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SOME SELF-SIMILAR SETS DEFINED BY A PAIR OF
PLANE CONTRACTING SIMILARITIES"

Radostina P. Encheva, Georgi H. Georgiev

We consider special pairs of plane contracting similarities with the property: each
similarity maps the fixed point of the other similarity to one and the same point. We
investigate the invariant sets of all such pair of similarities.

1. Preliminaries. A transformation S : R? — R? is called a contracting similarity
with ratio ¢ € (0,1) when |S(z1) — S(22) = c|z1 — 22| for any 21, z2 € R?. A finite family
of contracting similarities
(1) S1, 52, ..., Sm

is called an iteration function system. We recall two basic facts for iteration function

systems. The proofs are known from [4]. There is a unique non-empty compact set F' C
m

R?, called an attractor or an invariant set, such that F = U Si(F). The set F is, in
i=1

general, a fractal. The standard procedure for obtaining of F is the following. Let E C R?

be an arbitrary non-empty compact set and T'(E) = U S;(E). Consider the sequence
i=1

T°(E) = E, TY(E) = T(E), ..., T®(E) = T(T'*V(E)), then F = (| T™(E). The
k=0
set F' is often called self-similar. A systematic description of self-similar sets is given in

[3] and [4].

If there are m+1 different points in R? pg, p1, ..., pm such that S;(po) = pi_1,
Si(pm) = pi, for i = 1,...,m, the iterated function system is called a zipper with
signature (o1 = 0,...,0,, = 0). Many properties of zippers are proved in [1] and [2].

In this paper we study zippers with the base points pg, p1 and ps. This means that
either pop1ps2 is a triangle with acute angles ¥p1pop2 and ¥pipapo, or p; is an interior
point of the line segment [pop2].

2. A zipper defined by two direct similarities. Any orientation-preserving
similarity, called also a direct similarity, S : R? — R? with fixed point (zg,%0) can be
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represented by the matrix equation

x’ cosyp —singp T — Tg T
( Y ) C< sing  cose >< Y=Y >+< Yo >
where ¢ € R\ {0} is the ratio of similarity and ¢ € [, 7] is the angle of the rotation.
This similarity is a contraction whenever ¢ € (—1, 0) U (0, 1). We consider an iterated
function system formed by two contracting similarities S; and Sy which have different

fixed points (0, 0) and (1, 0) respectively. Then the corresponding matrix equation of Sy
and Sy are

, o
2) S, : ( :c/ ) — ( €os 1 sin ¢ ) ( x )
Y sinp;  cosp Y

and

. '\ coswy —sinps z—1 1
(3) Sz < y > = ( sings  €OS P2 > < Y * 0
where ¢; € (0, 1) for ¢ =1, 2.

Proposition 1. Let a and b be positive real numbers such that a® + b*> < 1 and
(a—1)2+b% < 1. Then the iterated function system {S1, Sa} is a zipper with vertices py =
(0, 0), p1 = (a, b) and ps = (1, 0) if and only if c1 = Va2 + b2, c3 = /(1 —a)? + b2,
tan; = — and tanypy = ——.

a a—1

Proof. Since the function tan is a bijection of the open interval (—m/2, w/2), the

conditions Sy (p2) = p1 and Sa(po) = p1 are equivalent to the conditions ¢; = va? + b2,

co = /(1 —a)? + b2, ¢ = arctan — and @y = arctan O
a

a—
Let F be the invariant set of the zipper {S1, S2}. According to Lemma 1.1 from [2]

there is a structural parametrization of F'. This means that there exists a continuous

mapping 7 : [0, 1] — F with the property: if ¢ € (0, 1), (0, ¢, 1) = (po, p1, p2), T1(t) =

t.t and 7o(t) =¢.(1 —t)+ ¢ for all t € [0, 1], then S; oy =~o7; fori =1, 2.

Without loss of generality we may assume that ¢ : (1 — ) = c; : ca.

Fig. 1. p1 = (1/2,v/5/6)

Corollary 1. The invariant set F is not a Jordan arc.

Proof. It is sufficient to show that + is not a homeomorphism. From (2) and (3) it
follows that the sequence of points Sy 0 S5(p1) € F, k=1,2, ..., tends to p; € F. The
second sequence So0SF(p1), k=1, 2, ..., also tends to p;. Hence, p; is a self-intersecting
point of F, i.e 7y is not a homeomorphism (see Figure 1).
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3. A zipper defined by a pair of direct and orientation-reversing similarities.
A contracting orientation-reversing similarity S; : R? — R? with fixed point (1, 0) can
be represented in the form

5 T ~ cos sin z—1 1
o s (G)e(mn an) ()
where ¢ € (0, 1) and @9 € [—m, 7. As in the previous section we obtain:
Proposition 2. Let a > 0, b > 0, a?+b% <1 and (1 —a)? +b* < 1. Suppose that
S Rj — R2 is given by (2) and Sy is given by (4). Then, the iterated function system
{51, Sa2} is a zipper with vertices po = (0, 0), p1 = (a, b) and p2 b: (1, 0) if and only if

b
1 =vVa2+ b2 ca=+/(1—a)?+b2 tanyp; = — and tan g = %

a —a

Fig. 2. p1 = (1/2,v/3/6)

Corollary The invariant set F of {51, §2} is not a Jordan arc.

Proof. Let E be the unit segment with endpoints py = (0, 0) and ps = (1, 0). For
k> T PLT P2 o have that Card(Sy (TF 1 (B))NSo(T*1(E))) > 1. Since TH(E) — F

©1 ~
as k — oo, where F' (see Figure 2) is the attractor of {S1, Sz}, Card(S1(F)NSz(F)) > 1.
Now, let v be the structural parametrization of F'. Assume that F' is a Jordan arc. This
means that v is a homeomorphism. From Card(S;(F) N Se(F)) > 1 it follows that
there exist F' > z # p1 = (a,b) and x € S1(F) N S2(F). Hence, v~ 1(z) € ([0, 1]) =
0,7 and v~ }(z) € ([0, 1]) = [f, 1], i. e. v~ }(z) = . Therefore, # = p; which is a
contradiction. [

4. Zippers defined by two orientation-reversing similarities. Using complex
numbers for representation of contracting similarities of R? = C we can obtain general
conditions for zipper with signature (0,0) and vertices po=0€ C, p; =a+bi=a€C
and po = 1 € C. It is well known that any direct similarity of R? = C is given by the
equation S(z) = gz +r; ¢ € C\ {0}, r, z € C and any orientation-reversing similarity of
R? = C is given by S(z) = ¢z +1r; g€ C\ {0}, r, z € C.

Theorem 1. Let o € C, |a| < 1 and |1 — | < 1. Let S = {S1, Sa} be a pair of
contracting similarities of R? = C, i.e. for i € {1,2} either S;(2) = qiz + i, ;| < 1, or
Si(2) = qiz+7i, |¢i| < 1. Then, the iterated function system S = {S1, Sa} is a zipper with
signature (0,0) and vertices at the points {0, «, 1} if and only if 11 =0, re=a, 1 =«
and g3 =1 — a.

Proof. From the definition of a zipper (see [1]) the iterated function system S =
{51, Sa2} is a zipper with signature (0,0) whenever

(5) 51(0) =0, S2(0) = a and
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(6) S1(1) =, Sa(1) = 1.

Applying (5) we get 71 = 0, r2 = a. Then using (6) we obtain g1 = aand ¢g =1—a. O
Obviously, if a € R, or more precisely « € (0,1), then the the attractor F of S is the

unit segment. So that in the remaining part of the paper we can assume that « € C\ R.
Now we shall investigate the zippers S = {S1, S2} of two orientation-reversing contracting

similarities of the Euclidean plane. From Theorem 1 we have that S1(z) = az, Sa2(z) =

(1 — )z + a, where |a| < 1,]1 —a] < 1,a,z € C and S has vertices at the points

{0, o, 1}.

Fig. 3. o = 5/8 +i/3/8

Corollary 3. The invariant set F of of the zipper S defined by two orientation-
reversing similarities is a Jordan arc if and only if |a — 1/2| < 1/2.

Proof. F is a Jordan arc with endpoints 0 and 1 if Card(S1(F) N S2(F)) =1 (see
[2], Theorem 1.2). If E is the unit segment with endpoints 0 and 1, then T*(E) is union
of two segments with endpoints 0, 1 and a common endpoint «. At the next iteration
we obtain the points S1(«) and Sz(«) which belong to the segment E since S; changes
the orientation. The distance between the points S () and Sa(a) is 1 — |a|? — |1 — %
Continuing in this way we get 2* new points at the k-th iteration and the distances
between the points obtained by the same new point at (k—1)-th iteration are |a|¥=27%|1—
al*(1 —|a]? =1 —al?), s =0,1,...,k — 2, k > 2. Hence, Card(S1(F) N S2(F)) = 1 if
and only if 1 — |a|? — |1 — a|? > 0. The last inequality is equivalent to | — 1/2] < 1/2
and this completes the proof see (Figure 3).

The sets T*(E) are called pre-fractals of F.

Proposition 3. Let the Jordan arc F be the attractor of S. Then the pre-fractal T*(E)
has a length (Ja| + |1 — af)*.

Proof. We use the principle of complete induction. It is clear that the statement is
true for k = 1. Moreover, |a| 4+ |1 — «| > 1. We suppose that the length of the pre-fractal
TF1(E) is (Ja| 4+ |1 — a|)*~1. Since Card(S1(T* 1(E)) N S2(T*"1(E))) = 1 the length
of TF(E) is |a|(la] + |1 —a))* L+ |1 —af(ja] + |1 —a))¥t = (la| + 1 —a|)F. O

If ¢, € (0,1), ¢ = 1,...,m are the ratios of the similarities S; of the system (1),

m

then the unique solution s of the equation Zcf = 1 is called a similarity dimension.

In Euclidean space the similarity dimensionzarlld the Hausdorff dimension dimy F' of F
coincides if the “pieces” S;(F') are pairwise disjoint. This result remains true if the pieces
have only “small overlap”, so called “just touching” (see [5]). Consequently, if the attractor
F of the zipper S = {S1, Sz} is a Jordan arc, then dimyF = s, where s the solution of
the equation |a|® 4+ |1 — af® = 1.

Summarizing the results of this and previous sections we get the main theorem in this
paper.
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Theorem 2. Let Sy and So be two contracting similarities of R? = C and let S =
{51, Sa} be a zipper with signature (0,0) and vertices {0, v, 1}.Then the attractor F
of S is a Jordan arc if and only if S1 and Sy are orientation-reversing similarities and
acC\R, la—1/2|<1/2.
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HAKON CAMOITIOAOBHU MHO>KECTBA, OITPEJAEJIEHU YPE3
JABOUKA PABHUHHUN CBUBAIIN ITOJOBHOCTHA

Panmoctuna II. ExueBa, I'eopru Xp. I'eopruesn

Pasriexxnar ce cneruasHu JBORKM OT PABHUHHM CBUBAIU MOJOOHOCTH ChC CBOMCT-
BOTO: BCsIKa MOJOOHOCT M3ITpallia HEMOJBMKHATA TOYKA Ha JPyrata B €HA U CbIIA
dukcupana Touka. VaydaBar ce ”HBApUAHTHATE MHOXKECTBA Ha BCUYKM TAKUBA JBOM-
KU TOJIO0HOCTH.
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