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A NOTE ON THE CLASSES OF STRONGLY STARLIKE
AND STRONGLY CLOSE-TO-CONVEX FUNCTIONS®

Donka Pashkouleva

The aim of this paper is to obtain results about Fekete-Szegd problem for the classes
of strongly starlike and strongly close-to-convex functions.

1. Introduction and definitions. Let P be the class of functions h(z) given by
o0
hi(z) =1+ Z ¢nz", which are analytic and have positive real part in F = {z : |z| < 1}.

n=1
Let Q be the class of functions analytic in F, such that
w(0) =0 and |w(z)| < |z| for z € E.

Let S denote the class of functions of the form
o0
(1.1) f(2) :z—i—Zanz”
n=2

that are analytic and univalent in the unit disk FE.

A function f(z) analytic in F is said to be starlike in E if f(0) = f/(0) —1 =0 and
2f'(2)
f(z)

The class of such functions is denoted by S*.
A function f(z), analytic in F with f(0) = f'(0) — 1 = 0 is said to be convex if and

only if, for z € E
Zf”(Z)}
R {1 + > 0.
f'(2)
The class of such functions is denoted by C.
A function f(z), analytic in E, is said to be close-to-convex in F if there exists a

x >0 for z € E.

function g(z) € S* and a real number 7 such that for z € E and —g <y < g,

!/
gﬁeivm > 0.
9(2)
The class of such functions is denoted by K”. Note K = K the class of close-to-convex
functions introduced by Kaplan|[1].
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The classes S, K7, S* and C are related by proper inclusions
CcS*"CK"cCS.

A function ¢(z), analytic in E and normalized so that g(0) = 0, ¢’(0) = 1, is said to
be strongly starlike of order o, 0 < a < 1, if for z € E

‘arg ZAC
9() | =2
We denote such functions by S*(«). Note that S*(1) = S* [7].

A function f(z), analytic in E and normalized so that f(0) =0 = f’(0) — 1 is said to
be strongly close-to-convex of order 3 if and only if there exists a function g(z) € S* and

™

7 T .
a real number ~, —3 <~< 5 satisfying

2z

9(2)
The class of such functions will be denoted by K(3). Clearly, K(0) = C, K(1) = K and
for 0 < 8 <1, f(z) is close-to-convex and hence univalent [1].

arg e’ gﬁg for z € E and 8 > 0.

2. Known results.

Theorem 2.1 ([5], [6]). If g(z) € S*, with g(z) = z + anz”, then|b,| < n, n =

n=2

2,3,.... Equality holds when g(z) = (1%)2, le| =1 and |bs — ub%‘ < max{1,|3 —4pu|}.
—€ez
1 1
The inequality is sharp for the Koebe function K(z) = (17)2 if ‘u - Z > 1 and for
—z
1 3 1
function K1(z) = K(2%)2 if |u — Z‘ < 1

Theorem 2.2 ([4)). If g(z) € K, with g(z) = z + Z bnz" and if u is a real number,

n=2
then

1

3—4dp ifu§§
1, 4 f1< 2
SIS Y 2
as—pad|<{ 3 op Y373
1 'f2< <1

if =
3 SH
dp—3 if u>1.

For each p there is a function in K such that equality holds.
Theorem 2.3 ([13]). Let f(z) € K(B) with f(z) = z + Zanz” and let F(B) be
n=2
1

defined for z € E by
1+ 2 A+l > n
Fﬁ(z):2(ﬂ+1) (1,2) -1 =z+nZ::2An(ﬁ)z ,

then |ay| < A, (08). The result is sharp for all real 5 and every integer n > 2.
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Theorem 2.4 ([10]). Let h(z) € P, with h(z) = 1+ chz". Then |c,| < 2,
n=1
n=12,...

)

el
— 2 .

1
Equality holds when h(z) = 1 i— z

In 1933, Fekete and Szegd [2] obtained the sharp bounds for |a3 — ua§| in S, for each
fixed p in the interval 0 < y < 1. They showed that for f(z) € S given by (1.1)

3—4u if £<0
las —pa3| < 142 TF if 0<p<1
4—3u if u>1.

This inequality is sharp in the sense that, for each p, there exists a function in .S such
that equality holds. Pfluger [3] considered the problem when p is complex and f(z) € S.

In the case of C, S* and K" the subclasses of S consisting of convex, starlike and
close-to-convex functions respectively, the above inequalities can be improved [4], [6]. In
particular for f(z) € K7 and given by (1.1) Keogh and Marks [4] showed that when p is
complex

|a3 - /La’%| < maX{1a3|M - 1|7 |4‘LL - 3|}

In 1987 Koepf [6] showed that for f(z) € K7 and u real

1
3—4p ingugg
1 4 1 2
|a3_ﬂag‘§ g‘f’@ 1f§§M§§
1 if 2< <1
I — .
S_M_

3. Strongly Starlike and Strongly Close-to-convex Functions In this section
we extend Theorem 2.1 to the class S*(a) of strongly starlike functions of order «,
0 < o < 1. This class has been investigated in [7], [8], [9].

Theorem 3.1. Let g(z) € S*(a) and be given by g(z) = z + Z bp2", then for p real
n=2

|bs — pb3| < max {a, a3 —4u|}.

1 /14+8\“
The result is sharp for go(z) = zexp {/ [— (i> — 1} dt} if
0

w——> and

t\1—¢t 4| = 4a

z 2\ @
for g1(z) = zexp{/o E (%) - 1} dt} if

Proof. Since g(z) € S*(«a) it follows that we can write

(3.1) 29'(2) = g(2)h(2)"
236
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for h(z) € P and h(z) =1+ Z cnz". Comparing the coefficients in (3.1), we obtain

by = acq and 2b3 = %0&26% — %c% + acy so that

o 1 a2 o 1 3
b3—,ub§:§ (02—50%) + 41(3—4/0:5 [(02—50?) + ac? (5—2;;)}
Thus
o 1 3 « 1 3
‘b3 — b3l < 5 {02 - 501 + 5 —2u |cl|2} 5 [2 §|01|2+a 5 —2u |cl|2]
where we have used Theorem 2.4.
3 1
If lu——-| < —. th h
‘,u 4‘ < 4a’t en we have

|b3ub2|<—|:2—|01| + = |Cl| :|Oé.

On the other hand, if |u , Theorem 2.4 and the fact that |co| < 2 we have

1
4 4

3
|bs — pub3 | g% {2+( ——2u‘ )|c1| ] S%[Q—i—éloz 5—%‘—2] = o?[3 — 4y,

which completes the proof. [

In 1987 Koepf [11] considered the Fekete-Szegd problem for the class K(3) and ob-

20
tained sharp results when © = ————. Koepf showed that
P R T phshow
1+26 for0<p<1
2
‘a3 —a2| < 2
s ;ﬁ for g > 1.

He also established this result [12] using different method.

We now extend the result of Keogh and Marks in Theorem 2.2 to the class K(53)
of strongly close-to-convex functions of order 3. All the results of Koepf [11], with the
exception of the case p =1 and 3 > 1 are contained in the following Theorem.

Theorem 3.2. Let f(z) € K() and be given by (1.1), then for 0 < <1

B(2 = 3u)(3 +2) _ 23
L=t 3 Ths 3G
28, p@R-3w* . 28 2
ST S A R e B CES TR
PTHRI=Y 2841 L2 _2B+2)
3 F3srs355
BBr—2)(8+2) , 2(8+2)
p—1+ 3 Zfﬂ2m~

For each p there is a function in K(B) such that equality holds.
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For the case when p <

20
“3(6+1)

for example, this is the function
1

B+1) Ctz)ﬁl]

Proof. Since f(z) € K(0), it follows that we can write

(3.2) 2f'(2) = g(2)h(2)"
for g(z) € S* and h(z) € P. Equating coefficients in (3.2) we obtain 2as = ey + by and
3az = ﬁ(ﬁfl)c% + Bea + Bei1bs 4 bs so that

(33)
% @c% + fez + Berba + bg| — % (Ber +b)* =

) 2 () o

2
az — pas

28 2
We consider at first the case ———— < u < —=. Equation (3.3) gives
E I (33) g
3 I6] 1 (2 —3p) 1 pu
|a — pa3| < |bs — Zﬂbg T3l 50% +52T|Cl|2 +5 373 |e1[[bz]-

Now from Theorems 2.1 and 2.4 and the fact that |bs| < 2 for g(z) € S* we have

c1)? 22-3 2-3
|a3ua§|§1u+§(2|;| )Jrﬁ(m 2 2+M

lea] le1] = ()

2(2—-3p)
2—B(2—3p)

28 %@os?  Fe-sm® 28 Be -
) R s k- pe-swf "3 32~ 3]

say with z = |e1]. ®(x) attains its maximum value at the point zg =

Thus

and so
las — pa3| < (o)
2(2 —3p)

2-p(2-3u)’
by = 2 and bs = 2 in (3.3) we see that the result is sharp. Since |¢1] < 2 (Theorem 2.4),

2
which proves the Theorem if p < 3 and 8 > 0. Choosing ¢; = cy = 2,

it follows that gy > ————.
F=3611)
2

Next, consider the case u < ?)(Tﬁl) Since K (0) = C, we may assume that 3 > 0.
Again (3.3) gives
3u(B+1) 28, 3u(B+1)
_ 1— <

20 3+ 1) " 25 |1®ls

3u(B+1) ( 2ﬁ) N [1_ 3u(5+1)} [2ﬁ(ﬁ+2)

IN

|a3 — ua§| as

< PP 22
= 23 T3 23 3

B2 —3w)(B+2)
3

0
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20

for 8 > 0, where we have used the result already proved in the case y = ————

3(8+1)
2 2
and the fact in Theorem 2.3 that for f(z) € K(3), the inequality |az| < 1+ %

holds. Equality is attained on choosing ¢; = ¢ = by = 2 and b3 = 3. The cases

2 2 2 2 2
-<pu< M and p > M are proven in a similar manner. As the calculations
3 3(B+1) 3(6+1)

are rather long, they are not given here.
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BEJIE2ZKKA B'bPXY KJIACOBETE OT CHJIHO 3BE31H N1 CUJIHO
ITIOYTHN N3II'bKHAJIN ®YHKIINN

Honka IlamikyseBa

HeJITa Ha Ta3uW CTaTud € Ja IIOJIYyHU pe3yJTaTu 3a HpO6.H€Ma na Pekere-Cerno 3a
KJIaCOBE€TEe, CbCTOAIIN CE€ OT CHUJIHO 3BE€3JHU U CHUJIHO IIOYTHU U3N'bKHAJIA d)yHKI_LI/II/I.
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