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SOME RESULTS ABOUT CONVERGENCE AND
SUMMABILITY OF SERIES IN HERMITE ASSOCIATED
FUNCTIONS’

Georgi S. Boychev

In this paper some results about convergence and Cesaro summability of series in
Hermite associated functions are considered.

Hermite polynomials are defined by the equalities 1, (2.11), p. 12]
H,(2) = (—1)"exp(z2){exp(—2*)}™  (n=0,1,2,).
The functions { G, (2)}52,, defined in the open set H = C\R by means of the
equalities [1, (4.13), p.27]
“+oo

42
Gn(z):f/wdt, n=01,2,...,

—0o0
are called Hermite associated functions. These functions are holomorphic in the open set
H.
Now, we define the following two sequences of holomorphic functions:

(1) Gl (2)=Gn(2), ITmz>0, n=0,1,2,...,
and
(2) G, (2) =Gp(2), Imz<0, n=0,1,2,...

For the Hermite associated functions (1) and (2) the following proposition is true [1,
(IIL3.4)]:

(a) The representation
(3) G (2) = mV2(=i)" 1 (2n/e)V 2 exp(—22/2) exp(izv/2n + D)[1+E (2)], n=1,2,...
holds in the half-plane H* : Imz > 0, where the complex functions {k;(2)},/>5 are
holomorphic in H* and &} (2) = o(1)(n — oo) uniformly on every compact subset of
HT.

(b) The representation

(4) G5 (2) = " twv2(2n/e)"/? exp(—22/2) exp(—izv/2n + 1)1 + k;, (2)], n=1,2,...

holds in the half-plane H~ : Imz < 0, where the complex functions {k; (z)};/> are
ho-lomorphic in H~ and k,, (2) = o(1)(n — oo) uniformly on every compact subset of
H-.
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It holds that k~(2) = ki (2), n =1,2,3,....
A series of the kind

(5) S a,GE ()

we call Hermite series.

Let 0 < 7 < 400 and S(7) = {# € C : |[Imz| > 7}. We assume that S(0) = H and
S(o0) = 0.

P. Rusev proved the following assertion [1, (IV.3.3), p. 99]

Theorem 1. (a) If the Hermite series (5) converges at a point zg € H, then it is
absolutely uniformly convergent on every closed set S(7) with T > | Im zg].

() If

70 = max{0, lim sup(2n +1)""log|(2n/e)"?a,},
n—oo

then for 7 € (79,00) the Hermite series (5) is absolutely uniformly convergent on the
closed set S(t)and diverges in C\S(7p).
The main result in this paper is the following:

Theorem 2. Let p > —1, zp € H and

(6) anGE(29) = O(nP)(n — +00).

Then, the Hermite series (5) is absolutely convergent in the set S(7), where 7o = | Im zg|.
Proof. Suppose that zg = zg + 79i € H™ and 21 = x1 + y1i € S(79) N HT. Then,

(7) Y1 > To.

We shall prove that the series (5) is absolutely convergent for z = 2;.

Using (3), it is not difficult to prove that
(8) |G (2)| = KnO(exp(—V2n +1y)  (n — +00),
where K,, = (2n/e)"/? | 2z € HT and y = Im 2.

We assume that ag = 0. Using the representation (3) it is not difficult to prove that
there is number m € N such that G\ (z9) # 0 for n > m.

Suppose that n > m. Then,
G (1)
G (20)

Having in mind the asymptotic formula (8), we get that

Gilz) _
— Oexp(- AW FT)) (0 — +00),

where A = 79 — y1. From inequality (7) it follows that A >0 .

Using (6), we get that

+oo +oo
Z |bn] = O <Z nP exp(—Av2n + 1)) .

n=m

by = a, G (21) = a, G (20)

n=m

+00 T
Since the series > n? exp(—Av/2n + 1) converges, we conclude that the series > |b,|
n=1

n=1
is convergent. Therefore, the series (5) is absolutely convergent for z = z;.
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Suppose that zo = 29 — ya1 € S(79) N H~. Then,
Y2 > Tp.

We shall prove that the series (5) is absolutely convergent for z = zs.
Using (4), it is easy to prove that

(9) G (2)] = KnO(exp(V2n +1y) (0 — +00)),

where z € H~ and y = Im z.
Suppose that n > m. Then,

cn = a,G, (22) = anG:(zo).giEZ;
Using (8) and (9), we get that
0122) _ Ofexp(-u/2 D) (n— +o0),
n (20)

where = yo — 79 > 0. Then, we have that
+o0 —+o00
Z len] = O (Z nP exp(—puv2n + 1)) .

Hence, the series (5) is absolutely convergent for z = zs.

The proof of Theorem 2 in the case when zy € H ™~ is similar to the proof in the case
when zy € Ht. Thus, Theorem 2 is proved. [J

As a corollary of Theorem 1 (a) and Theorem 2 we can state the following proposition:

Theorem 3. Let p > —1 , zg € H and let (6) hold. Then, the Hermite series (5) is
absolutely uniformly convergent on every closed set S(7) with 7 > | Im zg].

Let the series (5) be Cesaro summability with parameter 6 > —1, i.e. (C,§) —
summable for z = zy € H. Then [2, p. 132]
anGE(20) = O(nf) (n — +00).
Applying Theorem 2 we get that the series (5) is convergent for z € S(|Im z|).
Then, as another corollary of Theorem 2 we get the following result:

Theorem 4. Let § > —1 and let the series (5) be (C,0)-summable for z = zop € H.
Then, the Hermite series (3) is absolutely convergent in the set S(|Im zg|).
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HAKOU PE3VYJITATU 3A CXOAVMMOCTTA 1 CYMUPYEMOCTTA
HA PEJOBE I1O ACOIIUNMPAHUTE ®YHKIINWN HA EPMUAUT

T'eopru C. Boiiuen

B to3m crartus ca pasriemaHu HSIKOM TBBPAEHHS, CBHP3AHU CbC CXOAUMOCTTA U CY-
MHUPYEMOCTTa Ha PeJioBe II0 aconuupanuTe dyHkimu Ha Epmur.
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