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DOUBLE-COMPLEX DIFFERENTIAL FORMS"

Peter V. Stoev

Double-complex function theory [1,2,3] is an alternative isomorphic version of the
former bi-complex function theory initiated by C. Segre [4]. The double-complex
numbers, elements of the double-complex algebra, denoted C(1,j), are represented
as follows: @ = z + jw, where j% = i, and z,w are complex numbers. The algebra
C(1,7) is not a division algebra. A complex-analytic structire can be defined by
an analogue of the Cauchy-Riemann equations. In this note we develop some basic
notions of differential forms on C(1,5) and we study different quadratic geometries
(Q-geometries [6]) over the double-complex algebra C(1, j), and over the bi-complex
algebra BC [5]. In fact, these two algebras are isomorphic.

1. We consider differential 1-forms w = ¢(a)da + ¢(a)da* on the double-complex
algebra C(1,j). These 1-forms generalize the formula for the differential of a double-
complex function f(«) = fo(z,w) + jf1(z,w), namely

af af
df = =—d
f e + da*
where a* = z — jw is the conjugate of a = z + jw and
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do=dz+j da* =dz — jdw.
The operator of exterior differentiation is defined as usually:
dw = dp(a) Ada + dip(a) A da™.
By definition, da A da = da* A da* = 0, and da A da™ = —da™ A da.
It is not difficult to see that d%w = 0 for double-complex differential forms.
Calculating, we obtain:

dw = 8—¢ — Op da ANda® and da Ada™ = —2jdz A dw.
Ja  Oa*

Differential 2-forms Q = F(«a)da A da* are defined as usually and, respectively, for
the operator of exterior differentiation d we have always d 2 = 0.
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Clearly, each 2-form is closed, and the 1-form w = ¢(a)da + ¥(a)da* is closed iff:

81/) dp
da  dar

Having in mind that:
(@) = do(z,w) + jihi(z,w) and  p(a) = go(z,w) +je1(zw),
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we express the last equation in terms of partial complex derivatives ﬂ %, %,
5 0z 0z Ow
8901 As a result we obtain that the 1-form w is closed iff:
w
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The last remark does not concern the holomorphic differential 1-forms on the consi-
dered algebra, i.e. the forms w = p(a)da with holomorphic coefficient ¢(a). This means
that dp/0a* = 0, or, equivalently, the Cauchy-Riemann double-complex system is valid
for o(a) = po(z, w) + jp1 (2, w):

" g0 _ o o0 _ 0o
0z dw’ w0z

For detailed exposition see [1] or [2].

Each holomorphic 1-form is closed. Indeed, we have:

da*

We say that the double-complex differential 1-form w is exact in the domain G C CxC
if there exist double-complex function f(«) defined in G, such that w = df(«). Let the
1-form w = ¢(a)da + ¥(a)da* be exact in the domain G. Then, there exists a function
f(a), defined in G, such that:

dw = dp(a) Nda = <g(pd —|—8—doz > ANda = 0.
o

of of

w=df(a)= 8_d o+ Do

Comparing, we obtain the following system for the function f(«):

0 0

T - T )

The integration of this system depends on the topological properties of the domain G.

Denoting by HY(G) the vector space of all double-complex holomorphic functions

on the domain G C C x C, and by H!(G) the vector space of the double-complex

holomorphic 1-forms on G, we consider the sequence of mappings defined by the exterior

derivative d:

da.

H(G) — HY(G) — 0.
This sequence is exact iff each double-complex holomorphic 1-form on G is exact 1-
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form. This is true, for example, in the bi-disk G = A(z) x A(w), where A(z), resp. A(w),
is an open disk in the complex plane C(z), resp. C(w).

2. In this paragraph we consider the equation 99* f(a) = 0. More precisely, the left-
hand side looks as follows:

O (ofN_1[O fofy .. 9 (0Of
da \da* )~ 4 | 9z \ da* 5w \ 9o '
After some calculations we obtain:
0 of \ 1 0% f 0°f B
a_a<8a*>_1<@+’ﬁ =0

In terms of the even part fo(z,w) and the odd part fi(z,w) of the double-complex
function f(a), the last equation reduces to the system:

?Pfo  0%fo
0z2 +Zaw2 =0,
’f1 , 0*h

+ =0.

822 " " ou?

So that, fo(z,w) and f1(z,w) are solutions of the equation

0%u 0%u
(2) @ + ’LW =0
with respect to u = u(z,w) as a function of two complex variables.

3. Double-complex Laplacian. We have obtained in the previous paragraph the
complex second order equation (2). It is called double-complex Laplace equation and its
left-hand side — double-complex Laplace operator or double-complex Laplacian. Let us
remark that this equation follows directly from the system (1) written in the previous
paragraph.

In the bi-complex function theory we have the bi-complex Cauchy-Riemann system,
namely

9fo _0fi Ofo _ Of

3 —_— == = .
3) 0z Ow’ Ow 0z
From this system it follows directly the following Laplace equation
0%u  0%u
4 — 4+ — =0.
) 022 + ow?

It is called bi-complex Laplace equation [5], and its left-hand side — bi-complex
Laplacian.

We consider the solutions of the two obtained Laplacians, the bi-complex and the
double-complex Laplace equations. Their solutions are called, respectively, bi-complex
harmonic functions, and double-complex harmonic functions.

It is clear, that the even and the odd parts of a double-complex function are double-
complex harmonic functions. The same is true for bi-complex functions and their even and
odd parts. Here we give an example of a double-complex holomorphic function which does
not satisfy the bi-complex Laplace equation. Namely, let us take the function f(a) = a2,
a € C(1,7). In complex coordinates it looks as follows: f(z + jw) = (z + jw)? = 22 +
iw? + j(2zw). The even part fo = 22 +iw? and the odd part f; = 22w satisfy the system
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(1), but they are not separately double-complex holomorphic functions.

The even part of the considered double-complex function, considered as a quadratic
form @ = 2% + iw?, has a nice geometric interpretation related with the isotropic cone
of a quadratic geometry over the algebra of double-complex numbers. We will see that
there is not a similar interpretation for the quadratic form Q = 22 + w?.

4. Geometric application. Quadratic geometries over some algebras. Here
we shall consider different quadratic forms and the corresponding isotropic cone geometry
from analytical point of view. The mentioned geometry with respect to quadratic form
Q is called Q-geometry [6].

4.1. The algebra of complex numbers C. The module of the complex number z
is defined by the real quadratic form z2 + y? = 27 = |2|2. It is naturally related to the
ordinary Hermitian scalar product

< zZ,W>= W, <z,2>=x2+y2.

The equation < z,Z >= 0 defines the isotropic cone, which is trivial: it reduces to the
origin. This simple example serves only for comparison.

4.2. Q-geometry with Q = 22 4+ w?. We can take the complex quadratic form
2% 4 w?. Tt is related with the scalar product < «, 3 >= zu + wv, where z,w,u,v € C.
We have in mind the basic equalities < 1,1 >=1, < 1,51 >=< 5,1 >=0, < 3,5 >= 1.
The isotropic cone < a, & >= 0 is defined just by the quadratic form 22 +w?. Clearly, the
considered form is a holomorphic function of two complex variables which does not satisfy
neither the system (3), nor the system (1). So that, in the considered @Q-geometry the
isotropic cone 22 +w? = 0 cannot be interpretted from analytic point of view (bi-complex
or double-complex).

In real coordinates the equation z2 4+ w? = 0 is represented as follows: if z = x + iy,
w = & + in, then it is equivalent to the system

2+ &~ (Y +0°) =0, ay+E&n=0.

This means that the considered isotropic cone coincides with the interesection of two
3-dimensional real surfaces in R*.

4.3. Q-geometry with Q = 22 4 iw?. Now we consider our main problem. We
take the scalar product over C(1, j) defined by the following basic equalities < 1,1 >=
1,< 1,j >=< 4,1 >=0,< j,j >= i. The scalar product seems as follows < «,( >=
zu + fwv, where o = z + jw, and 3 = u + jv, j2 =14, z,w,u,v € C. The isoptropic cone
< a,a >= 22 +iw? = 0 is defined by the holomorphic function of two complex variables
2% 4 iw?, which is not double-complex holomorphic. It is easy to verify that this function
satisfies the double-complex Laplace equation:

0%u 0%u
922 w2
Finaly, we can formulate the following

=0.

Proposition. In the above defined Q-geometry over the algebra of double-complex
numbers the surface of the isotropic cone is a double-complex harmonic surface. This is
not true in the sense of bi-complexr numbers.

The complex equation z? + iw? = 0 is equivalent to the following system in real
variables:

xz—y2—2§n:(), 52—772—1—2173/:0.
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So that, the isotropic cone in this case coincides with intersection of the above defined
two 3-dimensional surfaces in R?.

REFERENCES

[1] S. DiMIEV. Double-complex analytic geometry (to be published in Proc. Conf. in Bedlevo,
Poland, 2006).

[2] S. DiMIEV, S. SLavovAa. Bi-Complex Holomorphicity. Contemporary Aspects of Complex
Analysis, Differential Geometry and Mathematical Physics. In: Proc. of the 7" International
Workshop on Complex Structures and Vector Fields, World Scientific, 2005.

[3] B. KiraDJIEV, P. STOEV. Fourth-complex holomorphic functions. Tensor N. S., 64 (2003),
106-111.

[4] C. SEGRE. Le representazioni reali delle forme complesse a gli enti iperalgebrici. Math.
Annalen, 40 (1892), 413—-467.

[5] S. ROENN. Bicomplex algebra and function theory. arXiv.mathCV /0101200, 2001, 1-71.

[6] M. M. PosTNIKOV. Linear Algebra and Differential Geometry. Moscow, 1979 (in Russian).

Peter Stoev

University of Architecture, Civil Engineering and Geodesy
1, Bul. Hristo Smirnenski

Sofia, Bulgaria

JBOMHO-KOMIIJIEKCHU JIN®EPEHITUAJIHA ®OPMNI

Ilerbp Croen

JBoitHo-KoMmIIekcHaTa Teopus Ha dyHkuuute |1, 2, 3] e KoMyTaTuBHA BEpCHsl HA KBa-
TEPHUOHHUS AHAJN3 MOJ00HA HA MIPEIIIEeCTBAINATA S ON-KOMILJIEKCHA TEOpHUs Ha PDYH-
kuuure, Hadenara or K. Cerpe (1982) [4]. B mauasnoro Gemue momycHATO 110 HELOpa-
3yMeHue uiueHTUdUIMPaHe ¢ OU-KOMIUIEKCHaTa Teopusi (BxkK. [2,3]). Ejgemenrture Ha
JIBOMHO-KOMILIEKCHATa anrebpa, osmadasana ¢ C(1,J), ce mpeacraBar KakTo Ciel-
Ba: & = 2 + jw, KbIETO j2 = 4, 2z, W ca KOMILUIEKCHH 9HCJIa, (¢ € [0 JAeOUHUITHISI
JIBOMtHO-KOMILIEKCHO 4ncyo. Anrebpara C(1,j) He e anrebpa c menenue. JIpoitHO-
KOMIIJIEKCHATA XOJIOMOPQHOCT ce ompeess OT eauH Bum cuctema Ha Komm-Puman
(Bx. [1,2]). B Tasu Gesexkka passuBaMe HSIKOM OCHOBHHU IIOHSITHUS 38 JuQepeHIrall-
uute dhopmu Bbpxy C(1,7). [IpobaeMmbr e na moKaxkeM, Ue MOBbDXHUHATA Ha H30-
TPOMHUS KOHYC B JBONHO-KOMIIJIEKCHATA TICEB/IO-€BKJINI0BA TEOMETPHS y/IOBJIETBOPSI-
Ba JIBOWHO-KOMILIEKCHO 00 -ypaBHeHue.
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