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We prove that each developable two-dimensional surface in Euclidean space is a
surface with flat normal connection. We give a characterization of the developable
two-dimensional surfaces in terms of surfaces with flat normal connection.
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A ruled two-dimensional surface M? in n-dimensional Euclidean space E” is a one-
parameter system {E!(v)}, v € J of one-dimensional linear subspaces E! (v) of E", defined
in an interval J C R. The lines E!(v) are called generators of M2. A ruled surface
M? = {E'(v)},v € J is said to be developable, if the tangent space T, M? at all regular
points p of an arbitrary fixed generator E!(v) is one and the same.

Each ruled surface M? = {E'(v)},v € J in E" can be parametrized as follows:

(1) z(u,v) = z(v) Fue(v), ueR, vel,
where z(v) and e(v) are vector-valued functions, defined in J, such that the vectors e(v)
and z’(v) + ue'(v) are linearly independent for all v € J. The tangent space of M? is
spanned by the vectors
2y = e(v);
2y = @' (v) +ue (v).
Using that for a developable surface M? the space span{z,,z,} is constant at the

points of a fixed line E!(v), we obtain that the ruled surface, defined by (1), is developable
if and only if the vectors e(v), €/(v) and 2’(v) are linearly dependent.

Proposition 1. Each developable two-dimensional surface in Fuclidean space E™ is
a surface with flat normal connection.

Proof. Let M? be a developable surface, defined by equality (1), where e(v), €' (v)
and z’(v) are linearly dependent vectors. Without loss of generality we assume that
e?(v) = 1. Then, the vector fields e(v) and €’(v) are orthogonal and the tangent space of
M? is span{e(v),e’(v)}. Since 2/(v) € span{e(v), e’ (v)}, then 2/ (v) is presented by

a'(v) = p(v) e(v) + q(v) €'(v)
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for some functions p(v) and q(v). Hence, the tangent space of M? is spanned by
Zy = €
zy=pe+ (u+q)e.
Considering only the regular points of M? (where u # —q), we choose an orthonormal
tangent frame field { X, X5} in the following way:
X1 =e=zy;
(2) e p 1

Xy = = — Zu z
TR V@R " wr o e

Since the tangent space of M? does not depend on the parameter u, then the normal
space of M? is spanned by vector fields by (v),...,b,_2(v). With respect to the basis
{e(v), e (v),b1(v),...,by_2(v)} of E™ the derivatives of b,, o =1,...,n—2 are decomposed
in the form
(3) b, =cae +cBbg,
where ¢, and ¢, a,3 =1,...,n—2 are functions of v. Here and further on the summation
convention is assumed.

Let V' be the Levi-Civita connection of the standard metric (,) in E™. We denote by
D the normal connection of M?2. Using (2) and (3) we get

/Xl bo/ = 0; s
(4) / Ca Ca a=1,...,n—2.
b = —— Xo+ ——2——bg; LR
TR N CE NV CIEh

Having in mind the Weingarten formula, we obtain

Dx, b, = 0;
&) — _
(5) DX2ba _ C(,y bﬂ, o = 1, . ,n 2
(u+q)v/(e)?
The normal curvatures R, , o = 1,...,n — 2 of M?, corresponding to the normal
vector fields by, a=1,...,n — 2, are given by

Rba (Xl,XQ) = DXlDnga - DXQDlea - D[Xl,Xz]bOé) o = 1, e, — 2.
Using (2) we calculate
1

u-—+q

(6) [X1, Xo] = — X,

From (5) and (6) we obtain
Rba(Xl,XQ):O, azl,...,n—Q,

which implies that M? is a surface with flat normal connection.

Remark: Each two-dimensional plane E? in E™ can be considered as a trivial developable
surface. Obviously, each plane E? is a surface with flat normal connection.

Our aim is to characterize the two-dimensional surfaces with flat normal connection,
which are developable surfaces.

Let M? be a two-dimensional surface in E™ with flat normal connection. According
to [1] locally there exist n — 2 mutually orthogonal unit normal vector fields by, ..., b,_2,
which are parallel in the normal bundle. Moreover, there exist two mutually orthogonal
unit tangent vector fields X; and X, on M?, such that with respect to the frame
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X1,X9,b1,...,b,_o the shape operators A;,_, corresponding to b,, a = 1,...,n — 2,

are given by [2]
«
Aba:<’{01 0 ), a=1,...,n—2,

Ky
where k¢ and kS, o = 1,...,n — 2 are functions on M?. The vector fields X; and Xo

determine the principal directions of M?2. The derivative formulas of M? with respect to
the frame X, X5,b1,...,b,_2 look like

X1 = J1 X2 + K7 ba;
(7) V/X1X2:—f1X1;
Vi, X1 = —f2 Xo;
Vi, Xo = f2 Xu + K§ by,
Where f1 = < IX1X17X2>; f2 = <V/X2X2,X1> and
L b = —kS X1
8 e Lo a=1,....,n—2
®) oba = —K5 Xo;
If by, ...,b,_o is another normal frame field, consisting of parallel normal vector fields
of M2, then by,...,b,_o and by, ..., b,_o are connected by a constant orthogonal matrix.

Obviously, the following lemma holds true.

Lemma 2. Let M? be a two-dimensional surface in E® with flat normal connection.
M? is locally a plane if and only if kK¢ =0, i=1,2, a=1,...,n— 2.

We shall describe the two-dimensional surfaces in E” with flat normal connection, for
which k{k§ =0, a =1,...,n — 2 for each parallel normal frame field.

Lemma 3. Let M? be a two-dimensional surface in E™ with flat normal connection
and kK$kS =0, a =1,...,n — 2 for each parallel normal frame field. Then, there exists
a neighborhood U C M?, such that f@‘fIU =0 forala=1,...,n—2 (or KS“U =0 for all
a=1,....,n—2).

Proof. Let M? be a surface with flat normal connection and X1, X,b1,...,bp_2 be
a frame field of M2, satisfying (8), where k{x$ =0, a =1,...,n — 2.

If there exist a point p € M? and an index o € {1,...,n — 2}, such that x§(p) # 0,
then there exists a neighborhood U of p, in which ¢ # 0. Hence, ng‘w = 0. We shall prove
that “§|U =0forall 5 =1,...,n—2. Suppose that there exist a point ¢ € U and an index

B # a, such that ﬁg(q) # 0. Then, there exists a neighborhood U; C U, ¢ € Uq, such that
Ii'glUl # 0. Hence, H?|U1 = 0. Without loss of generality we assume that « = 1, § = 2

(up to numeration). Let us consider the parallel normal frame field {51752, b3, ... b2},
where

g _bitb o bi—b
1 \/5, 2 \/i .

Then, for the parallel normal vector fields b; and by we have

1 2 1 2 1 2 1 2
Rl FLTAT E1_"€2+"$2, oM RL e Ky T K
1 — ’ 2 — ) 1 — ; 2 = .
V2 V2 V2 V2
Hence, E‘f‘ﬁ%wl # 0, o = 1,2, which contradicts the condition k{x$ =0, a =1,...,n—2

for each parallel normal frame field.
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Consequently, /ig‘U =0foreach f=1,...,n—2.
We give a characterization of the developable two-dimensional surfaces in the following
theorem.

Theorem 4. Let M? be a two-dimensional surface in E™ with flat normal connection.
Then, M? is locally a developable surface if and only if kK¢kS =0, a = 1,...,n —2 for
each parallel normal frame field.

Proof. Let M? be a surface with flat normal connection and X, X5, b1, ...,b,_2 be
a frame field of M2, for which formulas (7) and (8) hold good.

I. Suppose that xk{x§ =0, a = 1,...,n — 2. We shall prove that locally M? is either
a plane or a non-trivial developable surface.

According to Lemma 3, k& = 0 for all &« = 1,...,n — 2 in a neighborhood U C M?2.
Let p be an arbitrary point of U and c2 be the integral curve of X5, passing through p.
Since Vy,bo =0, o = 1,...,n — 2, then the normal space span{bi,...,b,_2} of M? is
constant at the points of ¢z and hence, the tangent space span{X;, Xo} of M? at the
points of ¢ is one and the same. Using the derivative formulas (7) of M? we get
(9) Vi X2 = Lo X

X1 =—f2 Xo.

Let the curve ¢y be parametrized by = = x(v), v € J and 2'(v) = t = Xs. Then, by
the Frenet’s formulas of ¢ and (9) we get that the curvature of ¢p is K = +f5 and the
principal normal is n = +£X;.

If fo =0, ie. Kk = 0, then ¢y is a straight line. Consequently, for each point p € U
there exists a straight line passing through p, i.e. M? is locally a ruled surface. Moreover,
since the tangent space of M? at the points of each line is one and the same, then M? is
locally a developable surface.

If f2(¢) # 0 at a point g € U, then there exists a neighborhood UcC U, qe (7, such
that fglﬁ # 0. From the equalities (9) we get

t' = kn;

n = —kt,

i.e. co is a plane curve, lying in its osculating plane span{t,n} = span{ X7, X»}. Consequently,
for each point p € U there exists a plane curve, passing through p, i.e. M? is locally a
one-parameter system {cs(u)},u € I of plane curves ca(u), defined in an interval I C R.
Let for a fixed u € I the curve co(u) lie in a plane E?(u) spanned by the vectors ey (u)
and ez (u). Hence, the surface M? has a local parametrization, given by

(10) z(u,v) = a1 (v) er(u) + az(v) ea(u), wel, veJ

for some functions a;(v) and az(v). Then, the tangent space of M? is spanned by
zu = a1(v) €1 (u) + az(v) e3(u);
zy = a}(v) e1(u) + ab(v) ea(u).

Using that the tangent space of M? is span{e; (u), ea(u)}, we obtain that e/ (u), e5(u) €
span{e; (u), ea(u)}, which implies that E2?(u) is a constant plane EZ. Let e{ = const, €3 =
const be an orthonormal basis of E3. Then,

e1(u) = cos p(u) €9 + sin p(u) e3;
(11) - 0 0
ea(u) = —sin p(u) e + cos p(u) e3
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for some function ¢(u). Using (10) and (11) and setting 2'(u,v) = a1(v)cosp(u) —
az(v) sinp(u); 2%(u,v) = ay(v)sinp(u) + az(v) cos p(u), we obtain the following local
parametrization of M?:
(12) 2(u,v) = 2 (u,v) e9(u) + 2%(u, v) e (u).
The equality (12) implies that M? lies in the plane E2, i.e. M? is locally a plane.

II. Let M? be a developable surface, defined by (1), where e(v), €/(v) and z'(v) are

linearly dependent vectors. We consider the frame field {X7, Xo,b1,..., b,_o} of M2,
determined in the same way as in the proof of Proposition 1. So, formulas (4) hold good.
Let Ny,...,N,_> be a normal frame field of M?, consisting of parallel normal vector
fields. Using (4) we obtain
V' No = 0;
N :ggcﬁ . 0421,...,’[1—2,
X2 [e% u + q 9
where 02 = (N, bg); a, 3 =1,...,n — 2. Hence,
B
K = 0; EQZ—M; a=1,...,n—2.
u+q
Consequently, k{xg =0, a=1,...,n— 2.
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EJHA XAPAKTEPUSAIINA HA PASBUBAEMUTE ABYMEJIHN
ITOB'BbPXHVHU B EBKJIN/TOBO ITPOCTPAHCTBO

Beauuka B. MuaynieBa

Jloka3Bame, Ye BCsAKA pa3BUBAEMa ABYyMeJIHA IIOBbPXHUHA B N-MEPHO €BKJINIOBO IIPOC-
TPAHCTBO MMa ILIOCKa HOPMaJjiHA CBbP3aHOCT. /laBame XapakTepusarusrTa Ha pas-
BHUBaeMHUTE ABYMEDHH IOBbPXHUHHU Ha €3WKa Ha INOBbPXHUHUTE C IJIOCKA HOPMAaJIHA
CBbP3aHOCT.
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