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ON THE EQUIAFFINE CONNECTIONS"

Ivan A. Badev, Bistra B. Tsareva, Georgi Z. Zlatanov

In this paper, an average equiaffine connection is defined as the average of n symmetric
connections and second equiaffine connection is defined, with Ricci tensor, for any
equiaffine connection.

Using the Ricci tensor, a second equiaffine connection is specified for any equiaffine
connection. The projective transformation of these equiaffine connections is studied.
Next, it is determined the category of the spaces EgAn and ' EgAn, the connections
of which are in projective equivalence, in the case when they are spaces of a special
composition.

1. Preliminaries. A space with an affine connection without torsion is equiaffine,

provided that the parallel transformation of n vectors 11)(01 = 1,2,...,n) preserves the
@
volume, where the volume is [1,p.150]:
(1) V = e iy, 0002 vt
1 2 n

Here, e;,i,. .4, is called fundamental n-vector of the space.

Suppose that EqAn is an equiaffine space with a fundamental n-vector, coefficients
of a connection I'¥, a tensor of curvature R, , and a tensor of Ricci R;s. We denote the
fundamental form of the fundamental n-vector by e = e1s..,,. The equiaffine space EqAn

is characterized by one of the following equalities [1, p. 166 |

(2) Vikeiyis...i, =0,
(3) I, =0k ne,
(4) Ris = Rgi,
(5) RE, =0.
Let there be given n symmetric connections °T¥ (o = 1,2,...,n) and an arbitrary

tensor A;,;,..;, in the differentiable manifold X,,. Then
(©) ViAiyiy. i, = OkAiviy. in — Ui Amig. i — Ui, Aiymis. i —
_(XFZ;,,,Ailizminflm'
The mixed covariant derivative is [1, p. 136 |:
(7) ViAiyisin = OcAivig..in— Lo Amig.in — Tt Aivmigoin — = "Lt Aiig.in_im-
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Equiaffine connections are treated in [4] and [5]. In [5], an apparatus is developed to
study the geometry of compositions in equiaffine spaces.

Let EqAn be an equiaffine space of compositions X x X,,_j, defined with an affinor
of the composition a? [2]. The special compositions in EqAn are studied by means of

the tensor R = aZ RS [5]. Now, we denote with P(X}) and P(X,_s) the position of the
af

fundamental manifolds X and X,,_j of the composition X x X,,_r. Then we define the

composition Xy x X,,_j in EgAn as an R-composition, if for arbitrary vectors v* € P(X})

m n M
and v € P(X,,_x) the equation R,pv®v” = 0 holds [5]. It is proved that R-compositions
in FqAn satisfy the condition:

(8) Rop = Rga-

2. Average equiaffine connection. Suppose that there are n symmetric connections
aI‘fS (e =1,2,...,n) and an n-vector e;,;,..;, in the differentiable manifold Xn.

n

Theorem 1. If the volume (1) is preserved by the parallel transfer of arbitrary vectors

LTk and 2Tk, 3Tk ..., "Tk 1Tk and "T*

187 187 " 189 187

i1 7 .
U, 0,0 by the connections Tk 2Tk
n

187 187 °°

IFk

isy c -

1
ﬁ(lrfs + QF;CS +e 4+ nrfg) Of the
., "I‘fs is equiaffine with a fundamental n-vector €; i, i, -

, "Ik | then the average connection I'¥, =
connections lFf;, QI‘fS, ..

Proof. Under the hypothesis of Theorem 1, from dV = 0, when the vectors 111i, gi,
ceey gi are transfered parallelly in the respective connections, it follows that de;,;,. i, =

0. Since the last equality should be fulfilled independently of the choice of du®, it is
equivalent to

_ 1mm 217'm nmym
vkeiliz...in—akeilzé.“in_ Fkilemig‘..in_ Pkizeilmig...in_"'_ Fkineiliz...in,lm
= L _2m S 3rm . . L pm o,
(9) Vie€iyiy...in=0kCiyis. i, Fkilemw-..zn Fkigehmm.-.zn Fk’ineZIZZN"Ln—lm
Vi€irin. in=0k€iris. in—="T% €min. ir =TT Cirmis. in——"""T% € i
kCijig...inp —VUkCiqis.. .1y ki, Emiz...in kis Ci1mis...in kin Ci1i2..ip—1m >

If at least two of the indices ¢, and i, are equal in some equation, then the system
is satisfied identically. Therefore, it remains to consider the equations in (9), which
correspond to different indices. These because of the asymmetry of the n-vector e;,4,. i, ,
are equivalent to:

1 2 _
Okera.n — Iiema. .n — “Iiheims.mn — - —"Tlhei2. n—1im =0
2 3 1 _
(10) 5k€12..in - F;;nlemZ.“n - FZLzel'mS...n - Fglnelz..n—lm =0
Oe12.n — "I ema. n — TPe1ms. . — - — "I €19 n_1m = 0.

By substituting the fundamental form e = e;5.,, and discarding the zero terms, we
obtain:
11‘\]1€1 4 21‘%2 4+ .+ nilFZ;,ll —+ nFZn =0 Ine
Tl 45T, + -+ "I + 1T, = Ok Ine

n]_"]l€1 4 1I‘i2 4+ ”*2]:‘2;_11 + nfl]_—‘zn =0 Ine.

(11)

The conditions (11) are necessary and sufficient to preserve the volume (1) by the
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parallel transfer of arbitrary vectors 111i,12/i, ...,v", in the connections 1Ffs, ey ”I‘fs,
n
ek, L, TR, K and T, DK, ..., "TITE | respectively. Finally by adding (11)
term-wise, we obtain: 1FZS + QI‘ZS + -+ ”flfzs + "I}, =noilne, ie.
1
(12) - (‘T8 +2I5, + -+ +"T'L) = Op Ine

1
From (12) it follows that the average connection — ('T'§, 4+ 5, + -+ + "I‘fs) of the
n

: 1Pk 21k npk : ; CL
connections "I'y, 'Y, ..., "'}, is equiaffine with fundamental n-vector e;,;,. ;, -
3. Transformation of equiaffine connections. Let there be given an equiaffine
space EqAn with connection Ffs, a fundamental n-vector e;,;,. i, a tensor of curvature

R;.., and a Ricci tensor R;,. Consider the following connection
k k kj
(13) T}, =T5 + RisRM 9 Ine.
where R’ is the reciprocal tensor to R;s and e = ej2. ,,. The symmetry of the Ricci

tensor implies that the connection 'T'¥, is symmetric.

Theorem 2. The connection 'T¥, is equiaffine with a fundamental form e?.

Proof. From (13) it follows that 'I'¥, = I'*, + R;;R* 9, Ine, and taking into account
(3), we obtain

(14) T5 = 0;lne?.
So that the connection 'T'%, is equiaffine with a fundamental form e2.

If we denote by lesk_ and 'R, the tensor of curvature and the tensor of Ricci,
respectively, for the connection 'T'¥., then some straightforward arithmetic gives

'R, =Rl +2V(RgxRP0,Ine) + 2RI Ry, 0, Ined, Ine,
'R = Rap + Vi(Rsk RO, Ine) + RPR,0;Inedy Ine.

From the first equation of (15), after contracting on the indices k& and j, we obtain
that RE, = 1RE,  which was to be expected since for the equiaffine connections T'¥,
and 1T it holds that R, =0 and 'RF, =0.

S S

(15)

Theorem 3. If there exists a projective transformation between the equiaffine connections
T¥ and 'T%,, then

187

1pJ — RJ J J
(16) ka = ng + mV(S[SVl]Bk Ine + mv5[582] In e)@k Ine.

Proof. Let there be a projective correspondence between the equiaffine connections
¥ and 'T'¥. According to [1, p. 166] there is projective transformation between the
connections I'¥ and 1T% if and only if the tensor of affine deformation T% = 1Tk —T'¥
satisfies

(17) ) = (576] + 6561) P,
where

1 m
(18) D = . 1ij.

From (13), (17) and (18) follows
. —1 . P
(19) Tk = R;,R*9;Ine = Z—H(éfég +6%67)0; Ince.
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Substituting R;sR*9;Ine from (19) into the first equality of (15) and taking into
account that Vm(6F6] + 6%87,) = 0, we obtain (16). From (16) we find that

S5 71s

Ined Ine.

n—1 n—1
20 'Rek = Rgp, — —— 0,0, Ine —
(20) S |

We denote by ! EgAn the equiaffine connection defined by the connection 'T'%..
The fundamental form of ! EqAn is e?. The spaces EgAn and ' EqAn are differential
manifolds in Xn equipped with the equiaffine connections I'¥, and 'T'¥ | respectively.

Suppose that in Xn there is an affinor a? which satisfies the condition
(21) aZal = 6P,
According to [3], in the equiaffine spaces FqAn and 'EqAn, the affinor a? defines

compositions Xj x X,,_ of two fundamental manifolds X and X,,_g.
The R-compositions in EgAn and ! EqAn are characterized by:

(22) Riag = 0,"Riop =0,
where
(23) R[aﬁ] - agRgﬁ7 lR[aﬁ] = agleﬁ.

In [3] is introduced an adapted coordinate system with the composition X x X, (u?, ug),
(i=1,2,...,k;i=k+1,...,n). The matrix of the affinor a? of the composition in the
adapted coordinate system has the form [3]:

50
B _— i _
(24) aa—<0 5;>

After multiplying both sides of (20) with the affinor a?, and taking into account (23),
we obtain
— _ n—1
(25) 1Ra[3 = Raﬂ n+1 Qg
Theorem 4. If the composition X X X, _i is an R-composition in the spaces EqAn
and 'EqAn, which have a projective transformation, then in the adapted coordinate

system the fundamental form of the n- vector e;,s,.. i, is defined as follows:

(26) e= {(«5) + ;(50 oG,

al(0,0gIne+ 0, Inedglne).

1
where f(u) are arbitrary functions.
1

Proof. Since it is given that the spaces EqAn and ' EqAn are in projective transformation,
(25) holds. By (22) and (25) the composition X x X,,_ is an R-composition if and only
if the tensor
(27) bop = a2 (0,0sIne + Jy Inedglne)
is symmetric. From (24) and (27) follows that in the adapted coordinate system we have:
B 0;0rIne + 0;Ined, Ine 88 lne—l—alnea Ine
(28) C_‘ﬂ< —0_0ryIne—0_InedyIne 5‘ 8 lne+8 lne3 Ine >
Hence, bjg = 0 if and only if
(29) 81-82 Ine+9;In 682 Ine=0.
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Solving the system of differential equation (29), we arrive at (26). Now, by (3) and (14),
the equality (26) requires a restriction of the connections I‘fs and 11";“8, i.e. it specializes
the spaces EqAn and 'EqgAn.
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BbPXY EKBUAOPMHHUTE CBbP3AHOCTNA

WNsan Banes, Buctpa Ilapesa, 'eopru 3siatanos

B paborara e omnpejesiena ekBruaduHHA CBBHP3AHOCT, KOSTO € CpeIHa CBbP3aHOCT Ha
7 JaJIEHU CAMETPUYHU CBbP3aHOCTH.

3a Bcsika eKBHA(UHHA CBBP3aHOCT C MMOMOINTA HA TeH30pa Ha Puum e ompenesena
BTOpa eKBHa(HUHHA CBHP3AHOCT. V3y4eHO € IPOEeKTUBHOTO IIPpeoOpa3oBaHue Ha TE3U
JIBE CBbP3aHOCTH.

ExBunadunnure npocTpaHCTBa, HA KOUTO CBbP3AHOCTUTE CE€ HAMUPAT B IPOEKTUBHO
choTBeTCTBHE, ca o3Hauenn ¢ EqAn u ' EqAn. Oupeenen e BUIbT Ha IPOCTPAHCTBATA,
EqAn u ' EqAn, Korato Te ca MpOCTPAHCTBa OT CIIEIMATHA KOMIO3HIIS.
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