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EXISTENCE OF SOLUTIONS OF ODE’S IN WATER WAVE
MODELS"

Meline Onik Aprahamian, Stepan Agop Tersian

We prove existence results for solutions of boundary value problems for fourth-order
differential equation arising in water wave models. Variational approach is applied to
considered problems.

1. Introduction. In this paper we investigate the existence of travelling wave
solutions of fifth-order Korteweg-de-Vries equation of the form

(1) Wi+ VWarare + Bzze = (pwWey +wl) + f(w))e,

which appear in the classical water wave problem with gravity and capillarity (see [3], [4]).
In (1) subscripts denote partial differentiation, 3, u € R, v > 0 and f(w) is a polynomial.
Looking for travelling waves w (z,t) = u (z — ct), we obtain after appropriate scaling an
equation of the form

(2) yu® =" 4 p(2uu” + ) + g(u),
where g(u) = f(u) + cu. In [1] existence and symmetry of homoclinic solutions of the
equation

(3) yu® =" + p2uu” 4+ u'?) 4+ u — u?,
are studied via shooting method.

In this paper we study the existence of periodic solutions of Eq.(2) via variational
method. Let L > 0.We consider the boundary value problems (P;) and (P2) as follows

(P) yu® =" + puu” +u'?) +u—ud, 0<z <L,
! u(0) = u(L) = u/(0) = (L) = 0.

and

(P») yu® =" + puu” +u'?) —u —u?, 0<x <L,
2 u(0) = u(L) = u/(0) = u/(L) = 0.

Note that Eq.(3) turns to

(4) yu™® =" + p(2uu” 4+ u'?) — u—u?,
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after an appropriate change of the variables ( see [1]). We obtain 2L- periodic solutions
which are symmetric with respect to x = 0 and x = L taking 2L-periodic extension of
the even extension
N u(z), 0<z <L,
(@) = { u(—z), —L<z<0.
Note that if u(z) is a solution of the equation
(5) yu® =" + p2uu” 4+ u'?) 4+ u — u?,
or Eq.(4), then u(—z) is also a solution.
Both problems (P;) and (P2) have a variational structure and their weak solutions in
the space X = HZ(0, L) are critical points of the functionals

L
1 1 1
I(u; L) = / (%UNQ + Eu’Q + pu u'? — §u2 + ZU4) dx

and

L
o2 1 2 2 1 2 1 3
J(u; L) = —u —u uu —u —u’ | dz.
(u; L) /(2 b+
We prove existence of nontrivial solutions using minimization and mountain-pass
theorems. Our main results are as follows:

Theorem 1. Let 0 < p < min(1,27). Then, problem (Py) has a solution u which is
a minimizer of the functional I : X — R. If L is sufficiently large, then this solution is
nontrivial. Suppose that u is a nonnegative minimizer of I(., L) for sufficiently large L.
Then, u(z) > 0 for every x € (0,L). Moreover, for every natural number n > 2, there
exists a solution u, of Eq. (5) subject to the boundary conditions u(0) = u(nL) = v'(0) =
u'(nL) =0 and

7 8y — 3u 1/2
6 limsup—/ up(nt)|dt < ( ) .
©) n—oo L/ e (10) 2(1=p) (2y—n)

Theorem 2. Let 0 < p < 2. Then, problem (Ps) has a nontrivial solution u which
is a mountain pass point of the functional J : X — R.

2. Proofs of the main results. We study the solvability of the problem (P;). Let
L

X = HE(0, L) be the Sobolev space with the norm ||ul|? = [ u"?dz, which is equivalent
0

L

to the usual norm ||ul|?. = [(u"? 4+ w"* + u?)dz by Poincare inequalities. We have
0

L
Proposition 3. The functional ® : X — R, ®(u; L) = [wu'*dz is differentiable and
0

L L
(@' (u),v) = /(2u u'v' +u*v)dr = — /(2u u” + u'?)vdz.
0 0
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Consider now the functional I : X — R,

L
LTy Yom2 Lo o Lo 14
I(u,L)/<2u +2u + pu u 5 U +4u>da:.
By Proposition 3, the functional [ is differentiable and
L
(I'(w; L),v) = /yu”v” — v — (u2uu” 4+ u'?) + u — u®)vdz,

0
i.e. critical points of functional I are weak solutions of problem (P;). Note that, since
the embedding X C C1([0, L]) is continuous, if u is a critical point of I and u” has
generalized second derivative u(*) € L2(0,L), then u € H*(0,L) and v and u” are
continuous functions. Therefore, yu® = u” + p(2uu” + u'?) + u — u* a.e. in [0, L], u®
is continuous function and w is a classical solution of (P).

To obtain critical points of I we use general minimization theorem for weak lower
semi-continuous functionals on reflexive Banach spaces ( see [2, p. 301]). The functional
I(u) is weakly lower semi-continuous on a reflexive Banach space X if I(u) = I (u)+I2(u)
where I (u) is convex and I (u) is sequentially weakly continuous, i.e. if u, — u weakly,
then Iy(uy) — I2(u) as n — co. Let

L L
I__/juz __/1/2 /2_1214
1(u; L) = u“dx, IL(u;L)= [ (zu + puu u” 4+ —u”)dx.
2 2 2 4
0 0

Proposition 4. Let p < min(1,27). Then, the functional I : X — R is coercive and
weakly lower semi-continuous.

Proof. Since the embedding X C C*([0, L]) is continuous, it is clear that I5(u; L)
is sequentially weakly continuous. I (u; L) is convex, and then I(u;L) is weakly lower
semi-continuous on X. Observe that

L L L
/UUIQCZJ? = /uu'du = —/ (uu'2 + u2u") dx
0 0 0

and
L L . L

(7) 2/uu/2dg; = */UQ'LLNd:C < 5/(u4+u//2) dx
0 0 0

T is coercive functional by u < min(1,27), (7) and

L L L

2y —p "2 1/ 2 / w  1—p 4

I(u,L) > —— - -t —
(u,L) > 1 /u da:+2 u'“dx + 2+4u dx

0 0 0

2v — L

> T H )2 - = O
4 41— p)

Proposition 5. Let p < min(1,2v). Then, for sufficiently large L
inf{I(u,L) :ue X} <O.
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Proof. Let us take a test function v(x) = sin? (%) which satisfies the boundary

conditions. A direct calculation shows that
2

wy o ume  35¢2 3
IwLy=ex (224 I AT 22 2
(v,L)=e <4L tiz T ur T 16>

Then, taking ¢ : £2 < % and L sufficiently large such that

(96 — 352) L3 + 12872 (epp — 1)L > 12873y
we obtain that I(v,L) < 0. Then, inf{I(u,L): v € X} <0. O
Proof of Theorem 1. Existence part directly follows from a general minimization

theorem and Propositions 4 and 5. The maximum principle and (6) follow by tedious
computations. [J

Consider now the problem (P;) and corresponding functional

L
1 1 1
J(u; L) = / <gu"2 + iu'Q + pu u? §u2 + §u3> dz,
0
on the space X. As before the critical points of J are classical solutions of (Ps). We prove

that J satisfies the assumptions of mountain-pass theorem ( see [5, p. 7]).

Proposition 6. The functional J : X — R satisfies (PS) condition, i.e. if (uy),, is a
sequence in X such that J (uy) is bounded and J' (u,) — 0, then (uy), has a convergent
subsequence.

Proof of Theorem 2. It follows from Proposition 6 and geometric assumptions of
mountain-pass theorem as: (i) There exists r > 0 such that J(u, L) > 0 for u : |Jul] < 7.
(ii) There exists v € X such that J(v, L) < 0. We have

L L
Iy — 2 3
J(u, L) > 7 'u/u”de—l—/(u——ﬁ—ﬁu‘l) dz.
0 0

4 2 3 4

Let k be the embedding constant X C C([0,L]) : |u|lc < k|ju||. Taking ||u| sufficiently
2 3
small we have % - % - %u‘l > 0 and J(u,L) > 0. To show (ii) let us take ug € X

such that 3pueuf +u3 < 0 in (0, L). It may be ug = — sin? (%) Then, from
L L
J(tug, L) = t* /(71/0’2 + ul 4 ud)de + 3 /(S,uuo ul 4 ud)dz,
0 0
taking ¢ sufficiently large negative, we obtain that for v = tug, J(tug, L) < 0. O
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CBINMECTBYBAHE HA PEHNTIEHUN S HA OBUKHOBEHUI
JNOEPEHIINMAJIHN YPABHEHUWA B MOJAEJIN 3A BOJHN B'bJIHN

Mesuue O. Anpaxamusin, Creran A. Tep3usia

JlokazaHn ca JBe TEOpeMH 3a CbINECTBMyBaHe Ha PEIIeHMs] HA TPAHUYHM 33JIa94 3a
nudepeHnra iy ypaBHEHNsI OT YeTBbPTU Pell B TeOpUusTa Ha BOgHWATE BbjHU. [Ipn-
JIO?KEHM Ca BapUallMOHHM MEeTOIU 3a JOKa3BaHe Ha Pe3yJITaTUTe.
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