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MEASURABILITY OF SETS OF PAIRS OF INTERSECTING
NONISOTROPIC AND ISOTROPIC STRAIGHT LINES IN
THE SIMPLY ISOTROPIC SPACE"

Margarita G. Spirova, Adrijan V. Borisov

In this paper we study the measurability of sets of pairs of intersecting nonisotropic
and isotropic straight lines with respect to the group of the general similitudes and
some of its subgroups. Some Crofton type formulas are also obtained.

1. Introduction. The simply isotropic space ;Y is defined as a projective space
P5(R) whith an absolute plane w and two complex conjugate straight lines f1, f2 into w
with a (real) intersection point F [8], [10], [11]. All regular projectivities transforming the
absolute figure into itself form the 8-parameter group Gg of the general simply isotropic
similitudes. Passing on to affine coordinates (x, y, z) each similitude of Gg can be written
in the form [8; p.3]

' = ¢+ cer(xcosp — ysing),
(1) Y = c2+cr(zsing +ycosp),
2 = ¢34+ cuT + ey + o2,

where ¢y, co, ¢3, cq, C5,C6,c7 > 0 and ¢ are real parameters.

A straight line in Iél) is said to be (completely) isotropic if its infinite point coincides
with the absolute point F'; otherwise the straight line is said to be nonisotropic [8; p. 5].

We shall consider Gg and the following its subgroups:

I. B C Gg <= c¢; = 1. It is the group of the simply isotropic similitudes of the
d-distance [8; p. 5].

II. S; C Gg <= ¢ = 1. It is the group of the simply isotropic similitudes of the
s-distance [8; p. 6].

III. W7 C Gg <= ¢ = c7. It is the group of the simply isotropic angular similitudes
[8; p.18].

IV. G7; C Gg <= ¢ = 0. It is the group of the boundary simply isotropic similitudes
[8; p.8].

V. V7 CGg <= cgc? = 1. It is the group of the volume preserving simply isotropic
similitudes [8; p. 8].

VI. Gg = G7N V7. Tt is the group of the volume preserving boundary simply isotropic
similitudes [8; p. 8].

VII. Bg = B7y N Gr. Tt is the group of the modular boundary motions [8; p.9].
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VIII. Bs = By N Sy N G7. Tt is the group of the unimodular boundary motions [8;
p.9].

We emphasize that most of the common material of the geometry of the simply
isotropic space I3Y) can be found in [8], [10] and [11].

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [9], G.
I. Drinfel’d and A. V. Lucenko [5], [6], [7] we study the measurability of sets of pairs of
intersecting nonisotropic and isotropic straight lines in ;Y with respect to Gg and the
subgroups indicated above. Analogous problems for sets of pairs of skew nonisotropic
straight lines in IV have been treated in [2] and [3].

2. Measurability with respect to Gg. Let (G,J) be a pair of intersecting
nonisotropic and isotropic straight lines determined by the equations

(2) G:rz=az—v)+ N y=0Ez-v)+u |aof+|F#0
and
(3) J:$=)\, Yy=u,

respectively. We can choose a # 0 and then we can take the Pliicker coordinates
[7, p. 38-41] pa, p3, D5, D6, qa, g5 as the parameters of the set of pairs (G, J), where
I} 1 av — A _ BA—ap

(4) p2=—, P3=—, Ps=—"7, D6 g5 = —A\
a « a «
Under the action of (1) the pair (G, J)(p2, p3, s, Ps, g5) is transformed into the pair

(G, J)(p2',p3’ 05", p6’, g5") as follows:

p2’ = ¢z K (sin + pa cos ),

p3' = K (ca+csp2 + cops),
(5) ps’ = K{(c3 — c5p6 + cops)cr cos p— )

[ e3 + cape + c6(p2ps5 + pape)|er sinp — ci(ca + ¢5 + cop3) }

pe’ = crK[(c1p2 — c2) cos p + (c1 + cop2) sin g + c7pe],

¢5' = c7(qasinp + g5 cos ) — ¢y,
where K = [c7(cosp — pasing)] ™. The transformations (5) form the associated group
Gs of Gg [9, p.34]. The group Gy is isomorphic to Gy and the density with respect to
Gg of the pairs (G, J), if it exists, coincides with the density with respect to Gg of the

points (p2, p3, D5, Pe, ¢s5) in the set of parameters.
The associated group Gy has the infinitesimal operators
0 0 0 0
Y-

0
Yie ol i, @9y 9y
! p35p5 +p23p6 dgs’ ops’ 0 Ops’

Yff i+ i+ i
4= p36p3 pG@pG q56q5’

Y—(1+ 2)i+ i_ i‘i‘ i‘i‘(— — )i
5 = D2 Opa b2ps3 O3 P3Ps s D2De B Pe — P2gs 8q5’

0 0 0 0 0
Ys=5-—, Yr=poys——p65—, Ys=p3s— +ps5—-
Ips3 Ips3 Ips Ops3 Ips
The group Gy acts transitively on the set of points (pa,p3, ps, s, ¢s). The infinitesimal
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operators Y7, Yo, Y3, Y5 and Y are arcwise unconnected but
Yy = —gsY1 — (P25 + p6)Y2 — p3qsYs — paYs, Y7 = —peYs +p2Ys, Ys=psYs+p3Ys.
Since Y3(ps) + Ys(p3) # 0 we establish the following

Theorem 2.1. A set of pairs of intersecting nonisotropic and isotropic straight lines
is not measurable with respect to the group Gg and it has no measurable subsets.

3. Measurability with respect to Bs. The associated group Bs of the group
Bs has the infinitesimal operators Y7, Yz, Y3, Ys and Y7 given by (6). The group Bj acts
intransitively on the set of parameters (pa,ps, ps, Ps,qs) and therefore the set of pairs
(G, J) is not measurable with respect to Bs. The system

i(f) =0, Ya(f) =0, Ys(f)=0, Ys(f)=0, Yz(f)=0
has the solution f = py and it is an absolute invariant of Bs. Consider the subset of
pairs (G, J) satisfying the condition
(7) p2 = h,
where h = const. The group Bj induces the group on the subset (7) B with the
infinitesimal operators

0 0 0 0 0
Zy =— —+h_7_7 sz_a Z:_a
' bs Ops Ops  Ogs 2 Ope > Bps
0 0 0
To= . Zn=h— —pe=
°~ Ops Ops pﬁaps

and obviously it is transitive. The Deltheil system [4; p. 28]

Zl(f) =0, Z2(f) =0, ZS(f) =0, Zﬁ(f) =0, Z7(f) =0
has the solution f = ¢, where ¢ = const.
Thus we conclude that it holds

Theorem 3.1. The set of pairs (G, J)(p2, ps, b5, Ps, q5) is not measurable with respect
to the group Bs but it has the measurable subset (7) with the density
(8) d(G,J) = dps N dps A dpe N dgs.

Differentiating (4) and substituting into (8) we obtain another expression for the
density:

Corollary 3.1. The set of pairs (G, J)(«, B, A, p, v), determined by (2) and (3), is not
measurable with respect to the group By but it has the measurable subset

ﬁ =h, h = const
@

with the density
1
d(G,J) = el do A dX A dp A dy.

4. Some Crofton type formulas with respect to Bs. Since f = é is an
e!

absolute invariant of the pairs (G, J) with respect to Bs, it follows that we can define the
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density for the set of pairs (G, J)(«, 8, A, i, v) of intersecting nonisotropic and isotropic
straight lines by the equality

2
(9) d(G,J) = (g) da NdB N dXNAdu A dy.

Let G; and J;, i = 1,2, be the projections of G and J into Oxz and Oyz obtained in
a parallel way to Oy and Oz, respectively. From here it follows
1 A
Gi: z=—2ax+v——,y=0,
@ @
and

1 7
Gy: z=—-y+v—=,2=0
’ 8 8
Then

d(Gl, Jl) =dGy N d,
where d(G1, J1) is the density for the pairs (G1,J1) in the isotropic plane Ozz under
the group 'H3 [1; p.198] and dG; is the density of the straight lines in Ozz under the
metric group. We note that the group 'H3 is the restriction of the group Bs on Ozz.
Analogously,

d(GQ, Jg) =dGy A dp

is the density for the pairs (Ga,J2) in the isotropic plane Oyz under the group 2H3,
which is the restriction of the group Bs on the plane Oyz and dG5 is the density of the
straight lines in Oyz under the metric group. We have

1 A
1 dGy =d(—=)Nd(v — —
(10) Gr = d(2) Ny~ )
and
(11) 4Gy = d(S) pd( — )
T8 8"
By exterior multiplication of (10), (11) with d\, du, respectively, we get
1
(12) d(Gy,J1) = = do A dX\ N dv
and
1
(13) d(GQ,Jg) = ? dB A du A dv.

Replacing (10), (11), (12) and (13) into (9) we obtain
(14) d(G,J) = |B°| d(G1, J1) A dGa = B*|a| dGy A d(Ga, Ja).

Thus we established the following

Theorem 4.1. The density for the set of pairs (G, J) of the intersecting nonisotropic
and isotropic straight lines with respect to the group Bs satisfies the relations (14).

5. Measurability with respect to B7,S7, Wy, G7, V7, Gg and Bg. By argu-
ments similar to the ones used above we examine the measurability of sets of pairs (G, J)
with respect to all the rest groups. We summarize the results in the following
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Theorem 5.1. A set of pairs of intersecting nonisotropic and isotropic straight lines
is not measurable and it has no measurable subsets with respect to the groups Br, St,
W7, G7, V7, Gﬁ and BG.
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N3MEPUMOCT HA MHOYKECTBA OT JABOMKUN KPbCTOCAHU
HEN3O0OTPOITHA 11 N3OTPOITHA ITPABA B ITPOCTO N30TPOIIHO
ITPOCTPAHCTBO

Anapusu B. Bopucos, Maprapura I'. Couposa

B crarusara e m3cimemBana M3MepHMOCTTAa HA MHOXKECTBA OT JBOWKM MIPECHYAINH Ce
HEM30TPOIHA W M30TPOITHA IIPABA B IIPOCTO M30TPOIHO IIPOCTPAHCTBO U Ca MOJIyUeHU
CBOTBETHUTE I'bCTOTU OTHOCHO I'PyTIaTa Ha MOJOOHOCTUTE W HSIKOW HEIHU MOJTPYIIN.
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