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CERTAIN SETS WITH RESPECT TO ESSENTIAL SYSTEMS

Vladimir T. Todorov

Let E = {(Ai, Bi)}, i = 1, . . . , n be an essential system in the normal space X. We
prove in this paper, that if U is a finite open covering of X and ordU ≥ n, then some
element of U intersects two opposite faces of U . Various consequences of this result
are discussed.

1. Basic concepts and definitions. Let U be an open covering of the normal
space X and Y ⊂ X . We say that the n-dimensional diameter dn(Y ) of Y is greater
than U , (the notation is dn(Y ) ≥ U), if the order of every refinement V of the restriction
UY is greater than n + 2: ordV ≥ n + 2.

If X is a metric space, then the n-dimensional diameter dn(Y ) of the subset Y is the
number inf{mesh(U

Y
)}, where U runs the set of all open coverings of X with ord(U

Y
) ≤

n + 1.

Note that some authors refer to dn as dn+1 ([2], [1]). In this papers dn is called an
n-dimensional degree. Here we follow the terminology which is adopted in [3].

For a metric space (X, ̺), the inequality dn(X) > 0 means that the metric dimension
µ-dimX of X is not less than n + 1 [5]. Clearly, for compact metric spaces, dn(X) = 0
if and only if dimX ≤ n.

Definition 1.1. [3] Let n be an integer and U be an open covering of X. The normal

space X is referred as (n,U)-connected between the closed sets P and Q if dn−2(C) > U
for an arbitrary partition C between P and Q in X.

In the case of metric space (X, ρ) we shall say that X is (n, ε)-connected between P

and Q if dn−2(C) ≥ ε (clearly, here ε > 0).
Furthermore, suppose that the system E = {(A1, B1); (A2, B2); . . . ; (An, Bn)} consists

of n disjoint pairs of closed subsets of X .

Definition 1.2. The system E is essential (or n-defining [5]) if for any closed sets Pi,

i = 1, . . . , n, separating Ai and Bi (partitions), the intersection
n
⋂

i=1

Pi is nonempty.

Obviously, the essential system is an analogue of the system of opposite faces of the
n−dimensional cube In; I = [0, 1]. Because of that, we call Ai and Bi faces of E . An
important tool in this note is the following Lemma, which seems to have an independent
meaning.
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Lemma 1.3. Let E be an essential system in the normal space X and U be a locally

finite open covering of X with ord U ≤ n. Then, some element of U intersects two

opposite faces of E.

Proof. Suppose that no element of U intersects opposite faces of E . According to [4]
(p. 119, Assertion 8), U can be refined by a closed n-discrete locally finite covering C of
X . In other words there is an n discrete locally finite refinement C of U

C = C1 ∪ C2 ∪ · · · ∪ Cn,

where Ci is a discrete family of closed subsets of X for every i. Let us put for every i

(1 ≤ i ≤ n):

A′
i = Ai ∪

⋃

{C ∈ Ci|C ∩ Ai 6= ∅} and B′
i = Ai ∪

⋃

{C ∈ Ci|C ∩ Ai = ∅}.

According to our hypothesis, the sets A′
i and B′

i are disjoint (and obviously, closed).
The space X is normal, hence for every i one can find a closed partition Pi between A′

i

and B′
i in X . Clearly, Pi is at the same time a partition between Ai and Bi because

Ai ⊂ A′
i and Bi ⊂ B′

i. Since the system E is essential, one has P0 =
n
⋂

i=1

Pi 6= ∅. On the

other hand, this is impossible, since P0 ∩
⋃

Ci = ∅ for every i. Thus we have obtained
the desired contradiction. The above lemma proves also the proposition, stated in the
abstract. In what follows some definitions and applications of the preceding lemma are
present.

Let X be a normal space with dimX ≥ n. Then X contains an essential n-system E
(the Eilenberg - Otto characterization of dimension). Next, to every index i we associate
an open covering Ui = {X \ Ai, X \ Bi}.

Corollary 1.4.Let Ui = {X \ Ai, X \ Bi} and V =
n
∧

i=1

Ui be the intersection of

the coverings {Ui}. Then the space X is (n,V)-connected between every pair (Ai, Bi) of

opposite faces of E.

Proof. We confine ourselves to the case i = 1. Note that if P is a partition between
A1 and B1, then the restriction E

P
= {(A2 ∩ P, B2 ∩ P ); . . . ; (An ∩ P, Bn ∩ P ) is an

essential (n − 1)−system in the normal space P ∪
n
∪

i=2
(Ai ∪ Bi).

Now, suppose that (X, ρ) is a metric space, and let

E = {(A1, B1); (A2, B2); . . . ; (An, Bn)}

be an essential system in X for which δi = ρ(Ai, Bi) > 0, i = 1, . . . , n. If P is a partition
between some pair (Ai, Bi), then dn−2(P ) ≥ min

i
{δi}.

Definition 1.5.The subset L of X is cutting X between the closed subsets P and Q,

if for every closed subset Y of X, which is connected between Y ∩P and Y ∩Q, we have

Y ∩ L 6= ∅.

Next we use the following result from [7]:

Lemma 1.6. Suppose that L cuts the normal space X between the disjoint closed

nonempty sets P and Q. Then every open neighborhood O of L contains a (closed in X)
partition C between P and Q.

Using the preceding Lemma makes evident that the following assertation holds true:
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Corollary 1.7. If dn−2(L) < V, then L cuts X between Ai and Bi for no i.

2. The n-dimensional cube. Next, suppose that (X, ρ) is a metric space. For

the following theorem suppose also that X =
∞
⋃

i=1

Fi, where Fi is a closed subset of X for

every i.

Theorem 2.1. If X is a compact n−dimensional space, then there are constants

εX > 0 and δX > 0 such that if dn−1(Fi) < εX for every i, then the inequality

dn−2





⋃

i6=j

(Fi ∩ Fj)



 ≥ δX

holds. Hence, µ − dim

(

⋃

i6=j

(Fi ∩ Fj)

)

≥ n − 1.

Proof. Let E = {(A1, B1); (A2, B2); . . . ; (An, Bn)} be an essential system in X and
put εX = max

i
ρ(Ai, Bi) = ρ(Ai0 , Bi0). Then no set Fi intersects both Ai0 and Bi0 . On

the other hand, X is (n, δX)-connected between Ai0 and Bi0 . Now, suppose that for
M =

⋃

i6=j

(Fi ∩ Fj) the inequality dn−2 < δX holds. Then, X \ M is connected between

Ai0 and Bi0 and, hence, the complement of M contains a continuum K, which connects

the faces in question. Thus K =
∞
⋃

i=1

(K∩Fi) and the summands are proper closed subsets

of K, which contradicts to the well known Sierpinski theorem [6].
There are various consequences of Lemma 1.3. We shall confine ourselves to the

question of calculating the dimensional diameters of the n− dimensional unit cube In =
[0, 1]n and to establish the degree of connectedness of In. We consider the n−dimensional
cube In equipped with the “maximum” metric r(x, y) = max |yi−xi|. The corresponding
dimensional diameter will be denoted by dr

k.

Theorem 2.2. dr
k(In) = 1 for every k = 1, . . . , n − 1.

Proof. The diameter of In under the “maximum” metric is equal to 1. Hence,
dr
0(I

n) = 1. On the other hand, by Lemma 1.4 it follows directly that dn−1(I
n) = 1.

Now, it remains to note that for every k we have d0(X) ≤ dk(X) ≤ dn−1(X) (under
arbitrary metric and for every space X).

Theorem 2.3. Suppose that Fi for every i is a proper closed subset of In and that

In =
∞
⋃

i=1

Fi. Then µ − dim

(

⋃

i6=j

(Fi ∩ Fj)

)

≥ n − 1.

Proof. The sets Fi are proper and, hence, at least two of them have non-void
interiors. Clearly, one may suppose that these sets are F1 and F2. Let Q1 ⊂ F1 \F2 and
Q2 ⊂ F2 \F1 be two subsets, which are homeomorphic copies of In−1 and are parallel for
example to A1 (and B1). It is easy to see that we may include Q1 and Q2 as opposite
faces of some n−defining system. It follows from Corollary 1.7 that for some ε > 0, In

is (n, ε)−connected between Q1 and Q2. Now, put M =
⋃

i6=j

(Fi ∩ Fj) and then suppose

that dn−2(M) < ε. As in Theorem 2.1, one arrives to a contradiction to the Sierpinski
theorem. Hence dn−2M ≥ ε, which implies µ − dimM ≥ n − 1.
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Theorem 2.3 (under the hypothesis dim

(

⋃

i6=j

(Fi ∩ Fj)

)

≥ n − 1) is contained in [8].
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ДОЛНА ГРАНИЦА НА РАЗМЕРНОСТНИТЕ ДИАМЕТРИ НА

НЯКОИ ПОДМНОЖЕСТВА НА СЪЩЕСТВЕНИ СИСТЕМИ

Владимир Т. Тодоров

Нека E = {(Ai, Bi)} е съществена система в нормалното пространство X. Всяка

дизюнктна двойка (Ai, Bi) от срещуположните стени на U поражда отворено

покритие U = {X \ Ai, X \ Bi}. В тази бележка доказваме, че за някое i0, (n −
1)-мерният диаметър на dn−1(X) е по-голям от Ui0 . Обсъждат се също така

различни следствия от този резултат.
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