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PERTURBATION ANALYSIS FOR A DIFFERENCE
MATRIX RICCATI EQUATION"

Galina Bojilova Pelova

Non-local perturbation bounds are obtained for a symmetric difference matrix Riccati
equation using the techniques of Lyapunov majorants. Equations of this type arise in
the optimal control of linear discrete—time dynamic systems.

Statement of the problem. Consider the symmetric difference matrix Riccati
equation
(1) Xi1 = Qu+ A (In + Sk Xk) ™' XeAg,

Xy = B,

where Qp, Ak, Sk, B € R™™*™ are matrix coefficients such that Q. = Q{ >0, Sk = SkT >
0,k=0,1,...,N,and B = BT > 0. The matrix X = XkT > 0 is the solution of equation
(1) at the moment k. Here A7 is the transpose of the matrix A, while A > 0 (resp. A > 0)
means that the symmetric matrix A is positive (resp. non—negative) definite. The unit
n X n identity matrix is denoted as I,,.

Equations of type (1) arise in the linear—quadratic optimization of discrete—time
dynamic systems over a finite time horizon.

Suppose that the matrix coefficients are perturbed as

A — Ap + AAg, Sk — Sk + ASj,

B — B+ AB, Qr — Qr+AQk, k=0,1,...,N,
and let AX} be the perturbation of the solution Xj. Then, the perturbed equation is
Xp1+AXp 1 = (Ap + AANT (I + (Sk + ASp) (X + AX))
(2) X (Xi+ AXp)(Ax + AA) 4+ Qr + AQ,
Xy +AXy = B+ AB.

The aim of this paper is to derive a non—local perturbation bound for the norm of the
perturbation in the solution as a function of the norms of the perturbations of the data.

Main results. As it is well known [3], if M and E are n x n matrices, such that M
is non—singular and F is “small” in the sense that

rad(M'E) =rad(EM ') < 1,
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then the following equalities hold:
(3) M+Ey'=M'-(M+E)'EM*'=M"'-M1'EM+E)*,
(4) (M+E)y'=M"1'-M1'EM™'+(M+E) " (EM~1).
Denote
Gy =1, + 5, X

and

Fy = SpAXy + ASp Xk + ASRAX,.
It can be shown that the matrix G} is non—singular. Suppose that

rad(G ' Fy) = rad(F,G; ') < 1.
Then, using (3) we obtain
(Ge+ Fr) ' =G = (Ge + F) ' FuGy
After some calculations, the equation for AXj_1 takes the form
AXpo1 = ALG ' XpAAL + AL GV AXL(Ar + AAy) + AAL G AX R (A + AA)
+ AATG X4 (A + AAg) + (A, + AA)T(Gr + F) " FuG X (Ag + AAy)

(5) + (A + A4 (G + F) T RG T AX (A + AA),

AXy = AB.
Further, we assume that
_ 1

G HIFR] < 3

Then, using (4), we see that the inequality
[cPll
(6) (Ge+ Fo)7 M| < L <2|lc:t
” I T=jem <2197

holds.

Next we introduce the perturbation vector
3N+1
§ = (0B,6A1s--104x:0Q1s-10Qns081s---,05y)" € RINT

with elements §z equal to the norms ||AZ]|| of the perturbations AZ in the data matrices
Z = B, Ak, Qp, Sk. Consider the following quantities:

ao(5,k) = o + 2 Akl +6a,) |G| 1 Xkl16 4,
+2 (/|G Xkl (1 Ak + 84,))° 65,
(7) ar(6,k) = |G| (I1Ak + 6.4,)% (1 + 2| X4]|([|Sk]| + 265,)) ,

_ 2
az(8,k) = 2 (|G| (Il 4k + 04,)°(ISkll + ds,.),
depending on the perturbation vector § and the current time k.

As a corollary from (5) and (6), the following bound for the perturbation ||AXj_1]|
is obtained

IAX, [l < ao(6,k) + a1 (5, k)| AXk|| + az (6, k)| AXR%,
(8) [AXN[ = [|[AB| <45,
where the coefficients a;(d, k), i = 0,1, 2, are defined by the equalities (7).
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Let
h(éa P) - ao((5, k) + a1(57 k)p + CL2(5, ]{3),02

be the Lyapunov majorant for equation (8), see [3]. Hence, supposing that ||AX|| < p
for some p > 0, the corresponding majorant equation is

ao(6,k) — (1 — a1(6,k))p + as(d, k)p* = 0.
If the inequalities

(9) ai (57 k) +2 ao (57 k)a2 (57 k) § 1

hold for each k = N, N — 1,...,1, then the estimation
2a0(0, k

1) JAX < 001

1= a1(6,k) + /(1 — a1(6,k))? — dao (0, k)as (6, k)
is true.
Let us denote

a = max{[[As[|, Az, ... [[An][},

v = max{[|G7L G2 ] len'}
o = max{[[S], |S2[l,- .., [[Snl},

x = max{[|Xqf], [ Xz, ., [ Xnll},
(5,4 = maX{5A1,5A2,...,5AN},

ds = max{ds,,08,,---,05x},

5@ = maX{(sQl,(SQz,...,(sQN},

5 = (8p,04,05,00)T € RL.

Using (7), we define a new quadratic majorant function

o~ o~ -~ -~ -~

h(8, p) = o (8) +a1(8)p + a2(9)p*
with coefficients
ao(6) = dg +2a7x0a + 7X0% + 277X (a + 54)6s,
(11) @1(0) = v(a+064)*(1+2x(0 + ds) + 27xds),
42(8) = 2v(a+04)*(o +ds).
The new majorant equation ﬁ(g, p) = p now is
(12) a0(0) — (1= @1 (9)p +a2(8)p* = 0.
Let us define the set

Q= {Se RL @1 (8) + 24/a0(8)a2(6) < 1} .

If § € Q, then the equation (12) has real roots. We denote by f (S) the smallest positive
root of this equation.
Applying the techniques of Lyapunov majorants, we state the following theorem.

Theorem 1. Suppose that seq. Then, the following estimates are valid
- 2o (6
IAXeal < 1) = ol0)

,k=1,2,...,N,

- @)+ —a@06)) — 430(0)a()
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where the quantities Zii(g), i =0,1,2, are defined in (11).

We point out that perturbation bounds for a periodic discrete-time matrix Riccati
equation are obtained in [5]. Perturbation analysis for the algebraic discrete—time Riccati
equation is done in [2] and [6], see also [3].

A similar perturbation problem for the differential matrix Riccati equation is formu-
lated and solved in [4]. An alternative approach to this problem is presented in [1].

Example 1. Let us consider equation (1) in the case n = 2 with matrix coefficients
~1/00 ~1/10 _ 1 /320
Ak_§(1 0)’ S’“_E(o 0)’ Qk_ﬁ( 0 1

for each kK =1,2,..., N, and
1 10
B=—1— .
2(N +1) (0 1)

1 10
Xk1%<0 1)

for k=1,2,..., N. Let the matrix coefficients be perturbed as

1/0c¢ 00
AAk_E(oo) A = (05)

The solution here is

and
c 16+4e4+29k+5ke+4(k+1)e? +12k2 0
AQ. = — (4k+4)(Ak+4tete?)
Qx 5% .
for k=1,2,..., N, where € > 0 is a small parameter. Then, we obtain
e (10
AX
=5 (o))
foreach kK =1,2,...,N. Suppose that the Frobenius norm is used. Then, we have
/2 v2
14kl < 5, (15l <1 5o Xl < == MGy <

\/_
[AA] < 50 [ASk] < > 1AQk] <

for each kK =1,2,..., N. Thus, the perturbatlon vector is

Ve
~ ~ A~ ~ T g € 19
52((5375,4,55‘,5@) = <O,§,§,T> ERi

The coefficients of the majorant function h are calculated as

BN (3+2v2+3e+e2)e
a()() = 4 ’

3
61(8\) _ (1+\/§i(1+€) :
@) < Y20+

4
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In the Table below the perturbation bound f(§) is given according to Theorem 1
for different values of . This bound is compared with the greatest perturbation in the
solution ||AXj||. The ratio of both quantities shows that Theorem 1 gives relatively tight

perturbation bounds in this particular case.

= f()
0.01 0.0402946623 | 0.0070710678 | 5.6985257974
0.001 0.0037065442 | 0.0007071067 | 5.2418451673
0.0001 0.0003678493 | 0.0000707106 | 5.2021760124
0.00001 0.0000367572 | 0.0000070710 | 5.1982597657
0.000001 | 0.0000036754 | 0.0000007071 | 5.1978686400
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ITEPTYPBAIIMOHEH AHAJIN3 HA JVM®EPEHYHOTO MATPUYHO
PUKATUEBO YPABHEHUE

Tannnaa Boxnaosa Ilesosa

Tloyuyenu ca HeJIOKaJIHMA TEPTYyPOAIMOHHN I'PAHUIM 38 CUMETPUYHOTO JUMEPEHIHO
MaTpu4yHo PukaTmeBo ypaBHeHUE B 00paTHO JUCKPETHO BpeMe, C U3I0JI3BaHE TeX-
HUKAaTa Ha MaXXOPAHTUTe Ha JISIIyHOB. YpaBHEHUsI OT TO3W THUIl Bb3HUKBAT MPU OI-
TUMAJHOTO YIIpaBJIEeHUE Ha JIMHEHHU JIMCKPETHU JIMHAMUYHU CUCTEMU BbPXY KPacH
BpEMEBU WHTEPBaJI.
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