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MEASURABILITY OF SETS OF PAIRS OF PARALLEL
NON-ISOTROPIC STRAIGHT LINES OF THE FIRST TYPE
IN THE SIMPLY ISOTROPIC SPACE’

Adrijan V. Borisov, Margarita G. Spirova

We study the measurability of sets of pairs of parallel non-isotropic straight lines in
different isotropic planes and the corresponding invariant densities with respect to
the group of the general similitudes and some its subgroups.

1. Introduction. The simply isotropic space I5") is defined (see [3]) as a projective
space P5(R) with an absolute consisting a plane w (the absolute plane) and two complex
conjugate straight lines (the absolute lines) fi, f2 into w. The absolute lines f; and f,
intersect in a real point F' (the absolute point). In homogeneous coordinates (xg, x1, 22, Z3)
we can choose the plane zg = 0 as the plane w, the line zg = 0,21 + izo = 0 as
the line f; and the line xy = 0,27 — ixs = 0 as the line f5. Then the absolute point
F has homogeneous coordinates (0,0,0,1). All regular projectivities transforming the
absolute figure into itself form the 8-parametric group Gg of the general simply isotropic
similitudes. Passing on to affine coordinates (z,y, z) any similitude of Gg can be written
in the form [3; p. 3]

T c1 + cr(zcosp — ysinp),
(1) T = ca+cr(zsing +ycosyp),
Z = c¢3+cC4x+ 5y +cg2,

where ¢, co, €3, ¢4, C5,¢6 7 0,c7 > 0 and ¢ are real parameters.

A straight line is said to be (completely) isotropic if its infinite point coincides with
the absolute point F'; otherwise, the straight line is said to be non-isotropic [3, p. 5].

We will consider Gg and the following its subgroups:

1. B C Gg <= c¢7y = 1. This is the group of the simply isotropic similitudes of the
d-distance [3, p. 5].

II. S7 C Gg <= c¢g = 1. This is the group of the simply isotropic similitudes of the
s-distance [3, p. 6].

1. Wy € Gg <= ¢ = c¢;. This is the group of the simply isotropic angular
similitudes [3, p. 18].

IV. G; € Gg§ <= ¢ = 0. This is the group of the simply isotropic boundary
similitudes [3, p. 8].
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V. V7 C Gg <= cgc2 = 1. This is the group of the simply isotropic volume preserving
similitudes [3, p. 8].

VI. G¢ = G7NV7. This is the group of the simply isotropic volume preserving boundary
similitudes [3, p. §].

VII. Bs = B7 N Gy. This is the group of the modular boundary motions [3, p. 9].

VIII. B; = B; N S; N G7. This is the group of the unimodular boundary motions [3,
p. 9.

Two points P, and P> are called parallel if the straight line P; Ps is isotropic.

We emphasize that most of the common material of the geometry of the simply
isotropic space I?()l) can be found in [3].

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [4]
and G. L. Drinfel’d [2], we study the measurability of sets of pairs of parallel non-
isotropic straight lines in different isotropic planes with respect to Gg and indicated
above subgroups.

2. Measurability with respect to Gs. Let (G1,G2) be a pair of parallel non-
isotropic straight lines
(2) G11$ZGZ+P1ay:bZ+QI7 a2—~—b27é07

Gy :x=az+p2,y =bz+qo.

The pair (G1, G2) is said to be of the first type if G; and G+ lie into different isotropic
planes. Then the following inequality holds:
(3) a(qz —q1) — b(p2 — p1) # 0.

We can assume without loss of generality that a # 0, and in this case we can take the

Pliicker coordinates (|3;p.38-41]) g3, 93, 92, 9&, g2, g2 as the parameters of the set of pairs
(G1,G2), where

1 P1 bp1
1
g2:aag§*aagé:7;agé:71+av
(4) ,
s P2 o b
95 = =" % 2+

Under the action of (1) the pair (G1,G2)(g3, 93, 92, 98, g%, g2) is transformed into the
pair (G1,G2)(73, 73, 7%, G6, G2, G2) as follows:
g3 = Ker(sing + g3 cos ),
95 = K(ca+csg3 + cog3),
(5) ?% = K{(cs — c59% + cegt)cr cos p—
—les + cags + co(9295 + g396)lersing — ci(ca + 5 + c693) },

6 = K|(c1g3 — c2) cos + (c1 + cag3) sin o + crggl,
where K = [c7(cosg — gising]™' and @ = 1,2. The transformations (5) form the
associated group Gs of Gg [4; p. 34]. The group Gy is isomorphic to G and the invariant
density with respect to G of the pairs of lines (G1,G2), if it exists, coincides with the
density with respect to Gy of the points (g3,93,92,9¢,92,92) in the set of parameters.
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The associated group Gy has the infinitesimal operators

P ) ) ) o 9
Vi=goq1—%n71t953  %n3 Y2=57+57
“0g5  P0gs o2 T?0g} 5‘9@& g2
AN VAN A VN N B
(©) dgs 093’ g3’ dgy Cogi "°ogd
Ygla+gla+gzaY g18+918+926Y
6 =037 =1 5, Y1 =—g3-7 " S0 Y5 =
Sogi " T ogh 7 0g? S0gs "0 095 70 0g2

0
=1+ (g%)z]afg% + g%géafgé - gégéafgé + gégéafgé - gégéygg + g%géafgg,
and it acts transitively on the set of points (g3, g3, g2, g¢, g2, g2)-

From(3), applying (4), we obtain g} — g2 # 0, and it is easy to verify that the
infinitesimal operators Y3, Y3, Yy, Y5, Y7, and Yg are arcwise unconnected, but Yg = A3Y3+
MYy + AsYs, where

N = J9596 T 9695y _ 95(96 —96) +93(95 —95) | _ 95+ 05
I_ 2 I 2 ) 1 2
96 — 96 96 — 96 96 — 96
Since Y3(A3) + Ya(As) + Y5(A5) = 3 # 0, we conclude that the following statement holds:

Theorem 2.1. A set of pairs of parallel non-isotropic straight lines of the first type
is not measurable with respect to the group Gg and it has no measurable subsets.

3. Measurability with respect to S7. The associated group S; of the group
S7 has the infinitesimal operators Yi,Ys, Y3, Yy, Vs, Y, and Y7 from (6) and it acts
transitively on the set of points (g3, 93,92, 9%,92,92). The integral invariant function
f=1r(g, g}, b, gb, 92, g2) satisfies the so-called system of R. Deltheil ([1, p.28]; [4, p.11])

and has the form
c

f= ;
(96 — 9L+ (92)°)?
where ¢ = const. Thus we establish the following

Theorem 3.1. The set of pairs (G1,G2)(g3, 93,92, 98, 92, 92) of parallel non-isotropic
straight lines of the first type is measurable with respect to the group S7 and has the
density

1
(96 — 98)[1 + (92)%?
Differentiating (4) and substituting into (7) we obtain another expression for the
density:

(7) d(G1,Ga) = ’ dgs N dgy A dgs A dgg A dg3 A dgg.

Corollary 3.1. The density (7) for the pairs (G1,G2) determined by the equations
(2) can be written in the form

1

&) G ) = g, =0y b~ pl(a £ 192

da A db A dpy Adgy A dps A dgs.

4. Measurability with respect to Gg. The associated group Gg of the group Gg
0
has the infinitesimal operators Y1, Ys, Y5, Yy, Y7 from (6) and Z = _39§F — 2géﬁ +
93 95
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0

0 0 —
9657 — 295 = + 9o 5. Since G acts intransitively on the set of points (g3, g3, g,
. 09 993 095

98, 92, g2), the set of pairs (G, G2) is not measurable with respect to Gg. The system
Yi(f) =0, Y2<f) =0, Y%(f) =0, X4<f) =0, Y7(f) =0, Z(f) = 0 has a solution f = g%a
and it is an absolute invariant of Gg.

Consider the subset of pairs (G1, G2) satisfying the condition

9) 92 =h,

where h =const. The group Gg induces the group G§ on the subset (9) with the infinitesimal

operators Ya, Y3, Yy, Y7, Zand U = gi(=—+ =) —h(==+ =)
“0g3 0g2 gy Ogp

has the solution f = c(g¢ — g2)°, where ¢ = const.
From here it follows:

, and it is transitive. The

Theorem 4.1. The set of pairs (G1,G2)(g3, g3, gk, gk, 92, 92) of parallel non-isotropic
straight lines of the first type is not measurable with respect to the group Gg, but it has
the measurable subset (9) with the density

9(G1,Ga) = lgi — & |°dgs A dgs N dgg A dgi A dgg.
From Theorem 4.1. and (4) we have:

Corollary 4.1. The set of pairs (G1,G32)(a,b,p1,q1,p2,q2) of parallel non-isotropic
straight lines of the first type is not measurable with respect to the group Gg, but it has

the measurable subset — = h, h = const, with the density
a

lg2 — q1 — h(p2 — p1)]°
CL4

d(G1,G2) =

da A dpy A dgp A dps A dgs.

5. Measurability with respect to By, Wy, G7, V7, Bg, Bs. By arguments
similar to the ones used above we study the measurability of sets of pairs (G1, G2) with
respect to all the remaining groups. We summarize the results in the following

Theorem 5.1. The set of pairs (G1,G2)(g3, 93,92, 98, 92, g2) of parallel non-isotropic
straight lines of first type:

(i) is not measurable with respect to the groups By, Gr, Bg, and it has no measurable
subsets;

(it) is measurable with respect to the group Wz, and has the density

1

(98 — 98)*V/1 + (93)?

(#i1) is measurable with respect to the group Vy, and has the density

d(G1,Go) —‘ dgy N\ dgs N dgs A dgg A dgz A dgg;

d(G G)—Md1 dgd A dgt A dgé A dg? A dg?;
1,G2) = gy N\ dgs N dgs A dgg A dgs A dgg;

[1+(g2)%°
(iv) is not measurable with respect to the group Bs, but it has the measurable subset

g% = hl,gé — gg = ho, h1 = const, ho = const, with the density
d(Gr,Ga2) = dgs A dgs A dgg A dg3.
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From Theorem 5.1. and (4) it follows

Corollary 5.1. The set of pairs (G1,G2)(a,b,p1,q1,p2,q2) of parallel non-isotropic
straight lines of the first type:
() is measurable with respect to the group Wy, and has the density

1
[a(g2 — q1) — b(p2 — p1)]*Va? + b?
1) 18 measurable with respect to the group V7, and has the density
1) 4 ble with h V; d has the d
la(g2 — q1) — b(p2 — p1)]°
(a2 +b2)5

(#i1) is not measurable with respect to the group Bs, but it has the measurable subset

d(Gl,Gg) = daAdb/\dpl /\dq1 /\dp2 /\dQQ;

d(G1,G9) =

da A db A dpy A dgy N dps A dgs;

b
— = hy,a(ga — q1) — b(p2 — p1) = ha, hy = const, ha = const, with the density
a

1
d(Gl,Gg) = g da N dpy A dgy A dps.

6. Some Crofton type formulas with respect to S7. The parallel straight lines
into coordinate plane Gy : bx — ay + ag1 — bpy = 0,z = 0, and G3 : bx — ay + ags —
bpa = 0,z = 0, are the orthogonal projections of the parallel straight lenes G| and Ga,
respectively. Then the Euclidean distance § between G; and Gs is

a(ga — q1) — b(p2 — ;1

10 0= .

(10) L
Assume that the straight lines G; and G2 make the angle 6 with the horizontal plane

Oxy. Then [3; p. 48]

1
va? +b?
and, replacing (10) and (11) into (8), we obtain
5

(11) 0=

(12) d(Gl,Gg) = da NdbAdpy Ndg N dps A dgs.

__If we denote P, = G1 N Oy, P, = G5 N Ozxy, then into the plane Oxy we have
dPy = dp1 N dq1, dPy = dps A dgo. By differentiation of (10), (11), and by exterior
multiplication of the forms of (12) we get
(13) d6 AdO AdPy A dPy = —0*[a(ga — q1) — b(pa — p1] da A db A dpy A dgy A dpa A dgs.

In view of (13), the formula (12) becomes
0

dS Adf A dPy A dPs.
Sla(ga — q1) — b(p2 — p1] ! 2

d(G1,G2) =
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N3MEPMOCT HA MHOXXECTBA OT JABOMKU YCIIOPEIHU
HEN3O0TPOIIHUA ITPABU OT II'bPBUM TUII B ITPOCTO
N30TPOITHO ITPOCPTAHCTBO

A npusin B. Bopuco, Maprapura I Crimposa

N3cnenBana e n3MEPUMOCTTa HA MHOXKECTBA OT JBOMKHU yCIIOPEIHU HEUOTPOIIHH IIPa-
BU, JIe’KaIlll B PA3JIMYHU U30TPOIHM PABHUHU U ChOTBETHHUTE MHBAPUAHTHU I'bCTOTHU
OTHOCHO TPyIaTa Ha OOIUTE IPOCTO-U30TPOITHH MOAOOHOCTH U HSIKOW HEWHU MTOATPY-
a.
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