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COMPOUND POISSON COUNTING DISTRIBUTIONS"

Leda D. Minkova, Rana Etemadi

In this paper discrete compound Poisson distributions are given. The Inflated-
parameter Poisson distribution, Poissin distribution of order k and Pdlya-Aeppli
distribution of order k are defined. The probability mass functions and recursion
formulas are given. An interpretation of Pdlya-Aeppli distibution of order k is
considered. The Pdlya-Aeppli process of order k is defined.

1. Introduction. The Poisson distribution belongs to the family of Generalized
Power Series Distributions (GPSO) and is basically used for counting [6]. The probability
generating function (PGF) is given by

P(t) _ e/\(t—l),
where A > 0 is a parameter. In many cases it is of interest to obtain the probability
distribution of a random sum of independent equally distributed random variables, for
example, the claims payable by an insurance company.

The random variables considered are assumed to be defined on a fixed probability
space (€, F,P). Counsider a random variable NV that can be represented as

(1) N=X1+Xo+...+ Xy,

where Y, X1, X5, ... are mutually independent, non-negative, integer valued random va-
riables. Then, the random variable N is said to have a compound distribution. The
distribution of X is a compounding distribution. We suppose that the random variable
Y is Poisson distributed. The PGF of the random variable N is given by

(2) Py (t) = XPxO7D,

where Px(t) is the PGF of the random variable X. The random variable N has a
compound Poisson distribution and belongs to the family of Compound GPSDs.

In this note we consider three types of generalizations of the Poisson distribution
by compounding. In Section 2 the Inflated-parameter Poisson distribution is given. In
Section 3 we introduce the Poisson distribution of order k. In Section 4 the Pdlya-Aeppli
distribution of order k is defined. It is a compound Poisson distribution by truncated
geometric compounding distribution. Finally, as an application, in Section 5 are given
the properties of the Pélya-Aeppli process of order k.

2. Inflated-parameter Poisson distribution. In [7] and [8] the classical discrete
distributions are generalized by including an additional parameter p € [0,1). The new
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family of compound distributions is called Inflated — parameter generalized power series
distributions (IGPSD). In this family the compounding distribution is geometric, Ge(1 —
p), with parameter p € [0,1). The probability mass function (PMF) and the PGF are
given by

(3) PX=d)=0Q-p)p~" i=12,...,
and
(@) Px(t) = (1 = Zit,

In the case when Y ~ Po()), we say that the r.v. N has an Inflated-parameter Poisson
distribution with parameters A > 0 and p (N ~ I Po()\, p)). The PMF is given by

e m =0,

5 P(N =m) = ’ L
( ) ( m) { e_)\z?ll (mfl)%pm_l, m=1,2,....

i—1

In the case when p = 0, the PMF (5) coincides with the PMF of the classical Poisson
distribution.

The Inflated-parameter Poisson distribution coincides with the Pdlya-Aeppli distri-
bution, studied by Evans [4], see also [6].

The PMF of the Pdélya-Aeppli distribution satisfies the following second order recur-
rent formula [8]:

M1 —p) —2 2
Pm = (2p+ w) Pm—1 — (1 —~ —) P2 P2,
m m

form=1,2,...and p_; = 0.

3. Poisson distribution of order k. The probability distributions of order k
are introduced by A. Philippou, C. Georghiou and G. Philippou [11]. The geometric
distribution of order k, (Gey(p)) is defined by the number of trials until the first occur-
rence of k consecutive successes in a sequence of independent trials with success probabi-
lity p. The negative binomial (N By(r,p)) distribution of order k is the distribution of
the sum of r independent, equally Gey(p) distributed random variables. The Poisson
distribution of order k, (Pog(}\)), is a limiting distribution of a sequence of shifted N By,
distributed random variables.

Hirano [5] introduced the binomial distribution of order k (Bi(n,p)). Aki, Kuboku
and Hirano [1] derived the logarithmic series distribution of order k, (LSk(p)), as a
limiting distribution of a sequence of N By, distributed random variables. It is proved
that the discrete distributions of order k can be represented as a Compound GPSDs,
(see [2] and also [3]).

Let the random variable N have a compound distribution.

Definition 3.1.If the compounding random wvariable X is a discrete distributed,
truncated at 0 and from the right away from k + 1, then the random variable N has
a distribution of order k.

The Gey(p), NBi(r,p) and LSk(p) distributions belong to the family of Compound
GPSDs by truncated geometric compounding distribution.
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The random variable X has a PMF and PGF, given by

17/) m—1
(6) P(X:m):l_pkp , m=12,.. .k,

_ (I—p)t1—phe
(7) Pl = o

where p € [0,1) and k > 1 is a fixed integer.

)

If kK — oo, then the truncated geometric distribution asymptotically coincides with
the Ge(1 — p) distribution, defined by (3) and (4).

In this way, the Ge(p), NBx(r,p) and LSk(p) distributions converge to the corres-
ponding IGPSD.

The Poy(\) distribution is obtained by a discrete uniform compounding distribution.

4. The Pdlya-Aeppli distribution of order k. In this section we introduce the
Pélya-Aeppli distribution of order &, defined in [10]. It is a compound Poisson distribution
with PGF given by (2). The compounding distribution is a truncated geometric with PMF
and PGF, given by (6) and (7).

Definition 4.1. The probability distribution defined by the PGF (2) and compounding
distribution, given by (6) and (7) is called a Pdlya-Aeppli distribution of order k,
(PAk(A, p))-

The Poélya-Aeppli distribution of order k£ belongs to the family of Compound GPSD,
compounded by the truncated geometric distribution. The following theorem gives the

AL=p)

probability mass function of the PAy (), p) distribution. Let us denote Z = 7 for
—P

simplicity.

Theorem 4.1. The probability mass function of the PAy(\, p) distributed random
variable is given by:

—A
bPo=¢€ 7,

_,\ 1 —1 j .
=1,2,....k
z(“)],p i=12. 0k,

—_ 7 — i— i—k—1 (i—k— i—
pi=e A[Zj=1(»_1)4—!p — 2o ST (T S,
J J J J
i=k+1,k+2,...,2k+ 1,

pi=e MYl (T & = 2o ST (T e

7 k\2 i—2k—2 i— %%k —1
LS ( j+1 )M’ B i=okt2, 42,
§=0
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s 7373']7 1 =3k+3,...,4k + 3,

Remark 4.1.If £ — oo, then the Pélya-Aeppli distribution of order k asymptotically
coincides with the usual Pélya-Aeppli distribution. If p = 0, then it is a Poisson distribu-
tion.

Remark 4.2. The mean and the variance of the Pélya-Aeppli distribution of order &
are given by
B 1+p+._.+pk—2+pk—1_kpk>\

EN
1—pk

and
C143p+5p7+Tp0 4.+ (2k = 3)pF 2 4+ 2k — 1)ph ! — k2pF

Var(N) T *

A

The following proposition gives an extension of the Panjer recurrence formulas.

Proposition 4.1. The PMF of the Pdlya-Aeppli distribution of order k satisfies the
following recurrence formulas:

p1= ZpOa

Z —2 2
pi = <2p+ p p>p11 <1;> p2pi72; i:2733"'k7

Z —2 2 k+1 k
Di = (2/) + ; p> Pi—1— <1 - ;> P’pi—a — TZPkpifkfl + ZZPk—Hpifkfz,
i—k+1k+2,...,

where p_1 = 0.

Proof. Differentiation of (2) with Px(t), given by (7), leads to

1-p
(1= pt)*Pr(t) = 1 G [1— (k+ )"t + k" 1 Py (),

where Py (t) = Yoo pmt™ and Py (t) = Yoo (m+1)py,41t™. The recurrence formulas

m=0

are obtained by equating the coefficients of ¢ on both sides for fixed m =0,1,2,.... O

5. Pélya-Aeppli process of order k. Let N(t) represents the state of the system
at time ¢t > 0. It is assumed that the process has state space A/, the non-negative integers.
Let A > 0 be any real number and p € [0,1).

Suppose that N(t) has a PAy(At, p) distribution. Then, the PGF of N () is given by
(8) h(u, t) = XX 0=1]
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where Px(u) is the PDF of the truncated geometric distribution. The properties of the
defined process are specified by the following postulates:
1 —Ah+ o(h), n=nm,
P(N(t+h)=n]|N({t)=m)= 1—p
1— pk
for every m = 0,1,..., where o(h) — 0 as h — 0. Note that the postulates imply that
fori=k+1,k+2,..., PINt+h)=m+i| N(t)=m)=o(h).
Let Py, (t) = P(N(t) = m), m = 0,1,2,.... Then, the above postulates yield the
following Kolmogorov forward equations:
Pi(t) = —ARy(t),
(9) . mAk

1 .
Pru(t) = =APn(t) + 1— pk)\ S P P (t), m=1,2,...,
j=1

PN 4 o(h), n=m+ii=12,...k

with the conditions
(10) Py(0)=1 and P,h(0)=0, m=12,....

Multiplying the m-th equation of (9) by u™ and summing for all m = 0,1,2,..., we
get the following differential equation

h(u,t
(1) 1) A1~ Po(u)lna )
The solution of (11) with the initial condition

h(u,0) =1
is given by (8), which is the PGF of the PAy (¢, p) distribution.

Definition 5.1. The process defined by (9) and (10) is called a Pdlya-Aeppli process
of order k.

Remark 5.1. In the case of k — oo, the Pdlya-Aeppli process of order k approaches
to the Pdlya-Aeppli proces, defined by Minkova [9]. If p = 0, then it is a homogeneous
Poisson process.
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CJIO2KHU ITOACOHOBU BPOAIIN PASITPEAEJIEHN A

Jlena MunkoBa, Pana ETemaman

B paborara ce pasrmexxgar guckpernu cioxkuu IloaconoBu pasmnpenesnenus. ledu-
nupanu ca [loacoHoBo pasupenesnenue ¢ nudanuoHeH napamersp, IloaconoBo pas-
npejiesienne ot pen k u pasnpejesnenue Ha lloita-Aensm or pex k. dagenu ca Bepo-
ATHOCTHUTE (DYHKIMKM U PEKypeHTHH (hOopMyJin 3a BeposTHocTuTe. Hakpast e manena
WHTEpIpeTaIs Ha pas3npeesiennero Ha [loita-Aenu ot pen k. ledunupan e u mpo-
nec Ha Iloita-Aemm ot pex k.
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