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MEASURABILITY OF SETS OF PAIRS OF PARALLEL
NON-ISOTROPIC STRAIGHT LINES OF THE SECOND
TYPE IN THE SIMPLY ISOTROPIC SPACE"

Margarita G. Spirova, Adrijan V. Borisov

We study the measurability of sets of pairs of parallel non-isotropic straight lines in
coinciding isotropic planes and the corresponding invariant densities with respect to
the group of the general similitudes and some its subgroups.

1. Introduction. The simply isotropic space I5") is defined (see [3]) as a projective
space P3(R) with an absolute consisting of a plane w (the absolute plane) and two complex
conjugate straight lines (the absolute lines) fi, fo into w. The absolute lines f; and fo
intersect in a real point F' (the absolute point). In homogeneous coordinates (xq, 1, Z2, Z3)
we can choose the plane zg = 0 as the plane w, the line zg = 0,21 + izo = 0 as
the line f; and the line xy = 0,27 — ixs = 0 as the line f5. Then the absolute point
F has homogeneous coordinates (0,0,0,1). All regular projectivities transforming the
absolute figure into itself form the 8-parametric group Gg of the general simply isotropic
similitudes. Passing on to affine coordinates (z,y, z) any similitude of Gg can be written
in the form ([3, p.3])

= ¢+ cr(xcosp — ysingp),
= ¢o+ cr(xsing + ycos ),
= 3+ +csy + ez,

al < gl

where c1, co, c3,c4,C5,c6 # 0,c7 > 0 and ¢ are real parameters.

A straight line is said to be (completely) isotropic if its infinite point coincides with
the absolute point F'; otherwise, the straight line is said to be non-isotropic (|3, p.5]).

We consider Gg and the following its subgroups:

I. By C Gg <= c¢7y = 1. This is the group of the simply isotropic similitudes of the
d-distance ([3, p.5]).

II. S; € Gg <= c¢g = 1. This is the group of the simply isotropic similitudes of the
s-distance ([3, p.6]).

1. W; € G <= c¢g = cy. This is the group of the simply isotropic angular
similitudes ([3, p.18]).

IV. G; € Gg <= ¢ = 0. This is the group of the simply isotropic boundary
similitudes ([3, p.8]).
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V. V7 C Gg <= cgc2 = 1. This is the group of the simply isotropic volume preserving
similitudes ([3, p.8]).

VI. G¢ = G7;NV7. This is the group of the simply isotropic volume preserving boundary
similitudes ([3, p.8]).

VII. Bs = B7 N G7. This is the group of the modular boundary motions ([3, p.9]).

VIII. Bs = By N S7 N Gy. This is the group of the unimodular boundary motions ([3,
p.9]).

Two points P, and P, are called parallel if the straight line P; P is isotropic.

We emphasize that most of the common material of the geometry of the simply
isotropic space I?Sl) can be found in [3].

Using some basic concepts of the integral geometry in the sense of M. I. Stoka [4]
and G. L. Drinfel’d [2], we study the measurability of sets of pairs of parallel non-
isotropic straight lines in different isotropic planes with respect to Gg and indicated
above subgroups.

2. Measurability with respect to Gg. The pair (G1, G2) of parallel non-isotropic
straight lines is said to be of the second type if G and G» lie into an isotropic plane.
Assuming that G; and G2 have the equations

Gi:x=az+p,y=>bz+q, a#0,
b
Gg:x:az+p2,y:bz+q1+a(pz—pl), b#0,

(1)

we can take the Pliicker coordinates ([3; p.38-41]) g3, 93,92, g¢, g2 as the parameters of
the set of pairs (G1,G2), where
(2) b 1 1 D1 1 bpl 2 P2

1—— 1:— = —— = — _ = ——.
92—a»g3 avgs a796 (J1+aa95 o

The associated group Gg of Gg ([3, p.34]) has the infinitesimal operators
0 0 0 0 0 0 0
Y:gl -7+ _glia Yzia Y:7+77 Y, = a1
=0s(or T o) T 2o Yo Yo T V1T oy

J

3) YVi=gs-—1—96(z7+753) Yo=0irTt+hAT+hAs
®) 2095 7 0g) " 092 S0g5 gl 70 02

0 0 0
Y= 1~ 1 ¥ Ya=[1 1\271_ Y 1.1 ¥ Yy 11 Y Y

and it acts transitively on the set of points (g3, g3, g3, g¢, g2). The group Gy is isomorphic
to Gs and the invariant density with respect to Gg of the pairs of lines (G1, Ga), if it
exists, coincides with the density with respect to Gy of the points (g3, g3, g2, g¢, g2) in the
set of parameters. The integral invariant function f = f(gd, 93,93, 98, 9%) of the group
Gy satisfies the system of R. Deltheil ([1, p.28]; [4, p.11])

Y7(f) =0, Ys(f) +4g5f =0,

and has the form
c

f= :
(98 — 95)°[1 + (93)°]?
where ¢ = const. Thus we are in a position to state the following

Theorem 2.1. The set of pairs (G1,G2)(g3, 93, 9%, 98,9%) of parallel non-isotropic
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straight lines of the second type is measurable with respect to the group Gg and has the
density

(4) d(G1,Gs) = dg% A dg% A dg;; A dgé A dgg.

1
‘ (95 — 95)°[1 + (92)*)°
Differentiating (2) and substituting into (4) we obtain another expression for the
density:

Corollary 2.1. The density (4) for the pairs (G1,G2), determined by the equations
(1), can be written in the form
2

a
(p2 _ p1)3<a2 + b2)2

(5) d(G1,Gs) = da A db A dpy A dgi A dps.

3. Measurability with respect to S7;. The associated group S7 of the group
S7 has the infinitesimal operators Yi,Ys,Y3,Ys, Vs, Y7, and Yy from (3). Since G7 acts
intransitively on the set of points (g3, 93,93, 98, 92), the set of pairs (G1,G2) is not
measurable with respect to Gr.

The system Y;(f) =0, i =1,...,7, has a solution f = g2 — g, and it is an absolute
invariant of S-.

Consider the subset of pairs (G1, G2) satisfying the condition
(6) 95— 95 =0,
where h=const. The group S7 induces the group S# on the subset (6) with the infinitesimal
operators

0 0 0 0 0 1o} 0
Y*: 1 v 1 Y Y, = — Y* Y - Y*: v 1 Y
1 93 ag% 92 agl s 12 8 1 » 13 6 51 89% » 15 92 (9 1 Yo 8%& )
T =0aT %51 Yo [1 +(93)° J5g1 Tt 2 (9551 Tt 965 1) — 939671
a93 8g dg 896 095

and it is transitive. The Deltheil system Y = 07 Yo(f) = 0, Y3(f) = 0, Yu(f) = 0,

YX(f) =0, Y7(f) =0, Y(f) + 493 f = 0 has the solution

[ = v e

—~

where ¢ = const.
From here it follows:

Theorem 3.1. The set of pairs (G1,G2)(gs, 93,98, 98, 92) of parallel non-isotropic
straight lines of the second type is not measurable with respect to the group Sz, but it has
the measurable subset (6) with the density

9(G1,Go) = dgy N dgs A dgs A dgg.

c
[1+ (92)°?
From Theorem 3.1. and (2) it follows:

Corollary 3.1. The set of pairs (G1,G2)(a,b,p1,q1,p2) of parallel non-isotropic
straight lines of the second type is not measurable with respect to the group S7, but it
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b1 — D2
a

d(G1,G2) =

has the measurable subset

= h, h=const, with the density

1

4. Measurability with respect to B;, W7, G7, V7, Gg, Bg, Bs. By arguments
similar to the ones used above we study the measurability of sets of pairs (G1,G2) with
respect to all the remaining groups. We summarize the results in the following

Theorem 4.1. The set of pairs (G1,G2)(g3, 95,98, 98, 92) of parallel non-isotropic
straight lines of the second type:

(i) is measurable with respect to the group By and Wy, and has the density (4);

(i) is measurable with respect to the group V7, and has the density

1
(g5 — 93)°[1 + (92)°]
(#i1) is not measurable with respect to the groups Gr,Gg, and Bg, but it has the
measurable subset g3 = h, h = const, with the density

dgy N dgs A dgs A dgg A dgs;

d(G1,G2) = ‘

d(G1,Ga) = dgs A dgs A dgg A dgs.

(93 — 93)°
(iv) is not measurable with respect to the group Bs, but it has the measurable subset

g3 = h1, gt — g2 = ha, hy = const, hy = const, with the density
d(G1,Gy) = dgi A dgs A dgs.

From Theorem 4.1. and (4) it follows

Corollary 4.1. The set of pairs (G1,G2)(a,b,p1,q1,p2) of parallel non-isotropic
straight lines of the second type:
(i) is measurable with respect to the group By, Wy and has the density (5);

(it) is measurable with respect to the group V7, and has the density

a4

(p2 — p1)5(a2 + b2)2
(ii1) is not measurable with respect to the group G7,Ge, Bs, but it has the measurable
subset g = h, h = const, with the density

d(G1,G2) =

da A db A dpy A dgy A dps;

d(G1,Gz) = da A\ dpy A dgy N dps;

(iv) is not measurable with respect to the group Bs, but it has the measurable subset
b _
2 —hy, P2 —p1
a

= ho, h1 = const, ho = const, with the density

1
d(G1,G2) = W da N dpy A dgy.

5. Some Crofton type formulas with respect to Gg. The oriented s-distance
from G to Go if
(7) s = P2 —p1 )

a
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Denoting P; = G N Ozy, Py = G2 N Oxy, and 0 =X (G4, Ozy) =¥ (G2, Oxy) we have
_ — b
Pi(p1,q1,0), P2(p2,q4rg (p2 —p1),0) and [3; p. 48]

1
8 0= ——.
( ) a2 +b2
We compute

(9) da A db A dpy Adgi A dps = ;12 ds A dP; A dPs,
(10) da/\db/\dpl/\dql/\dpgz—% d9 A dPy A dPs,
S

where dP; is the density of the points P; into the Euclidean plane Oxy.
Substituting (7), (8), (9), and (10) into (5), we find

o4 — —
(11) d(Gl,Gg)ZWdS/\dpl /\CUDQ7

63 — —
(12) d(Gr,Ga) = —; dO A dPy A dPs,

respectively. Thus we have the following

Theorem 5.1. The density for the pairs (G1,G2) of parallel non-isotropic straight
lines (1) with respect to the group Gs satisfies the relations (11) and (12).
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U3MEPUMOCT HA MHOYKECTBA OT ABOMKM YCIIOPEIHU
HEN3O0TPOIIHNA IITPABM OT BTOPU THUII B ITPOCTO N30TPOITHO
IMTPOCPTPAHCTBO

Maprapunra I. Crimposa, Aapusa B. Bopucos

M3CJ’I€,ELBaHa € U3MEPUMOCTTa Ha MHOXKECTBa OT ,ILBOIL/'IKI/I yCmopeaHu HEU30TPOIIHU IIpa-
BH, JIe2Kalllh B €/1Ha U CbIlla U30TPOITHA PaBHUHA U CbOTBETHUTE MHBAPUAHTHU I'bCTOTHU
OTHOCHO rpyliaTa Ha O6H_II/IT6 IIPOCTO-U30TPOITHU HO‘HO6HOCTI/I 1 HIKOU HEWHU IOATpPYy-
1.

213



