different sets of values for the variables of
the set X¢\M, by which from f we obtain subfunctions with a range equal to t, and

A
p1+p2+~~~+pk:A—forf€Fff, and py +po + - -+ pp = K" "M for f € PF.
M

The C-spectrum of M for f is denoted by C-Spr (M, f), where C-Spr (M, f)
= {171 . kPR}

2. Results. If M is a non-empty set of variables of a function of F¥ and M
= {’Jljl,l‘jg,.. .,LL‘jm}, then let XM = Kjl X Kj2 X X ij and FJ]& = {h : XM — K}
be the set of all functions of the variables of the set M defined in the set X; and having
values in the set K.

For A\ys > gand g € {1,2,...,k}, let us denote [2] by p%,(q) the number of functions
of F¥, with a range equal to g, where for u%,(q) we have

q

Anz! o
®) Hhi(2) = G- Z rlrgl . rgl Ci Z(_l)q 1Cy.
ritret =AM ! 3=t

ri>1, i=1,2,...,q

Theorem 2.1.If ) # M = {zj,,xj,,...,2;,}, M C Xy, then the number of func-
tions f € F¥ for which C-Spr(M, f) = {1P1,2P2 ... kP} is equal to

%afl b ..., where oy = pf (1), t=1,... k.
p1:p2’. .. Pk’
Proof. Let M = {xj,,zj,,...,2;,} and that X \M = {zj,..,,..., 2, }
Let us denote the number of the different sets of constants for the variables of X ;\ M
by s. Under the terms of formula (2) we have
)‘Xf\M =S = kjm,+1 . kjm+2 .. 'kjn = (k‘lk’g e kn)/(k'J k‘j .. k]m) = )\/)\M
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Let all possible sets of constants for the variables of X\M be (ci, ,4,...,c,), i =

1,2,...,s. If the function f is from the ones we look for and
(4) gi = f(xj,,, = cinJrl,...,xjn = cil)7 1=1,2,...,s,
then it is obvious that

X\ M

g — f, gi€G and g; € F* i=1,2,...,s.

In Table 2.1 the function f is presented in tabular form, in accordance with the
equations (4). From Table 2.1 we can see that the function f consists of s parts, and the
parts are the subfunctions g;, i =1,2,...,s.

The function f depends on the subfunctions g;, ¢ =1,2,...,s, and on the place they
take.

Let us associate the number ¢, t = 1,...,k, to the sets of constants for the variables
of X\ M, to which subfunctions with a range equal to ¢ correspond.

From C-Spr (M, f) = {1Pr 2Pz .. kPr} it follows that we have p;, t = 1,... k, sets
of constants for the variables of X ;\M, to which we have associated the number ¢ (or
we have an s-dimensional vector, in which the number ¢ occurs p; times, t =1,... k).

The number of the different mappings, in which we associate the number ¢ to py,
t=1,...,k, sets of constants for the variables of X\ M is equal to

(prtp2t+-+pe) (A Am)!
p1lp2!. . pi! p1!p2l...pk!

Since we associate to every number ¢ subfunction of F Ilf/[ with a range equal to t,
which we can choose among «; = pk,(t) such subfunctions (under the terms of (3)),
t =1,...,k, and having in mind that a subfunction with a range equal to ¢ must be

associated to p; sets of constants for the variables of X\ M, then finally for the number
of the functions f € F¥, for which C-Spr (M, f) = {17,2P2 ... kP:} we get
(A/Am)!
5 7?1.0[172.”04:%’
(5) pilpal.pe! b 2 k
where oy = pk,(t), t=1,...,kand p1 + pa + - - + pr = N/ Aur.

If p; =0,i € {1,2,...,k} then (p;)! =1, & = af =1 and it follows that the result
from formula (5) does not depend on p;.

Corollary 2.1.If 0 # M = {zj,,zj,,.... 2.}, M C Xy, then the number of func-
tions f € F¥, for which C-Spr (M, f) = {¢{*,¢5>,...,q¢>},v; >0,q; < k,i=1,2,...,s,
is equal to

MA)t

vl'vg'---v,'.pl p2 . ple, where pp = ph(q), t=1,2,....5 and Zvi:)‘/)‘M'
lg! o] —

For the functions of P* the numbers A\y; and p%,(q) do not depend on the variables
in the set M, but they depend on the cardinality of the set M only.
If |M| = m for the functions of P* we have:

Am = A = A\ = K™, A=k", XAy = k"M = k"™ and

1k (q) = 1k (q) = O - >
ritretetrg=km

ri>1, i=1,2,...,q

™I il L gm
: — Cq . —1 q*JCJ y .
rilral. gl k ;( ) aJ
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Tjy Ljo e L jm, Ljmy1 |7 | Tin f(mjl s Loy ey Lo s Lipmyrse s xjn) gi
0 0o |- 0 cho1 || eh | £(0,0,...,0,Chp1,---,ch)=91(0,0,...,0)
0 0o |- 1 Chgr |- [ en | F(0,0,...,1, ¢ 1,0, cn)=01(0,0,...,1)
.......................................... g1
kj,—1,kj,—1, ... ki, —1,chir,...,ch)=
k 11 ks 1 ki —1 '}n '}z f( J1 s Vg2 ’ y Vim s bm4-1, s bn
7 2 gm 2] Cmd =ik 1 kg =1,k — 1)
0 0 |-+ 0 |cEyr || & f(0,0,...,0,c21,...,c2) = g2(0,0,...,0)
0 0o |- 1 Al A f0,0,...,1,E 4, ..., c2)=g2(0,0,...,1)
.......................................... g2
L L L 2 2 f(k11717kj2717"'7k‘jm717 c$n+17"'38gl):
kh ! ka ! k]m ! Emt1 n = QQ(kjl -1, kj2_17 sy kjm_l)
0 0 0 Cont1 |--- | en | f(0,0,...,0,¢11,---,¢5)=9s(0,0,...,0)
0 0 1 Cong1 |- | & | f(0,0,...,1,¢hpny---500)=0s(0,0,...,1)
.......................................... gs
R . . s s f(k11717k]'2717"'7k‘jm717 c$n+17"'acfl):
kjy—1{kj,—1|... | kjp,=1| Cong1 |--- | cn = ge(ky =1, kg1, Ky —1)

Table 2.1

Corollary 2.2.If ) # M C Xy, |M| = m, then the number of functions f € P¥, for
which C-Spr(M, f) ={¢{*,¢5%,...,q>}, vi >0, ¢; € {1,...,k}, i =1,2,...,s is equal
to

k’n—’”l! )

V1 V2
o P P2 Ps s
V1:02:...Vs!

S
where p; = pk (q:), t=1,2,...,5 and > v; = k"™,
i=1

Theorem 2.2.If ) # M = {zj,,xj,,...,2;,}, M C Xy, then the number of func-
tions f € F¥, for which Spr(M, f) = {q1,q2,---,qs}, s <k, ¢; < k, i =1,2,...,5 is
equal to

A Aw)! . .
Z (/7) Spit e phr L phe, where pr= ph(qi), i=1,2,...,s.
rilrg! . o)

ri+rete4rs=X/Anm
ri>1, i=1,2,...,s

Proof. Let us denote by r; the number of the sets of constants for the variables of
Xf\M, by which from f we obtain subfunctions with a range equal to ¢;, 1 =1,2,...,s.

In this case for the set M and the function f we have

C-Spr (M, f) ={aq1", &",- -, 45" }-
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Taking into consideration that every function f, for which
C—Spr (M, f)={q{*,q5%,...,4:° }, where ri+rot--+rs = XAy, 1 > 1,0 =1,2,...,s,

has Spr (M, f) = {¢1,42,-.-,qs}, and applying Theorem 2.1, we get the proof of the
theorem.

Corollary 2.3.[5] If ) # M C Xy,|M| = m, then the number of functions f € PF,
for which Spr (M, f) ={q1,q2,.--,4s}, ¢ < k,i=1,2,...,s, s <k, is equal to
fn—m| o vs

Vs
E — PV p .. Y
vilvg! . w7 2 s

vitvgt-tvs=knT™
v >1, i=1,2,...,s

where

S
pt:,uf;(qt), t=1,2,...,s and Zvizkzn_m.

i=1

The proof of Theorem 2.1 can be used for the “construction”, i.e. the tabular presen-
tation of functions with a given C-spectrum.
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BBbPXY BPOA HA JIMCKPETHUN ®YHKIINN C JAJEH C-CIIEKTbBP
nJjimn Cc JAJAEH CIIEKTbP

Humvmurbp C. KoBaues

B nacrosimara cratus ce obobmasar pesysararu ot [5]. Heka M e MHOXKeCTBO OT Ipo-
MEHJ/IMBY Ha AuCKpeTHa DyHKIWs. PaHIbT M cliekTbpbT Ha M OTHOCHO (DyHKIMSITA,
OCBEH e Ca IPOAbJIKEHNE Ha U3CIIEABAHUSATA CBbP3AHH CbC ChIECTBEHO MHOXKECTBO
or npomensmBr Ha dbynknusa (Buk [1] u [4]), Morar ga ce M3M0I3BAT U KATO MAPKA
32 CBIIECTBEHOCT.
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