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EM PARAMETER ESTIMATION FOR THE RASCH MODEL"

Lyubomir Ya. Hristov

In this paper we give parameter estimation for the well-known in the Item Response
Theory Rasch model via the EM algorithm which is presented here in its pure form,
not hidden under the framework of the often used MMLE method.

1. Introduction. Here we suppose that the reader is familiar with the base of the Item
Response Theory (IRT) [1-4]. The Rasch model is the simplest yet powerful model for
binary items in the IRT [2,4]. In this model the answer to the test item 4, i = 1,2,...,n,
is considered as a random variable U;, accepting value 1 with probability

exp (6 — b;)
P9,b) = 1+exp(d—10b;)
and value 0 with probability @ (0,b;) = 1 — P (0,b;), where b; is the item difficulty
parameter. Here 6 represents the personal ability level. Assuming the local independence,
the test answer joint probability distribution of the random vector U = (Uy,...,U,) is
given by

f(ulf,b) = HP (0,6,)" Q (9, bi)lfui.
i=1

The notation b stands for the set of the item parameters. We suppose that that
persons who form the sample are drawn from some well defined population in which the
ability is described by a random variable ® with known normal distribution of a density
¢ (0|, ). Then, the joint distribution of (U, ©) has a density

f(al0,b) (0], 0).
At this point, to avoid the indeterminacy in the parameter set, we put u = 0 and for
the density of © we simply write ¢ (6|o). For the posterior distribution of © we have

W f (Blu, &) = 7 (D)0 Blo)

[ (lo,b) o (010) do

where the notation £ stands for the set of all the item parameters plus o.

Suppose we are given a data of N observation and ul?) = (uj1,uj2, ..., Ujn) is the
answer vector of person j, 7 = 1,2,..., N. The problem considered here refers to the
incomplete data analysis. In this case the complete data consists of the pairs (u(j ), 9) in
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which 6 is unobservable. Therefore, we are at the position to apply the EM algorithm
for the parameter estimation.

2. EM parameter estimation. The complete data log-likelihood function is given
by

@) 1O =3 7 (a16,b) o (610)].
j=1

The basic idea of the EM algorithm is to replace the terms in (2) with their conditional
expectations with respect to the unobservable variable ® on the base of the current
parameter estimate £() at successive step ¢ (Expectation) and, then, to find the better
values £(+1 for the parameters (Maximization) by maximizing this conditional expec-
tation.

Therefore, the EM algorithm consists of the repeating of the following two local steps:

E—step (expectation). Having parameter estimation & () at step t, determine the
posterior densities

f (u(j)|9,b(t)) © (9|0(t))
I £ (010,50) o (600 db

f (9|u<j>7§<t>) —

M-step (maximization). Find £ = ¢ (t+1) that maximizes the conditional expecta-
tion

Q (¢e®) = §Nj

Jj=1

In [f (u(j)|97b) 0 (0|0)] f (9|u(j),£(t)) de.

Elﬁ\g

The last formula (3) can be rewritten in the form

Q(ge®) = > 71n

n

H P(0,b)"" Q (0, bi)l—uji‘| f (Q‘U(j)7 g(t)) do

jzl—ooN (Xi):l
+Z / In[p (9|0')]f(9|u(j)7£(t)) a9,
(4) N 7Z-:lfoo
Q (5|£(t)) => / D [=In (1 +exp (0 — b)) + uji (6 — bi) (9|u(j),§(t>) do
J=1_7, i=1
N 92 ]
+;_4 [—M—lna]f(mu( )75(0) 6 NV

Therefore, to maximize (4) we have to solve the following likelihood equations
0 0
— ) — . v ®) — . .
5‘biQ (§|§ ) 0, i 1,2,...,n, and GJQ (§|£ ) 0, which equations have the
form [1,4,5].

N
(5) Z/[Q(&bz-)—uji]f(0|u<j>,§<f>) d9=0, i=1,2,....n

Jj=1

— o0
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and

(6) ZN: 7 [f; - ﬂ f (9|u(j),£(t)) do = 0.

J=1_
Obviously,
N

Z / wiif (01,60 o = Zuﬂ / (01090 o = 3wy = s,

=1 e j=1
where s;, i = 1,2,...,n, are the item scores. Thus, (5) reduces to

N

(7) > / Q(0,b) 9|u(7) 5(”) dd—s; =0, i=1,2,...,n,

J=1_"

From (6) one can immediately get the solution

ot — Z / 02 f g‘u(]) g(t))

J 1o

To solve equations (7) by the Newton method, we need also the second derivatives

s (de?) Z / (6.6 Q (0,5 f (lu?, ) o

3. Numerical solution. We use Gaussian numerical approximation to the integrals

above with nodes =5 and weights w,. These nodes and weights are for the case o0 = 1, i.e.
o0

[ 9@l =1a8~ 3 wag e

— 00

which, in the general case, implies the following numerical formulae
o0

[ 9@ 6lo1ds ~ 3 wig (o).
In this way equations (13) get the numerical form

o0z, bO
® wsf(u loWas, b ) L .
®) ZZQ( V.. S w.f (@0 ]o0z, by ST P LB

j=1 s

Denote

; (o _ g 7 u(])|0-(t)x b®)
9) Z Zw f 0o t)ﬂcs,b(t)) '

Now, the EM algorithm accepts the following numerical form. Choose initial values
b©® usually set b; =0, i = 1,2,...,n, and 0(®) = 1. Having estimation b() and ¢® at
the global step ¢, perform the next two local steps.

E-step. Calculate f" using formula (9).
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M-step. Solve equations (8) to find the next approximation b+ for the item
parameters using the Newton iterations

5 (o0, 40) £~ s,
5P (r00,07) Q (o057 ) £

gty — g™ _

) 7"'7n7

starting with ﬂi(o) = bgt), and set bgtH) =0, "final Finally, calculate the next approxi-
mation value for o by

S+ = \/;f 3 (oWa,)? £

These global steps are repeated until stop criterion is met.

4. Ability estimation. Suppose we have already an estimation for the item parame-
rs. The next problem is to estimate the personal ability of person j, j = 1,..., N. For
this purpose we use the EAP method. The EAP estimate éj are the expectation of O,
estimated posterior for a given person j by means of the Bayes formula [1, 3]. From (1)
we have

oo n
J 0TI P(0]6:)"" Q (0]b:)' " (0]0) O
@:E{@Mﬁ}:‘f@ =l . j=1,2,...,N.
S TLP@1b)™ Q (8lbe)" ™ (0lor) o
Numerical integration produces the following results
Swszs [[ Poxs|b)™" Q (U$S|bi)17uﬁ
(10) 0; ~ o> =1 . j=1,2,...,N.

Z Ws
S

Formula (10) is not iterative and gives a result even in the case when the person
considered has extreme score.

5. Demonstration of software. The author propose a computer program in which
the EM algorithm was implemented for the model described above as a MS .NET
application. Testing data is constructed by software test data generator. The experimental
results appear to be very good because the estimated values of o occur significantly close
to the corresponding values of the simulated test data.

6. Conclusions and future work. The EM algorithm offers a convenient way to
obtain a parameter estimation for the Rasch model. In our future work we are going to
apply this approach to investigate the corresponding latent class model.

P (024)bs)"“" Q (gas|bs)'
=1

1=
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OIEHKA HA ITAPAMETPUTE 3A MOJEJIA HA PAIIT C IIOMOIIITA
HA EM AJITOPUTBMA

JIro6omup 4. Xpucros

B crarusra ce naBa oneHka Ha mapaMerpute 3a J00pe mosHatudT B CbBpeMeHHATA
Teopusi Ha TecToBeTe Mojies Ha Part upe3z EM anropurbma. Onucan e B uncra dpopma
3a pagiauka ot MMLE merozma, mpu KONTO IPUIOKEHNETO My HE € B SIBHA (POpMa.
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