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MEASURABILITY OF SETS OF PAIRS OF SPHERES AND
LINES IN THE SIMPLY ISOTROPIC SPACE"

Margarita G. Spirova, Adrijan V. Borisov

The measurability under the group of the general simply isotropic similitudes of sets
of pairs of spheres and straight lines is studied and some Crofton type formulas are
given.

1. Introduction. The simply isotropic space Ig(l) is a projective space P5(R) with
an absolute plane w and two complex conjugate straight lines f1, f2 in w with a (real)
intersection point F. All regular projectivities transforming the absolute figure into itself
form the 8-parametric group Gg of the general simply isotropic similitudes. In the affine
coordinates (x,y, z) any similitude of Gg can be written in the form

= ¢+ cr(xcosp — ysingp),
= ca+cr(xsing + ycos ),
= c¢3tcx+cesy+cpz,
where c1, ¢o, €3, ¢4, C5, 6 # 0,c7 > 0 and ¢ are real parameters. The more of the geometry
of Iél) has been treated in detail in [4].

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [5], G.
I. Drinfel’d [3] we study the measurability of sets of pairs of spheres and straight lines in

(1)

w| < gl

13(1) with respect to Gs.

2. Measurability of a set of pairs consisting of parabolic sphere and non-
isotropic straight lines. Let (X, G) be a pair of the parabolic sphere [4;p.66]

(2) Y24y + 200 +28y+2v2+5=0, v#0
and the nonisotropic straight line [4;p.5]

(3) G: z=az+py=bz+gq, (ab)#(0,0),
where

@) lap+e) +blg+ B+ = (@® +6°)[(p+ )’ + (¢ + B)* + 0 —a® = F7] #0,
i. e. G is not a tangent of 3.
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__ Under the action of (1) the pair (3, G) (a, 8,7, 6, a, b, p, q) is transformed into the pair
(3,G) (a,p,7,6,a,b,p,q) according to

—c1+ ¢ Ler(cgar — cary) cos p — (c6f8 — c57y) sin o),
—co + ¢5 er[(coar — eay) sing + (6B — ¢57) cos ¢,

6775
(cl +c3)c25 — 2¢5 ter{esery + [(coa — cary)er + (co8 — c57)c2] cos p—
—[(cB3 = e57)er — (coax — cay)ea] sinp},

>l 2l ™l L
Il

(5) a = Kcr(acosp — bsing),
b = Kcr(asin g + beosyp),
p=c1+ Ker{[—cza+ c5(bp — ag) + cop] cos p+
+[c3b + ca(bp — aq) — coq]sin g},
7 =2+ Ker{[—csa+ ¢5(bp — aq) + cop] sinp—
—[e3b + ca(bp — aq) — ceq] cos ¢},
where K = (c4a + c5b + ) ~!. The transformations (5) form so-called associated group

Gs of Gg [5;p.34]. Gy is 1som0rphic to Gg and the invariant density under Gg of the
pairs (X, @), if it exists, coincides with the invariant density under Gg of the points
(o, 3,7,0,a,b,p,q) in the set of parameters [5;p.33]. The associated group Gg has the
infinitesimal operators

SR A R s A R NPL LA
Y, = 5i+a(aa—+b%)+ (a§+b§q)

Ys = ’y(;;er(angb%)Jrq(a%er;q) YG—V%Jraangb%
Y7—ai+ﬂa—ﬁ+2 2+25% §+b%+p§ +q§

0 ngragfqurpg.
85 Oda ob op dq
The integral invariant function f = f(«, 3,7,0,a,b,p,q) satisfies the system of R.
Deltheil [2;p.28]
Yi(f) =0, Ya(f) =0, Y3(f) =0, Ya(f) +4af =0, Y5(f) +4bf =0,

Yo(f) +3f =0, Yy + 10 = 0, Ys(f) = 0

:75_+

and has the form
c(a® + b%)y

I @) +ba+ B TP =@+ P)[p+ 0l + @+ BP 13— — PP
where ¢ = const # 0.

Choosing ¢ = 1, we have

Theorem 1. The invariant density under Gs for the pairs (3, G) satisfying (2), (3)
and (4) is
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(s, G) =
(6) B (a® + )|yl da AdB A dy AdS Ada AdbAdpAdg
{la(p+)+b(g+8)+7]2—(a?+b?)[(p+a)?+(g+B)* +0—a? =B }*

3. Some Crofton type formulas. Now we are going to express the 4-form
daNdBAdyAdd in the terms of the radius R and the vertex Q(xo, Yo, 20) of the parabolic
sphere Y. From

1 §—a? -3
(7) RZ*%v ro=—o, Yo =—p, Z():*Tﬂ
we have
1
dR = -— d’}/’ d.]?o = _dOé, dyO = _d67
22
§—a? -3 1
dzo = 9da+édﬂ+o‘725d7f—d5
¥ ¥ 2y 2y
and by exterior multiplication we get
1
(8) da/\dﬁ/\d'y/\déz—Q—RB dxo A dyo A dzg N dR.
From (6), (7) and (8) it follows that
d(x,G) =
(9) 64R*(a® + b2)2 dxo A dyo A dzog ANdR Nda Adb A dp A dgq

{[2aR(p—20)+2bR(q—yo)—1]2—4(a*+b?) R[R(p—0)?+R(q—yo)*+20] }*

On the other hand, the densities for the points Q(xo,yo,20) and the straight lines
G(a, b, p,q) with respect the group Bél) of the simply isotropic motions in Iél) are [1]
da N\ db A dp N dq

dQ = dxo ANdyo N dzg, dG =

(a® 022
respectively. Then the density (9) becomes
dX,G) =
(10) 64R*(a® + b2)% dQ A dR A dG

{[2aR(p—x0)+2bR(q—yo)—1]*—4(a®+b*) R[R(p—x0)*+R(q—y0)* + 20]}*

Suppose that
(1) falp+a) +blg+B) +9° = (@® + V) [(p+ )* + (¢ + B)* + 0 —a® = 7] > 0
and denote by P; and P, the intersection points of G and X. Then the distance |P; Ps|
between nonparallel points P; and P; is

|PLP| =

2%"(““)”(“5)”12<a2+b2>[<p+a>2+<q+m2+aaz521
a? + b?
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and therefore

|PLPs| =
(12)  RaR(p—o)+2bR(q—yo)~ 1] ~4(a>+0) R[R(p—0)>+ R(g—yo)*+20)
R2(a2 + b?) '
From(10), applying (12), we obtain
64
1 d(2,G) = —— dQ A dR A dG.
( 3) ( ) ) R4|P1P2|8 Q

We summarize the foregoing results in the following

Theorem 2. The density under Gs for the pairs (3,G) determined by (2), (3) and
(4) satisfies the relations (9) and (10). If (11) holds, then the density for the pairs (X, Q)
can be written in the form (13).

4. Measurability of a set of pairs consisting of parabolic sphere and
isotropic straight line. Let (2, G) be a pair of the parabolic sphere ¥ determined by
(2) and the isotropic straight line [4;p.5]

(14) G: x=py=q.
Now the associated group Gg of the Gy has the inﬁnitesimal operators
0 0 0 0 0
Yi=—+4+2a0———, Vo= 2 —
"9 % oy T 5 "9
0 0 0 0
3 — 785 ,ya 5 7867 6 7877
0 0 0 0
Y; = — +2y— + 20—
= ﬁagﬁ Yoy T8 TPap 95y
,iﬁzwz, 9, 0
a5 Tap TPy
and Y7, Y5, Ys, Yy, Y5 and Y are unconnected but
6
Y7:pr17qY2+ap+fq+ Y3+p:aY4+q+ﬁY5+2Y8.
Since
ap+ Bq+0 + « +
Yi(—p) + Ya(—) + Yo( 20 Ly 220 (D) vy 20

it follows [3] that we can state:

Theorem 3. A set of pairs (X, G) of a parabolic sphere ¥ and an isotropic line G is
not measurable and it has not measurable subsets with respect to the group Gs.

5. Measurability of a set of pairs consisting of cylindrical sphere and
nonisotropic straight line. Let (X, G) be a pair of the cylindrical sphere [4; p.66]
(15) Yooty 42024+ 20y+6=0, 2 +52-6>0
and the nonisotropic straight line G’ determined by (3). By arguments similar to the ones
used in the section 4, we find:

Theorem 4. A set of pairs (X, G) of a cylindrical sphere ¥ and a nonisotropic straight
line G is not measurable and it has not measurable subsets with respect to the group Gsg.
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6. Measurability of a set of pairs consisting of cylindrical sphere and
isotropic line. Let (X, G) be a pair of the cylindrical sphere ¥ and the isotropic
straight line G determined by (14) and (15), respectively. If
(16) P’ +¢* +2ap + 269+ 6 £ 0,

i.e. GG is not an element of ¥, then we have the following

Theorem 5. With respect to the group Gg a set of pairs (X, G) of the cylindrical sphere
Y and the isotropic straight line G satisfying (14), (15) and (16) is not measurable but
has the measurable subset

(p+a)* +(g+8)* =ha®+ 5% =6), h>0h+#0,1
with the density
da NdB Ndp A dg

46 = prar+ @+ AP
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N3MEPUMOCT HA MHOXKECTBA OT JABOMWKUN C®EPU U IIPABU
B ITPOCTO N30TPOIITHO ITPOCTPAHCTBO

Maprapura I'. CriupoBa, AapusiH B. Bopucos

Wscnensana e n3MEpUMOCTTa HA MHOXKECTBA OT JBOMKM cepy ¥ IPAaBU OTHOCHO I'PY-
maTa Ha OOIUTE MPOCTO-U30TPOITHY TTOIOOHOCTH ¥ Ca MOJIyYEHU HSIKOU (DOPMYJIA OT
KPOMTOHOB THII.
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