MATEMATUKA W MATEMATUHYECKO OBPA3OBAHWE, 2005
MATHEMATICS AND EDUCATION IN MATHEMATICS, 2005
Proceedings of the Thirty Fourth Spring Conference of

the Union of Bulgarian Mathematicians
Borovets, April 6-9, 2005

EXTENSION OF HOLOMORPHIC FUNCTIONS

Marek Jarnicki, Peter Pflug

In several complex variables it is well known that a separately holomorphic function
on a product of domains is already continuous and therefore holomororphic. We
will discuss separately holomorphic function on a more complicated set and study
the associated maximal domain into which all such functions are holomorphically
extendible.

In the theory of one complex variable it is well known that for any domain G C C there
isan f € O(G) (i.e. f is a holomorphic function on G) that cannot be holomorphically
extended beyond G. In many variables the situation becomes different. There are pairs
of domains D; ; Dy € C*, n > 2, such that the restriction mapping O(D2) —
O(D,) is surjective. Domains which carry a non extendible holomorphic function are
called domains of holomorphy. They can be characterized by being pseudoconvez, i.e.
—log dist(-, D) is a plurisubharmonic function.

Moreover, in contrast to the case of real partial differentiability, a separately holo-
morphic (i.e. a partially complex differentiable) function f : D — C (write f € O,(D))
— D C C", n > 2, a domain — is already continuous (Theorem of Hartogs (1906)) and,
therefore, using the Cauchy integral formula holomorphic on D. Recall that a function
f: D — C is called separately holomorphic if for any a € D and any j € {1,...,n} the
function of one complex variable f(ai,...,a;-1,,@j+1,...,an) : Dq j — C is holomor-
phic, where

Da,j = {)\ ecC: (al, ceey @1, )\,aj+1, . ,an) S D}

In this lecture we will present an extension theorem which may be thought as a
generalization of the above quoted theorem of Hartogs. More details may be found
in [1].

Let N € Nand let A; C D; C CF | D; a domain, j = 1,..., N. The following set

N
X :=X(A1,...,An; D1,.... Dy) = <A1 XX Aj1 X Dy X Ajpr X - xAN)
j=1
is called the N-fold cross associated to the N pairs (A;, Dj);.

Moreover, let M C X (M = & is allowed). For a point (a1,...,any) € A1 X -+ X AN

and a j, 1 < j < N, we define the fiber of M over (a1,...,G;,...,an) as
M(al,...,?i},...,aN) = {Zj S Dj : (al, N ¢ S -7 PR 7 N PR ,aN) S M},
where (a1,...,G;,...an) = (a1,...,0-1,0j41,-.-,aN).

We will always assume that all the fibers M, are closed in D;.
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Then a function
f:X(A1,...,ANn;D1,...,DN)\ M — C
is called separately holomorphic on X \ M if

Y(ar,...an)€Arx-—x Axs> V1<j<N
flay,...;a5-1,a541,...,an) € O(Dj \ Mg, a,....an))-
We write f € Oy(X \ M).
Problem. Let N, A;, Dj;, and M be as above. What are conditions on these sets

under which there exist a (pseudoconver) domain X c Chittky X )?, a large
subset X' C X, and a relatively closed subset M C X, M N X' C M, such that:

Vico,(x\M) ero(;(\ﬁ) : ﬂx/\M = flxnm» funiquely determined.

Before stating the theorem let us recall a few definitions:

Let A C G C C", where G is a domain. Define h% , as the upper continuous
regularization of h4 ¢ := sup{u € PSH(G) : u < 1,ula <0} — PSH(G) denotes the set
of all plurisubharmonic functions on G. h’ . is the so called relative extremal function
of the pair (A, G). 7

A set A C G, G a domain in C", is called locally pluriregular, if for any a € A and
any neighborhood U = U(a) we have: h% - (@) = 0. Observe that such a set is “thick”
in the pluripotential sense; in particular, it is not pluripolar.

Moreover, if G; /' G, then wa g := Jlggo Wana,,,- Note that the definition of wa,¢

is independent of the exhaustion sequence and that, if G is bounded, then wa,¢ = h} -
Let X =X(44,...,An;D1,...,,Dy) and M C X. Put
)/(: = {(21, .. .,ZN) S D1 X e X DN : wAl,Dl(Zl) —+ - +WAN,DN(ZN) < 1}.

Observe that X C X and if all the Dj’s are pseudoconvex, then X isa pseudoconvex
domain.
Moreover, set

Ej = {(a’,a”) S (Al X e X Ajfl) X (AjJrl X oo X AN) :
Ma,.....@,....an) DOt pluripolar}.
In the sequel we will be interested in the case when the ¥;’s are pluripolar. A pluripolar

set may be thought as a very thin set.
We introduce the following modified N-fold cross

N
XI = U{(ZI,Z]‘,Z”) S Al X oo X Aj_l X Dj X Aj+1 X oo X AN : (ZI,Z”) ¢ Ej}.
Jj=1

With these notions we have the following result (cf. [2]):

Theorem. Let N, A;, D; be as before. Assume that the D;’s are pseudoconver and
the A;’s locally pluriregular. Put X := X(Ai1,...,An;D1,...,Dn). Let M C X be a
relatively closed subset of X such that ¥; is pluripolar, j = 1,...,N. Then there exists

a pluripolar set Mc )?, relatively closed, satisfying the following properties:
e MNX CcM,
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o for any function f € O4(X\ M) there exists a unique extension [ € O()?\J\/J\) such
that f = f on X'\ M,

e X \ M is pseudoconver.

Remark. (a) If M is pluripolar, then the assumptions are fulfilled.

(b) In the case that all fibers Ma,,...@;,....an) ave pluripolar we obviously have X' =X.

(c) There is an analogous result in the case when the singularity set M is an analytic
set in some neighborhood of X (see [3]); in this case the set M is again an analytic set
in X and X’ could be taken equal to X.

Example (a) Let D; := E C C be the open unit disc in the complex plane, A; := D,

~

j=1,...,N,and M = &. Then O4(X) = O(X), where
X =X(A1,...,AN;Dy,...,Dy) = X C C,
i.e. the theorem of Hartogs is a particular case of the above theorem.
(b) Let N = 2, D; = Dy := B(0,R) C C", where B(0,7) := {z € C" : |z|| < R}
denotes the Euclidean ball with center at 0 and radius R, and M = &. For an r € (0, R)
put A; = Ay = 0B(0,r) and set

X = X(Ay, Ay; Dy, Do) = (azaa(o, r) x B0, R)) U (]B%(O, R) x aB(o,r)).

Then the above theorem gives that any f € O4(X) is the restriction of an f € (’)()?),
where

X ={(zw) e C" x C" : max{||z||, [wl[} < R, ||z[|[[w]| < rR}.
Observe that we have always holomorphic continuation from X to the much larger domain

X, i.e. the theorem may be understood also in the sense of simultaneous holomorphic
extension as mentioned at the very beginning.
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IMPOA'BJIZKEHUVE HA XOJIOMOP®HU ®YHKIINN

Mapek Apuuniiku, Ilerep I1dayr

B rmeopusita Ha dyHKIMHTE Ha MHOTO KOMILJIEKCHU MPOMEHJIUBHU € J00pe U3BECTHO,
Je BCSKa paseHO XOJoMopdHaA (YHKIWMs, TedUHUPAHA BbPXY MPOU3BEJIEHNE HA
obJtacTH, € HEeIPEeK'bCHATA U CJIeI0BaTETHO XoJoMopdHa. B j1okiama ce pa3riexar
pa3aeaHo XoJIoMOPQHYN (DYHKINH, Te(PUHUPAHU BbPXY MO-CJIOKHO MHOYKECTBO, KATO
ce U3y4aBa acolMUPaHATa MAKCUMAJIHA 00J1aCT, BbPXY KOSITO BCUYKYU TAKUBa (DYHKITHI
ce MPOIbJIXKaBaT XOJIOMOPGHO.



