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SOME INTEGRAL GEOMETRIC RESULTS ON SETS OF
CIRCLES IN THE SIMPLY ISOTROPIC SPACE’

Adrijan V. Borisov, Margarita . Spirova

The measurability with respect to the group of the general simply isotropic similitudes
of sets of circles (elliptic and parabolic) is studied and also some formulas for the
density are given.

1. Introduction. The simply isotropic space Ig(l) is defined as a projective space
P5(R) with an absolute plane w and two complex conjugate straight lines f, f2 in w with
a (real) intersection point F. All regular projectivities transforming the absolute figure
into itself form the 8-parametric group Gg of the general simply isotropic similitudes.
Passing on to affine coordinates (z,y, z) any similitude of Gg can be written in the form

T = c¢1+cr(zcosep —ysing),
(1) Y = ca+cr(zsing +ycosy),
Z = c¢3+c4x+ 5y +ce2,

where c1, o, €3, C4, C5,C6 # 0,c7 > 0 and ¢ are real parameters. We emphasize that more
of the common material of the geometry of Iél) can be found in [3].

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [4], G.
I. Drinfel’d [2], we study the measurability of sets of circles in I3 with respect to Gs.

2. Measurability of a set of circles of elliptic type. The conic k of one part in
the nonisotropic plane € is called a circle of elliptic type if the infinite points of k coincide
with the intersection points of ¢ with f1; and fo [3; p. 70]. We note the fact that any
nonisotropic plane e, which is not a tangential plane of a sphere of parabolic type ¥ and
e N X # (), intersects ¥ in a circle k of elliptic type [3; p. 72] (Fig. 1.a)).

Now, let k& be a circle of elliptic type defined by the equations
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(2)

where R # 0 and (a —u)?+ (8 —v)? —4R(y — w) >

Oxy

a) b)

Fig. 1

B} 2= R(@* +y?) +ax+ By +7,
. Z = Uur + 0y +w,
Under the action of (1) the circle

0. Under the
k(R,, B,7v,u,v,w) is transformed into the circle k(R, @, (3,7, U, v, W) according to

) -1
R = CeCrp R,

a = c; ' [~2cic6c7 PR+ (coa + c4) cos p — (g3 + c5) sin g,

B = ¢ [~2cacecs 'R+ (coar + c4) sing + (g3 + c5) cos @],

= c;l[(cf + c%)csc;lR + czcr + cgery — (e + c4)(c1 cos p + easinp)+
+(c6f + ¢5)(c1sinp — cz cos )],

T = c; [(cou + ca) cosp — (cov + c5) sin ],

T = ¢ (cou + ca) sinp + (cev + c5) cos @],

w= 0;1[0307 + cgcrw — (ceu + ¢4)(c1 cos p + casinp)+

+(cev + ¢5)(c1 8in — c2 cos v)].
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The transformations (3) form the so-called associated group Gg of Gg [4; p. 34]. Gg is
isomorphic to Gg and the invariant density under Gg of the circles of elliptic type k, if it
exists, coincides with the invariant density under Gg of the points (R, o, 3,7, u,v,w) in
the set of parameters [4; p. 33]. The associated group Gy has the infinitesimal operators

0 0 8 0 0 0
0 0 0 0 0 0
Bs T T 0a Taw a5 T

Yo = Ri+a3+ﬁi+ g-i-uﬁ-i-’uﬁ-i-wi
S = 3R " %%a 783 T oy T e T Vor T Youw

9 9 9
2R—— + —+ﬁ—+u—+

B
Yy oR o3 o’

0 0 0 0
Y = —B— _- _ el
: P50 T 95 You T "ae
The integral invariant function f = f(R, «, 5,7, u, v, w) satisfies the system of R. Deltheil
[1; p. 28]

Yi(f)zo, YQ(f)ZOa Y3(f):0a Y4(f):0a Y5(f)207

and it has the form
cR

[(a = u)> + (B = v)* = 4R(y — w)]*’

f =
where ¢ = const # 0.
Thus, we can state:

Theorem 1. A set of circles of elliptic type (2) is measurable with respect to the group
Gg and has the invariant density

|R|AR A da A dB Ndy Adu Adv A dw
[(a —u)? + (B —v)? —4R(y —w)]*
Remark 1. The orthogonal projection of the circle of elliptic type k on the coordinate
plane Ozy is the Euclidean circle (Fig. 1.a)).
(5) E: R@®+y)+(a—wz+B-v)y+y—w=0,2=0
with the center

(4) dk =

a—u [B-—v
TR T

O(—
and the radius

(6) !

= g V(@ WP+ (70 —4RG —w)

The quantity r is called the radius of the circle of elliptic type k [3; p. 70].
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By (4) and (6) we have

1
7 dk = ——————
@ 25615\ R|7

k defined by (5) have under the group G4 of the similitudes
T =c1+ cr(zcosp — ysinp)
Y= co+ cr(zsing + ycosp)
the invariant density [4; p. 167]
~  dxg ANdyog A dyo

®) R -
where
__e-w _ B-v _y-w
(9) Ty = 2R , Yo = 2R y Yo = R .
Differentiating (9), we have
1 a—u 1
ﬁ%da = —dxo + 2—R2 dR + E du,
1 8—v 1
10 —dfp = —d —— dR+ — d
(10) 558 vo+ Sz AR+ 55 dv,

1 Y—w 1
—dy=d ——— dR + —= dw.
R’Y Yo + 22 +R w

By exterior product of (10) and dR A du A dv A dw we obtain

(11)  dRAdaANdB AdyAduAdoAdw=4R3*dR A du A dv Adw A dzg A dyo A do.

From (7), (8) and (11) it follows that

(12) dk = dR A du A dv A dw A dk.

1
64ri R4

dR Nda ANdB Ndy A du A dv A dw.

Remark 2. The coordinate plane Ozy is an Euclidean plane and into Ozy the circles

Remark 3. Denote by ¥ the angle between both intersecting nonisotropic planes e

and Oxy. Then we have [3; p. 17]
¥ =+Vu2 02
and, therefore,
Pdyp = udu + vdv.

From here it follows that

du/\dvzﬂdw/\dv:gdu/\dw
u v

and the formula of the density (12) becomes
Y

dk = ———— dR A dip Ndv Adw Ak
6474 R4 |u| ¥ AdoAdw Ak,
(13)
¥ ~
k=————dRAduNdY Ndw Nk
d 6474 R4 |v| uhdy ndw Nk,
respectively.

We summarize the foregoing results in the following
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Theorem 2. The density for the circles of the elliptic type (4) satisfies the relations
(7), (12) and (13).

3. Measurability of sets of circles of parabolic type. The conic k in the
isotropic plane ¢ is called a circle of the parabolic type if k touches the absolute plane w
at the absolute point F' [3; p. 70]. Any isotropic plane ¢ intersects a sphere of parabolic
type X in a circle k of parabolic type [3; p. 72] (Fig. 1.b)).

Let k be a circle of parabolic type defined by the equations
2= R(z* + ) + azx + By + 7,

ur +vy+1=0,

where R # 0, and (u,v) # (0,0). Now, the corresponding associated group Gy has the
infinitesimal operators

k:

8 a9 ,0 o . .9 0 o L0

Yi= 2Ryl —ag tuigy fuvgys Yo = 22R55 = B tuvgn Fuigl
) ) ) o o0 0 0

Va=2 vi=2 vi= 2 vi=RZL 102 +3L 1,2

8=y Yam gp =g Vo= Bgp tag, t055 75

o 9 o o 9 o 8 o 9
TR T % TP T e T e T Pge T %5 T Yan e

It is easy to verify that the system of R. Deltheil

has the solution

f(Raaaﬁ7’y’uav) = 0
From here it follows

Theorem 3. Sets of circles of parabolic type are not measurable with respect to the
group Gg.
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NMHTEI'PAJIHO-TEOMETPUYHU PE3VJITAT 3A MHO>KECTBA OT
CO®EPU B ITPOCTO N30TPOITHO ITPOCPTAHCTBO

Anpusu B. Bopucos, Maprapura I'. Couposa

V3cnenpana e u3MepuMoCTTa Ha MHOXKeCTBa cdepy (eJMITHIHY U NapaboIndHu) OT-
HOCHO I'pynara Ha ODIIMTE MPOCTO-U30TPOITHU MTOJOOHOCTH U Ca MOJIydYeHU (POPMYIU
3a CbOTBETHATA I'bCTOTA.
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