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THE DENSITY OF LINEAR TRANSFORMATIONS OF
INDEPENDENT EXPONENTIAL RANDOM VARIABLES®

Tzvetan G. Ignatov, Modi O. Dialo, Savka R. Kostadinova

The density function of linear transformations of independent exponential distributed
random variables is derived.

Linear transformations of independent exponentially distributed random variables
arise in many contexts in statistics and probability, for example as the distribution of
quadratic forms X’AX where X is an n-dimensional normal random vector and A is a
suitable n X n positive semidefinite matrix. Such a quadratic form occurs, for example,
as the limiting distribution of the chi-squared goodness-of-fit statistic when parameters
are estimated on the basis of the ungrouped, rather than grouped, data — cf. Chernoff
and Lehmann [1954]. Weighted sums of exponential random variables also occur in the

form — log(H Pf"'), a weighted version of the Fisher statistic for combining independent
i

p-values Py, ..., P,, where each P; is uniformly distributed on (0, 1) under the combined
null hypothesis — cf. Good [1955] and Zelen and Joel [1959]. See Bock, Diaconis, Huffer
and Perlman [1987] for additional examples.

Let t0,¢1 ... t" be n + 1 points in Euclidian space R, i.e. t' = (ti,...,t), i =

rvs

0,...,n. We suppose n > s and that the points t°,¢!,... t" are “in general position”.
This means for j = 1,...,s and all different indices 0 < i1,...,7;41 < n the determinants
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The main goal of the authors is to derive the density function of the random vector
(2) n=&t' 44 &t
where &;, ¢ = 0,1,...,n are independent and identically distributed random variables
with exponential density fe,(x) =e %, > 0.
Further we will suppose t° = 0* = (0,...,0) € Ry and we can represent 7 as
(3) n==E&t" + &t -+ &t
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If we denote by
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(4) d(t™ ...tz ) = 1 tll’ tl’
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for j = 1,2,...,s and for j = 0 d(z;y) = 1 then conditions (1) can be expressed as
d(th, ... th th+1:1) £ 0.
Introduce for j =1,...,n
a(t™, ...t x) =0 if d(t™, ... t9,0%1)/d(t", ... t9;1) <0

and
a(t™, ..., t9,x) = —d(t™, ... t,2;0)/d(t", ... t'9,0%;1)
otherwise.
Let also introduce for j =1,...,s:

c(th, ... th x) = —d(th, ...t 2;0)/d(t", ...t 0% 1) if
d(til,...,tij,o*;1)/d(ti1,...,tij;l) <05 c(t™, ... th,x) = oo if

dt™, ... t49,0%1 )/d(ti1 con U5 1) > 0; (..t ) = 0 if

dth, ... th, 0* )

and d(#1 , T )/d(tl1 St1) <05 et ...t x) = oo if

d(tih, ... th 0* ) =0 and d(t“ Lt 2 0)/d(t L 1) > 05

A(t“ ', x) = max (0, a(t, x) a(t™ t2,z),.. . a(th, ...t x)), i =1,2,...,s;
B(th, ...t 2) = max{A(t",... t'= x), C(t",... t" z)}

C(th, ...t ) = min (0, c(t™, ac) c(th,t2, @), ... c(th, ...t x)).

Theorem. The density of the random vector n = &tt +- - -+ &,t" at the point x € R,
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n=0 iy =0 is =0 T de,. s
Z‘2 7é Z.1 Z‘5: 7£ Z.j i =0
j=1,. ., s—1 st 7Y
Zerl 7é ]
j=1,.
y "Z’:S (A, ..t 0% 1) (d(t™, ...t 2;0))" ) y
= (n—s5—j)!
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where t° = 0%, 1, ..., t" satisfy (1); 0° = 1 and (+00)™e~> = 0 (here m is non-negative
integer).

Proof. It is well known that the random vector n from (3) has the density function
with respect to the s-dimensional Lesbegue measure if the rank of t°, t', ..., " is s.
Under the conditions (1) the rank of t°, ¢!, ... " is s.
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Representing
€o & 1 &n )
5 n= 0% + A ) (&
o) (£o+~~~+£n bt +& SRR &
and using the result of Sukhatme [1937], we can assert that the random variable 7 :=
& + - -+ &, and the random vector

l/':( §O gn )
’ §O+"'€n,”.,50+"'+£n

are independent. Random variable 7 is Gamma distributed with n-degree of freedom,
i.e. with density

yre Y

Iz (y) = n! ’ y>0 )
0 y<0
The random vector v=(vy, v1,...,V,) has Dirichlet distribution with all parameters

equal to 1 (v € D(1,1,...,1).

Using the formula of Ali and Mead [1968] for the density f,(z) of the random vector

€0 . & 1, &n n
Grt6 Terra t +£o+---+§n't)

we have under the conditions (1)

n' n n n 5 i1 '3 d til,...,tis,x;l "
D D D D | L e
. k=1 H d(tll’ ey tts ’ t25+1; 1)

p=(

=04y =0 ig=o0
io 11 is # 1 ls41 =0
j=1,...,85—1 Tep1 7# 1
Jj=1,...,8
where v(ti, ...t x) = w(y(th, ... t* ), k=1,2,...,8;
1, n>0
w(n) =
0, n<O0
and
: : (...t ;1)
t, .t ) = LTI k=1,2,...,s.
y( ) ) )I) d(t“,...,tzk;l) ) ) 4y , S
From n = 7.u we get
o0 o0 .
) = [ r0)-fu(w)d0 = [ Toe o ()0
0 0
. 1 1
It is easy to find fg.,(z) = %fu(g‘”)’ 6 € (0,+00), X€ R;.
Consequently
ron 1,1
fol@) :/He B.Ef,t(a.x)dez
0
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loFi1 Gs F is+1=0
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Jj=1,..,8
n n n 1
Y Y ey S
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12 7é il ’is 7é ij ZS+1 =0
J=1, 000 8—1 dsyl 75 ’LJ
j=1,...,8
fe%e] 9”75 (d(til ti 1 1))7175 s 1
-0 s 5751'; ) i i
X . . tL R = - x)d6.
/ nl © (n—s)! klilly( T z)

The expression v(t% ...t x/0) takes only two values 1 and 0. When ¢, ... % and
x are fixed, the values of § > 0 for which v(t"t,... t* x/6) = 1 coinside with solutions
of the system of inequalities

) 1
(™, ... t%, —x;1)
: 0~ >
d(tir, ... th; 1)
>0

Applying the identity

) ] 1 . ) . )
d(t“,...,t“‘,ax;l) = g(d(t“,...,t““,ac;O)+9d(t“,...,t““,0*;1))

to the above system, we get the following equivalent system
0>0

a(t™, ... th,2) <0< c(th,... th, ).

Consequently,
s 5 1
O: v, .. .t -2)=1} = vt .t —x) =1p =
P o= O oo =)

- ﬂ {6:0>0,a(t",...,t", 2) <O <c(t",.. . t"2)} =

={0:A(t", ...t 2) <O B, t",2)}.

For the values of the following integral we have

B(t'1 ...t 1) ) ) ) )
d(t™, ...t x; Od(t*, ..., t*=, 0% 1)) 5
(( ( ) ) aza0)+ ( ’ ) 70 ) )) efedaf

(n—s)! B

A1t )
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TS (i is ()% J(d(#i i n—s—j B(tila---7ti5,x)9j
:Z( (t 7"'7t ,0,1))( (t a-"'at ,IL’,O)) % _efede.
(n—s—j)! !

0

<

A(tir,... ths x)
After integration by parts in the last integral, we get the necessary expressions in-
cluded in the density of n which completes the proof of the Theorem.
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IJI'BTHOCT HA JINMHENHU TPAHC®OPMAIIUN OT HE3ABUCUMU
EKCIIOHEHIIUAJIHU CJIYYAVHU BEJINYUHN

Iseran I UrnatoB, Moau ¥. duano, CaBka P. Koctagunosa

3BeieHa e mIbTHOCTTA Ha JIMHEHHU TpaHCOPMAIUN OT HE3aBUCUMHU €KCIIOHEHI[AA -
HO pas3nupeeIleHN CIyJailH BeJINYWHU.
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