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APPROXIMATION BY OPERATORS OF CAO-GONSKA
TYPE Gsn AND G5 . DIRECT AND CONVERSE
THEOREMS

Teodora D. Zapryanova

The aim of this paper is to establish equivalence between the approximating rate of a
linear process and the appropriate Peetre K-functional. A general method is applied
(developed by Z. Ditzian and K. Ivanov) for proving converse inequalities.

Introduction. Let f € C[-1,1] ,n€ N, s €N,

Gsn(fix)=m""1 / f(cos(arccosx + v)) K n(v)dv,

sin(nv/2) > 1/Tr
Ksn: n,s | ~ 2 7 Jan 5 K"r dv=1.
’ “n, ( sin(v/2) T sn(v)dv

L(f,z) = %f(l)(a: +1)+ %f(—l)(l —z), -1<z<1.

We consider the sequence of operators G5, = Gsn + L — Gs 0 L.

For a normed linear space S and a dense subspace Y of X induced by the operator
D and given by Y = {f € X;Df € X} the Peetre K-functional is defined for f € X by
K(f,t) = nf(If = gllx +t[1Dflx) 1> 0.

Generally, D can be thought as a differential operator, for instance Df = f/, Df = f/,
Df = ¢f’. In many situation in which we have a sequence of a family of uniformly
bounded operators, i.e., @, : X — X with ||Q.] < M, it is proved the equivalence

K(f;Mn) ~ [If = Qnfll-

1 d def
We consider the operators Hi(g(z)) dof (1- 352)é d—(g(x), H = ( Hp)? and - the
x
identity.
Let for f € C[-1,1] |If| & max{|f(z)|: -1 <z <1}.
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For a normed space X = C[—1, 1] and a subspace Y of X induced by the operator H
and given by
Y={feX:HfeX}
we define the Peetre K-functional for f € X by

K (f.25) = nf {17 = all + 5 Wl }.
Apart from the basic space X we define also the space Z CY C X
Z={feX:||H*f| <oo}.
For a normed space X = C[—1,1] and a subspace Y7 of X induced by the operator
H(I — L) and given by
Yi={feX:HI-L)fe X}

1 1
we define the related K-functional by K* (f, —2) = inf {|f =gl + =I1H{ - L)g||}
n geEYL n

We will prove that
1 . . 1
|Gsynff|~K<f,ﬁ) and ||Gsynfff||~K <f’ﬁ) for s> 2.

1. Operator G, .
Theorem 1.1.If f € C[—1,1], then for the operator G, and Peetre K-functional

1
K (f, ﬁ) , defined as above, we have

(Gunf = S~ (fr ) 522

Proof. Let f(cos(arccosz + v)) def f(cos(t + v)) def h(t + v), where arccosz = t.

Then H; f(cos(arccosx +v)) = —h/(t +v). Hy(H; f(cos(arccosx + v))) = h/(t + v). For
def
H = ( H1)? we obtain H f(cos(arccosx + v)) = h/(t + v). We have

7 : 2s
Gonf=1"" /f(cos(arccosx+v))cn78 (M) dv

sin(v/2)
=gt /h(t +0) K p(v)dv = 771 / h(t —v)Kgpn(v)dv = 7 th* K.

We will utilize Theorem 3.1 (see [1, p. 69]) with
Qaf =Cunf=Goah=n""Kxh, Df=Hf=1" &) =|Hf|=]r?],
sin(nv/2)**
— 7 av <
where K(v) =K' v) = Cn,s < sin(v/2) ) lv| <7 .
07 |'U| >m

Using Lemma 6.3 (see[l, p.80]) as
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! ]U3K(v)dv =0, 7' ]U4K(v)dv =c(s)nt=m <_>

—T —T

we obtain for h¥) € C[~1,1]ie. f€Z
Bi(x)
(1.1) ‘ 5
This inequality will serve for (3.4) (see[l, p. 69, Th. 3.1]) with
1 1 1 L
)\1 (_) _ ’71(71) — O(?’L_4), A (_) _ ﬂl(n) — O(’Il_2).

n 4! n 2!

h/

1
he Yiana gfh(")Hh(‘*)H.
T 4!

Let

Gonf=Genh=1"" / h(t —v)K (v)dv = 7 'h * K,
m et 1 e _

G h Y KK .xK, K™Y Kgs«gmt
’ N———

ﬂ-m
m

Assertion 1.2.

1 1
o I G T|| < const— 1]

This estimation is like (6.10) (see [1, p.82] ) with § = m~2 and implies
(12)  |HGZf| = ||(HiGT ) HLGT, )| < enm™2 [|HL G f|| < enm ™ ||f]].

,n

This will serve for (3.6) (see [1, p.69, Th.3.1]).
We also have

(1.3) HH2G§an <cen®m™||HGUf||, for k> 4m.
The inequality (1.3) will serve for (3.5) (see [1, p.69, Th.3.1]).

We have (3.3) (see [1, p.69, Th.3.1]) with M = 1.
To match the conditions of Theorem 4.1 (see [1, p.72) it is sufficient to show that

2 —2 2
A A(n) = cn— is satisfied with A < 1 i.e. AO(n ) = cn— is satisfied with A < 1 i.e
A1(n) m O(n=%) m
(1.4) A=cm <1
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which is true for big m.
From (1.1), (1.2), (1.3) and (1.4) we obtain that (see [1, p. 72, Th.4.1])

1 1
K (£, ) =int {17 = ol + o gl | < elGunf - 11

To obtain the inequality in the opposite direction (see [1, p.72, Th.3.4]), we apply
the following assertion.

Assertion 1.3.
|Gsnf = fIl <en 2 [|Hf].

Proof. Expanding h(t + v) by Taylor’s formula we have
t+v

h(t +v) — h(t) = v.h'(t) + 1 / B (s)(t +v — s)ds,
2
t

hence,

s T t4v

_ 41
Gsnf—f=7"1 / h(t+v) —h(t))Kspn(v)dv =7 15 / R (s)(t+v—s)dsKs p,(v)dv.
-7 -7t

Then

T t4v T t+v

/ / B (8)(t + v — 8)dsK s n(v)do|| < [[77(5)] / / (t+ v — 8)ds Ky n(v)dv] .

T

But
T t4v ™ 52 v
/ / (t+v—9)dsKsn(v)dv = / ((t +v)s — 5) ‘ K(v)dv
t
—r t -7

™

(oo 5 e )

- ] U;K(U)dv = c(s)n "2 = By (%) =X (%) . s>2

This concludes the proof of Theorem 1.1. [

2. Operator G:’n. In contrast to the operator G ,, the operator Gf , is not
positive.

Note that G%,, — I = (G5, — I)(I — L).

Theorem 2.1 If f € C[-1,1], then for the operator G, and Peetre K-functional

1
K~ (f, —2) given as above we have
n

|Ginf = fl|~K*(fi= ), s>2
n
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Proof. We have
|GEnf = f]l = 1(Gsn — DI = L)f].-

1
Recall that ||(Gs,n, —I) F|| ~ K (F, —2> (see Theorem 1.1). Hence
n

@) (G~ 5l ~ K- Dp 3 = {1~ 01~ ol + gl .
If we choose g = (I — L)g1 we obtain

G20t = 71 < cint {1 = D)7 = g0l + 17T - Dy}
(2.2)
<2eint {IIf = ull + 5| - Dol = ek (1. )

Observing that H(ax + b) = —ax ie. H(ax +b) = —(ax + b) + b, we have
HLg(x) = —(Lg)(z) + (Lg)(0).
Choosing g = g1 — Lf in (2.1), we have

1
1G2uf £~ it {2 = 20 = g1 + L7+ s~ HL 1}
—iut {If ~ nll+ 5 Hor ~ HLf |
g1 n
1
@3 =wt{If—al+ ZIH - Do - HI( - a)l}

—in {nf — a1l I = D + L = 90)(@) — (LS —gl>><o>||}

. 1 1
> it {1~ 45 1H(T = Dl =5 1247 — 90)(@) — (247 ~ ) O}
As the operator L : L*° — L° is continuous, then we have
IL(f = g1)(@) = L(f = g)O)| < e[|f — gall < n® || f = gn]-

Thus the expression (2.3) for sufficiently large n is

. 1 * 1
ZCI;llf{ If—aill + = ||H(IL)91H} =cK <f’ ﬁ)

n

Therefore
(2.49) Gt = 1] 2 e (1.7 )
From (2.2) and (2.4) we obtain
K" <f, %) < ||Gof — ]| < ek (f%) O
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ITPUBJ/IN2KABAHE C OIIEPATOPH OT TUII HA KAO-TOHCKA Gg N
" Gg - IIPABI 1 OBPATHU TEOPEMMN

Teonopa . 3anpsinoBa

Iesnra HA Ta3ym craTus e jJa yCTAHOBM €KBHBAJEHTHOCT MEXKJy PbCTa Ha IpUOJIN-
JKaBaHe C JuHeiHus omeparop or Tuna Ha Kao-I'oncka m momxomsmo neduHupan
K-dysxuponas. Ilpunoxen e obuy meron (passur or 3. Huriman u K. VsaHos) 3a
JIOKa3BaHe Ha 0OPaTHH HEPABEHCTBA.
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