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ONE CONNECTION ON A LOCALLY DECOMPOSABLE
RIEMANNIAN SPACE"

Iva Roumenova Dokuzova

Let a Riemannian space M with a metric g admit an almost product structure J,
which preserves the scalar product. By mean of the Riemannian connection of g
we define another affine connection on M, and we find a subclass of the locally
decomposable almost Einstein spaces with constant totally real curvature.

1. Introduction. We consider a Riemannian space M (dim M = n) with a metric g
admitting an almost product structure J, which preserves the scalar product, i.e.

(1) J?=id (J #id), g(Jx,Jy) = g(w,y), x,y € xM.
Let V be the Riemannian connection of g. If
(2) VJ =0,

then M is a locally decomposable Riemannian space [2], [3], i.e. M = M7 x My, where

both My, My are Riemannian spaces. If dim M; = p and dim My = ¢, then n = p + q.
2. The Connection V. Now let M be a locally decomposable Riemannian space,

and Ffj be the Chrisoffel symbols of V. Analogously to the case of B-manifold [1], we

define another affine connection V by the condition

_k ~
(3) L= Ffj + Til;v Til;’ = —gi; f* = Ji f¥,

where f is a smooth vector field on M, J;; = JPg,; and fI = JV fP.

Theorem 2.1. Let M be a locally decomposable Riemannian space, and let V and Y
satisfy (3). Then, V is a symmetric affine connection and

(4) VJ=0.

Proof. The conditions (3) imply that V is a symmetric connection. By straightforward
calculations from (3) we get VZ-J]’-C = VZ-J]’?. By using (2), we prove (4). So that J is a
covariant constant. O

We note that J;; = Jj;, and from (2), (3) we find:

Vigik = figie + frgi; + fiJie + fuJij,

Vidik = fidik + fudij + figin + frgij,

i.e. V is not a metric connection.
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For the curvature tensor fields R of V and R of V, it is well known the following
identity:
h

(5) Rij, = Rl + VT, = ViTl + TR T = T3 T
From (3) and (5) we obtain
_h ~ ~
(6) Ry, = R}y, — Ju P} + Ji Pl — gin P} + gi; Py,
where
(7) Pl =V, f" = fif" = fif"
and Pjh = JI'Pf. From (2) we have
(8) Bl =V, " = fif" = fi

Theorem 2.2. Let M be a locally decomposable Riemannian space, and let V and
V satisfy (3). Then, V is an equiaffine connection if and only if the vector field f is
gradient.

Proof. We know that V is an equiaffine connection, so Rfjk = 0. Then, contracting
(6) by h =i, we get
9) R = 2(Pij — Pir),  Pij = Pigsj.
From (9) we conclude that V is equiaffine if and only if Pj;, = Py;. Due to (7) the last

condition is satisfied, if and only if, Vi f; = V; fix. The last equality is a necessary and
sufficient condition for f to be gradient. The theorem is proved. O

Theorem 2.3. Let M be locally decomposable Riemannian space, and let V be the
Riemannian connection of g. If f is a smooth vector field on M, and ¥V is a locally flat
connection, defined by the relation (3), then the curvature tensor field R of M satisfies
the identity:

[0 =) () + (nln — 2) + 027)7) (g, gy, 2)
—g(y,w)g(z, z) + g(Jz,u)g(Jy, 2) — g(Jy,u)g(Jz,))

+ 20 = n)(tr)T + (n(n —2) + thj)T*)(g(JCE, u)g(y, 2)
—g9(y,u)g(Jx, 2) + g(x,u)g(Jy, 2) — g(Jy,u)g(z, x))],

where x,y, z,u € X(M), n — 2 # +trJ, A= (n?> — tr*J)((n — 2)? — tr*J). Moreover, M
is an almost Einstein space.

R(w,y, z,u) =

(10)

Proof. We consider a locally decomposable Riemannian space M, i.e. VJ = 0. We
assume that V is a locally flat connection, for which it is necessary and sufficient that
R = 0. From (6) we find:

(11) Rl = Jikp]h — Jij P+ 9P} — gi; Pl
and from Rfjk =0 we get Py; = Pji. So f is a gradient vector field.
With the help of the identity Rpijx = Rjkn: and the equation (11), we find:
Jik(Pjn — Pnj) — Jij Pen + JunPij + gknPij — gijPen =0, Py, = pjsgsh-
In the last equation we contract with J*, and obtain:
(12) Pjj, = Py
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The equations (8), (12) imply that f is also a gradient vector field.
By using the equation (11), we find the Ricci tensor field S;; = Rfjk as follows:

(13) Sij = —PJij +2P;; — Pg;j, P =P P=Pf.
For the first scalar curvature 7 = S;;¢g% we get
(14) 7=(2—-n)P — (trJ)P.
On the other hand, contracting (11) with ¢g* and using (12), we have
(15) Skh = (2 = n) Py, — (tr.J) P,
For the second scalar curvature 7% = S;;J% we get
(16) ™ = (2-n)P — (trJ)P.
If we denote S;; = SipJ}, then from (15) we obtain
(17) Sij = (2—n)Py — (trJ)Py;.
With the help of the identities (13), (15), and (17) we find
1

Sij = [(n(2—=n)+ trQJ)P + ((n—2)trd — ntrJ)p)gij

n2 —tr?J
+ ((n(2 = n) +tr2J)P + ((n — 2)trJ — ntrJ)P)J;;].
From (14), (16), and the last equation we obtain

(18) Sii = m((m- — (tr)1")gi; + (n7* = (trJ)7)Ji5).
So we prove that M is an almost Einstein space.
From (11), (15), (17), and (18) we get (10) in finally local coordinates. O

Corollary 2.4. If a connected space M satisfies the conditions of Theorem 2.3, then
M is a space with constant totally real curvature.

Proof. For the totally real section 0 = {z,y} in T,M, p € M, we have that g(x, Jz) =
g(y, Jy) = g(z, Jy) = 0 and the sectional curvature p of o is
R(x7 y’ x’ y)
g(z,2)9(y,y) — g*(z,y)

plo) =
Then by using (10) we get
2(1 —n)(trJ)T* + (n(n — 2) + tr2J)7))
(tr2J —n?)((n —2)2 — tr2J

(o) =

On the other hand we have V;S! = %Vkr, Vig,i = %Vkr*. From (18) and the last
identities we obtain the system

(tr?J + 2n — n?)7; — (tv )1} +nFF — (trJ)7 =0

— () + nrl — ()7 4 (2T 4+ 2n —n?)F =0

—(tr ) + (tr2T + 2n — 01 — (v )7 40 =0

nti — (trJ)7f 4 (2T + 2n — 0?7 — (trJ)F = 0,
where 7; = V7, 77 = V¥, 7, = J1, 77 = J7}. The determinant of this system is
D = (n?—n—tr2J)%(n? - 3n —tr?J — 2trJ)(n? — 3n — tr>J + 2tr.J). We have that D # 0,
and then the only solution is 7; = 7 = 7; = 7" = 0, which implies 7 = 7* =const. So
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is a constant too. O

Corollary 2.5. Let M satisfy the conditions of Theorem 2.3 and trJ = 0. Then the
curvature tensor field R of M has the form:

m((g(% u)g(y,z) — 9(y,u)g(z, z) + g(Jz,u)g(Jy, 2)

—g(Jy,u)g(Jz,z)) + m(g(ha u)g(y, 2) — gy, u)g(Jz, 2)

+9(z,u)g(Jy,z) —g(Jy,u)g(z,2)), n—2#0.

R(x,y, z,u) =
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EJTHA CBBbP3AHOCT BbPXY [IPOCTPAHCTBO HA JIOKAJIHA
JTEKOMIIO3UIIN S

NBa PymenoBa loky3oBa

Heka M e pumaHOBO IPOCTPAHCTBO C METPHUKA ¢, JOIMYCKAIIO JOIIbJIHUTEIHA, CTPYKTY-
pa Ha [modTHu npousseienue J, KosTo 3ama3Ba cKajgapHoTo npoussejenue. C momorr-
Ta Ha PUMAaHOBaTa CBbP3AaHOCT V, IOPOJEHa OT MeTpHKaTa ¢, JedHWHHpaAMe JIpyra
apUHHA CBBP3AHOCT U TOJIydaBaMe MOJKJIAC Ha MOYTH affHIANHOBY IPOCTPAHCTBA C
IIOCTOSIHHA HAII'bJIHO PeaIHA CEeKIIMOHHA KPUBUHA.
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