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ON THE EXPONENTS OF SOME 4 x 4 MATRICES"

Georgi K. Dimitrov, Ivailo M. Mladenov

Here we derive a formula for the exponents of any 4 X 4 matrix which belongs to one
of the Lie algebras s0(4), s0(2,2), s0(3,1) and sp(4,R). The approach which we follow
is based on the Hamilton-Cayley theorem, namely, the important moment in all our
considerations is the respective characteristic polynomial of the above matrices.

1. Introduction. This article concerns all 4x4 matrices with characteristic polynomial
P(z) of the form

(1) P(z)=z' -0z —a

which is shared by any element in the Lie algebras so(4), so(3,1), s0(2,2) and sp(4,R).
Both coefficients a and b in (1) are well defined functions of the respective matrix
elements.

Let us denote with A an arbitrary matrix from the above classes. By the Hamilton-
Cayley theorem it follows that A satisfies the identity

(2) A* = aly + bAZ.

Direct consequence of the above equation and the very definition of the exponential
map

3) Bxp(4) =L+ Y o
k=1
is that
Az A3
(4) EXp(A):I4+A+7+?
when a = b =0.

2. Non-degenerated cases. From now on we exclude the degenerate case in which
both coefficients are equal to zero. In order to derive the formula for the cases when either
a # 0, or b # 0, we use (2) to get some quite useful relations about the even powers of
A. Let us start by rewriting the equation (2) in the form

(5) A* = woly + (u — v) A2,
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where u and v are new parameters, which, obviously, have to satisfy the system
(6) u—v=>o, uv = a.

The solutions of this system are

(7) u:%(b—i—\/bQ—f——éla) or u:%(b—\/lﬂ—i——éla) and v:%-
From (6) it follows also that
(8) (u+v)* = b* + 4a.
In fact, we derive two kind of formulas: one for the case when b% 4 4a # 0, and another
one for the case when b2 + 4a = 0.
First case: b? + 4a # 0. In this case (8) ensure, that
(9) u+v #0.
Multiplying both sides of (5) with u + v, we get
(10) (u+v)A* = (u + v)uwvly + (u? — v?) A2
Let us assume now, that for all n € N, n > 2 we have also
(11) (u+v)A* = (u" ! 4 (1) Huvly + (u™ 4 (—1)" ™) A%

This equation, in conjuction with (9) and (10), gives

(u+ v) A2 =" 4 (=) D uwA? 4+ (W + (—1)" ™) A
(12) =(u" '+ (=1)"0" HuvA® + (u" + (=1)" ") (woly + (u — v)A?)
(. n+1l n n+1 n+2 n+1 2
= — 4 - .
(u" + (=1)"" 0" uvly + (u" T 4 (=1)" ") A

In this way by the full induction method we prove that (11) is really true for each n > 0.
Actually, we proved this for n > 2, but one can verify it easily for n = 0 and n = 1 and,
therefore, we have immediately

o AQn B o um > (—1)"’0”
<+>Z@)—(Z(2)+Z@))I
DI i PP
(13) +<nz_; (2n)! HZ:% (2n)! )A

= (vcosh v/u + ucos \/v) Iy + (cosh v/u — cos \/v) A”.
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We can use again (11) to calculate the following sum

0 A2n+1 oo un oo (_1)nvn
- 7 A

+
fe’e] 2n+1 [e%e] n 2n+1
(14) :<” \/ZL.JFUZM)A
+

() (S )

Let us remark also that the formula just derived is still valid even when u or v vanishes
sin(x) sinh(x)
and
x x

(in this case we take the limits of the functions as z tends to zero).

Introducing
sinh /u n sin /v
folu U)_UCObh\f—i—uCOb\f Fuu U)_U Vu b VU
0 ) - utv 1 ) - u+ov ’
(15)
sinhu  siny/v
_ coshy/u — cos\/v  Wu NG
f2(’LL,’U>— utv ) f3(u,’U) - utv )

we give up (13) and (14) the form

2n o A2n+1
2
Jolwv)la+ fa(w,0) A% ) 5=y

= f1(u,v)A+ f3(U7’U)A3,

(16) Z
which implies

(17) Exp(A) = fo(u,v)1s + f1(u,v)A + fg(u,v)A2 + f3(u, ’U)AS

Second case: b% + 4a = 0. In this case we can write

2 2
. ) , b\’ b b
(18) A -bA? —aly= (A2 - Sl ) = Ay /5L Aty[5l) =0

and after introducing

n=0

19 o=
(19) 5 =P
154



rewrite it as
(20) (A= ply)® (A + pla)* = (A + pls)® (A — ply)* = 0.
With this equation at hand we get immediately

Exp (A — ply) (A+ ply)® = [Is + (A — pL)] (A + ply)?
(21)
—[A+ (1 —p)Ly] (A+ pLy)°.

By the properties of the exponential map, i.e.
(22) Exp (A — pls) = Exp(A)Exp (—pls) = exp (—p) Exp(4)
and (21), it follows that
(23) Exp(A) (A + ply)* = exp (p) [A+ (1 — p) L] (A + pLy)*.
Similar considerations gives us
(24) Exp(A) (A — ply)* = exp (—p) [A + (1+ p) Lu] (A — pLy)?,

respectively.
Subtracting the left-hand side of (24) from that one of (23), we get

(25) 4pExp(A)A = 2v/2bExp(A) A.
Since det(A) = —a, and a # 0, one can conclude that A is invertible. This is enough for

us in order to write
1
Bxp(4) = A7 {exp(p)[A+ (1= p) L] (4 +pL)°

(26)
—exp (=p) [A+ (14 p) L] (4 - pl)* |

which can be given in a more compact form as

(27) Exp(A) = go(p) A" + g1(p)Ls + g2(p) A + gs(p) A%,
where
pshp—p?chp 2chp —pshp
90(p) = 3 91(p) = - 9
(28)
__shp+pchp __shp
92(p) = T 93(p) = 2

Another useful way in which the above result can be presented is

L b
(29) Exp(4) = %(A 2L, — pPATY) 4 %(zﬁ +A— ps+ pRA7Y).
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3. Specializations for various Lie algebras. In this section we present the
respective parameters a and b via explicit formulas for coordinates of Lie algebra elements
from the selected list of Lie algebras given at the beginning of the paper.

3.1. The parameters a and b for the Lie algebra so(4). The standard form of
an arbitrary element A € so(4) is

0 —x ro —XT4

T 0 —r3 —Ts
30 A= ; X1, T2, X3, T4, 25, Te € R
( ) _:L,Q xg O _xG ) 17 2) 37 47 57 6

Ty Is Te 0

and, in accordance with (2), the parameters a and b can be determined by evaluating its
characteristic polynomial P(A). For that purpose we used the elegant procedure described
in [4]. The analytical and especially the computational details can be found in [1] along
the Mathematica" program code furnishing this task. The results is

2
(31) a = —(r1m6+ T2x5 + T3T4)
_ 2 2 2 2 2 2
b = —z7—a5—x35— 27— T5 — 5.

3.2. The parameters a and b for the Lie algebra so(3,1). We fixed a basis in
which the elements of s0(3,1) are of the form

0 —X1 T2 X4
T 0 —z3 x5 | .
(32) 50(37 1) = —T9 Z3 0 Tg ; 1,2, %3, %4, T5,T6 € R )

Ty Is Te 0

while the parameters a and b in the above coordinates turns out to be presented by the
following expressions

(33) a = (z126+ x225 + x3x4)2
b = —a?—a2%— 23 +a23+22+ 22

We take the opportunity to mention that any constant electromagnetic field can be
described by a second order tensor of type (32) and that the trajectories of charged
particles in such fields can be obtained by making use of its exponent [5]. We refer to [2]
for details and graphics illustrating various physical situations.

3.3. The parameters a and b for the Lie algebra s0(2,2). Now we have

0 x To X4

(34) 50(2,2) = _i; 23 %3 iz : X1,T9,X3,T4, 25, T € R
ry x5 —xg O

and,

. a = —(x1x6+x2x5—xgx4)2

) b = —of+ad+ad+aital—ag,



respectively.
3.4. The parameters a and b for the Lie algebra sp(4,R). Any element of

this Lie algebra can be specified by means of the coordinates x;, ¢ = 1,...,10 and has
the form
r1 X2 Is Te
T3 T4 Z6 T
A= ; e R
(36) Tg Tg —z —x3 7 L1, » 10 €

T9 Ti0 —T2 —T4

Unfortuately, this time the parameters

2,2 2,2 2,2 2 2 2 2
a = —x1$4 - 332.’);‘3 - .’1/'6.7:9 - 31‘1.1‘7.%'10 - .7/'3.7/'51:10 - x2m7$8 - .'L'4.T5$8

2 2
(37) +T6T8T10 + ToT5T7 + 201222324 — 221X4X6X9 + 22122 7T
—|—2l‘1$33}6l‘10 + 2$21‘45€6$8 - 251323331‘6339 + 2$3$4Z‘5$9 — X5T7x8TL10

b = x% + xi + 2xox3 + 2x6x9 + T5x8 + T7T10-

are not so symmetrical as in preceding cases but are still manageable, especially for the
purposes of the direct numerical implementations.

A Mathematica” program module which returns automatically the relevant matrix
exponent by appropriate input matrices belonging to the classes discussed so far is
available for testing and free use [3].
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BbPXY EKCIIOHEHTUTE HA HAKOUN 4 x 4 MATPUIIN

Teopru K. Iumurpos, UBaiino M. MaageHos

B nacrosiimara pabora e uzBegeHa obiia popmysia 3a eKCIIOHEHTUTE HA BCUYKHU 4 X 4
MaTPUIM IIPUHAJ/JIEXKAIN Ha HSKOs OT ciejuute aarebpu Ha Jlu: so(4), so(2,2),
50(3,1) u sp(4,R). IToxxoxbT 3a peliaBaHe Ha 3a4a9aTa Ce OCHOBaBA HA TEOPEMATA
Ha XaMmuiaToH-Kefyin 1, Mo-TOYHO, OT ChINECTBEHO 3HAYEHHE € BAIBT HA XaPAKTEPHC-
TUYHUAT NOJMHOM HA MATPUIMTE HA M3OPOEHUTE TO-Tope aarebpu Ha Jlu.



