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PARTIAL INTEGRABILITY OF ALMOST COMPLEX
STRUCTURES"
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In this survey we review some old and new results on the problem for local
and global existence of holomorphic functions on almost complex manifolds. The
following topics are considered: Existence of holomorphic functions and I.J-bundles,
Hypersurfaces in R, Nearly Kéhler manifolds, Homogeneous almost complex spaces,
Partial integrability on twistor spaces.

1. Introduction. An almost complex structure on a smooth manifold M is an
endomorphism J of the tangent bundle of M with J? = —Id. These structures have been
introduced by C. Ehresmann and H. Hopf in the forties of the last century in the course
of their study of the problem for existence of complex structures on smooth manifolds.
The almost complex structures arise as a real interpretation of the multiplication by 4
(i2 = —1) in the holomorphic tangent bundle of a complex manifold and provide a general
framework for studying complex geometric structures as well as holomorphic objects like
functions, maps, curves, vector and tensor fields etc. This more general point of view
allows one to apply important ideas and techniques from complex analysis and complex
geometry to other branches of mathematics like differential and symplectic geometry,
algebraic topology and other. The increasing interest to almost complex manifolds in the
last forty years has been also motivated by the fact that they are on the basis of several
new theories with important applications in mathematics and mathematical physics-
the twistor theory [42, 2], the theory of J-holomorphic curves [18, 32], the theory of
generalized complex structures [24, 19] etc.

The study of almost complex manifolds from analytic point of view has been initiated
by Spencer [45] and Kodaira-Spencer [28] who analyzed the possibilities to develop the
classical potential theory on almost complex manifolds. An important result in this
direction was the solution of the problem for integrability of almost complex structures
given by Newlander and Nirenberg [41] in 1954. It shows in particular the main difficulty
for direct applications of techniques from complex analysis to non-integrable almost
complex manifolds- the lack of local holomorphic coordinates.

Given an almost complex manifold (M, .J) one can define the operator & which maps
the space of (p,q) forms on (M, J) into the space of (p,q+ 1) forms [7]. It is well-known
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that the almost complex structure J is integrable if and only if 3" = 0. So in the general
case 9 # 0 and this makes difficult even the local study of the d-equation on non-
integrable almost complex manifolds. The first step in this direction is to consider the
problem for local existence of functions f satisfying the equation df = 0. Note that this
is an overdetermined system of PDEs which generalizes the classical Cauchy-Riemann
equations. Following [45] and [20] we call these functions holomorphic on (M, J). The
theory of holomorphic functions on almost complex manifolds is not as well developed as
in the complex case (for some initial results see [34, 11]). One of the main reasons for this
is the fact that not much is known even for the local existence of holomorphic functions on
almost complex manifolds. The most important result in this direction is the Newlander-
Nirenberg theorem [41] which states that near each point of M there exist 1/2dim M
functionally independent holomorphic functions iff the Nijenhuis tensor of the almost
complex structure .J vanishes. In sharp contrast to complex manifolds, there exist almost
complex manifolds which even locally have no holomorphic functions except constants.
The first example of such a manifold is the 6-sphere S® with the almost complex structure
defined via octonionic multiplication [46] (unpublished result of Ehresmann). Latter we
shall discuss some more general examples of almost complex manifolds without local
holomorphic functions constructed by Hermann [20] and Calabi [6].

In the present survey we review some old and new results on local and global existence
of holomorphic functions on almost complex manifolds with emphasis on some important
classes of such manifolds which have been previously studied from other points of view.

It is a pleasure to thank the Program Committee of the Forty Fifth Spring Conference
of the Union of Bulgarian Mathematicians for the kind invitation to deliver a lecture on
partial integrability of almost complex structures.

2. Existence of holomorphic functions and IJ-bundles. Given an almost com-
plex manifold (M, J) of real dimension 2n and a point € M denote by m(z) the maximal
number of functionally independent holomorphic functions at x. For every integer 0 <
k <n set

Fi(J)={z € M|m(z) = k}.
Then M is the disjoint union of its subsets Fj(J) for k =0,1,...,n. In these terms the
Newlander-Nirenberg theorem [41] says that the almost complex structure .J is integrable
if and only if M = F,(J). On the other hand M = Fy(J) if and only if there are no
non-constant local holomorphic functions on (M, J). If M = F(J) for some k then we
say that the almost complex structure J is partially integrable and has type k [21].
Denote by N the Nijenhuis tensor of J defined by

NX,Y)=[X, Y|+ J[JX,) Y|+ JX,JY] - [JX,JY]
for arbitrary vector fields X,Y on M. For any point © € M we define the Nijenhuis space
LN (z) by
LN (x) = Span{N_(a,b)|a,b € T,,(M)}
and denote by rank, N its real dimension. Notice that rank, N is an even integer since
LN (x) is a J-invariant subspace of T, (M). If rank N is a constant function then we

denote by LN the subbundle of the tangent bundle TM with fibres LN (x) and call it
the Nijenhuis bundle of (M, J).

Definition A vector subbundle V of TM is called an IJ-bundle if:
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(1) Vis J- mvamant
(it) LN (z) S V() for all x € M;
(#9d) V is mvolutwe

(w) [A, X] + J[JA, X] is a section of V for all sections A of V and vector fields X on

The following theorem gives a geometric criterion for local existence of holomorphic
functions on an arbitrary almost complex manifold.

Theorem 1 ([35]). Let (M, J) be an almost complex manifold. Then in a neighbourhood
of a point x € M there exist k independent holomorphic functions if and only if on a
neighbourhood of x there exists an IJ-bundle of rank dim M — 2k.

Note that Han and Kim [21] developed a dual approach to the problem for local
existence of holomorphic functions on almost complex manifolds based on the Cartan-
Gardner theory [14] of first integrals.

As consequences of Theorem 1, we obtain the following geometric conditions for an
almost complex manifold to be of constant type.

Corollary 2. Let (M,J) be an almost complex manifold with Nijenhuis tensor N
and let rank N = dim M — 2k be a constant function. Then (M, J) is of type k if and
only if the Nijenhuis bundle LN has the following properties:

(i) LN is involutive;
(it) [A, X] + J[A, JX] is a section of LN whenever A is a section of LN and X is a
vector field on M.

Corollary 3. Let (M, J) be an almost complex manifold such that {z € M|rank, N =
dim M} is a dense subset of M. Then (M, J) is of type 0.

In the next sections we consider the problem for partial integrability on some important
classes of almost complex manifolds which have been intensively studied from a differential
geometric point of view.

3. Hypersurfaces in R7. In 1958, Calabi [6] showed that any orientable hypersurface
M of R” has a natural almost complex structure .J defined by means of the octonions. For
any point p € M denote by K, the symmetric Hermitian transformation of the tangent
space T, M defined by K, = —A + JpApJp, where A, is the Weingarten map of M at p
[27]. Let k be the following funct1on on M:

L —[(Trace K,)* — 4 Trace KS]

k(p) = 54

It is shown in [36] that the rank of the Nijenhuis tensor IV of J and the function k are
related by
{p € M|rank, N =dim M} = {p € M|k(p) # 0}.

This together with Corollary 2 and the principle of analytic continuation implies that
any compact orientable real-analytic hypersurface of R” with the Calabi almost complex
structure is of type 0. It is interesting to note that there are hypersurfaces of R” which
are of type 1 but it is still an open problem whether there exist hypersurfaces of type 2
[31]. A related open question is whether there are hypersurfaces of R” with rank N = 2.

4. Nearly Kédhler manifolds. An almost Hermitian manifold (M, g, J) is said to be
nearly Kahler if the covariant derivative of J with respect to the Levi-Civita connection
of g is skew-symmetric [16]. A four dimensional nearly Kéhler manifold is automatically
Kahler, and there has been a strong belief that the only examples of compact non-Kéhler
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nearly Kihler manifolds in dimension 6 are the 3-symmetric spaces S° x S | the complex
projective space CP? | the flag manifold F* and the sphere S¢ . Indeed, J.-B. Butruille [5]
has shown that there are no other homogeneous examples in dimension 6, but L. Foscolo
and M. Haskins[13] have recently proved the existence of (inhomogeneous) cohomogeneity
one nearly Kihler structures on S and on S3 x S3. Note also the structure result of P.A.
Nagy [40] who has proved that every compact simply connected nearly Kéhler manifold
is isometric to a Riemannian product M; X - - - X M}, such that each M; is either a Kahler
manifold, a naturally reductive 3-symmetric space [48], the twistor space of a compact
quaternion-Kéhler manifold with positive scalar curvature [3] or a 6-dimensional nearly
Kahler manifold.

Combining results of Kirichenko [26], Gray [16] and Corollary 1 one can prove [35]
that the Nijenhuis tensor N of a connected nearly Kahler manifold has constant rank
(this follows also by the result of P.A. Nagy mentioned above) and the type of (M, J)
is equal to 1/2(dim M — rank N). In low dimensions the type of a non-Kéhler nearly
Kéhler manifold can be determined completely. Namely, by the results of Gray [25] and
the above formula it follows that if dim M = 6, then (M, J) is of type 0. If dim M = 8,
then (M, J) is of type 1.

5. Homogeneous almost complex spaces. Every homogeneous space with an
invariant almost complex structure is of constant type. Its computation can be reduced
to a purely algebraic problem as follows. Let M = G/K be a homogeneous space on which
the connected Lie group G acts effectively. Fix a direct sum decomposition g = E@m,
where g and ¢ are the Lie algebras of G and K, respectively and m is a vector subspace of
g which is identified with the tangent space to M at o = {K} € G/K. The G-invariant
almost complex structures on M are identified with ad(#)-invariant endomorphisms J of
m such that J?X = —X for all X € m. Denote by N the Nijenhuis tensor of J and by In
the subspace LN (0) of m. Then rank N = dimg [n since N is a G-invariant tensor field
on M. For the sake of simplicity we assume that M is reductive in the sense that m is
an ad(t)-invariant subspace of g.

Definition. A wvector subspace b of m is called IJ-subspace if:
(¢) b is both ad(¥)-invariant and J-invariant;
(i) In C b;
(iii) [, bl < b;
() [X,Y]m + J[X,JY]m € for all X € h,Y € m.
(The subscmpt denotes the component in m.)

Denote by d(M, J) the real dimension of the intersection of all I.J-subspaces of m.
Note that the almost complex structure J is integrable iff d(M, J) = 0 [27]. Moreover, it
follows from Theorem 1 that the type of a reductive homogeneous almost complex space
(M, J) is equal to 1/2(dim M — d(M, J)).

Now let M = G/K be an isotropy irreducible homogeneous almost complex space.
Since In is an invariant subspace of the linear isotropy representation of K at o it follows
that either rank N = 0 or rank N = dim M. Thus by Corollary 2 we obtain the following
result of Hermann [20]:

Theorem 4. FEvery isotropy irreducible homogeneous almost complex space is either
integrable or of type 0.

A typical example of type 0 is the sphere S® = G5/SU(3). Other examples of such
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spaces can be found in Wolf [49]. We also refer the reader to [36] and [17] where the
partial integrability of invariant almost complex structures on the generalized Grassmann
manifolds and the Ledger-Obata s-symmetric spaces [29] have been considered.

5.1. Lie groups of type T. In 1976, Thurston [47] constructed the first example of
a compact symplectic manifold W with no Kéhler structure. It is well-known [1] that W
is a 4-dimensional nil-manifold and in [37] the author noticed that every left-invariant
almost complex structure on the corresponding nilpotent Lie group has at least one non-
constant local holomorphic function. Motivated by this example he introduced the class
of real Lie groups, called Lie groups of type T, having the above property [38].

A simple algebraic condition for a Lie group to be of type T is given in the following

Theorem 5 ([38]). Let G be a 2n-dimensional Lie group with Lie algebra g and let
a be an ideal of g such that dima <n —1 and

[X,Y] € Span(X,Y)+a, X, Y €g.
Then G s of type T'.

Corollary 6. FEvery 2n-dimensional Lie group G with dim[g, g] <n—1 is of type T.

Note that all 4-dimensional Lie groups of type T have been classified in [38]. In
particular it follows that all of them satisfy the algebraic condition of Theorem 5 but it
is still an open problem if the same is true in higher dimensions.

5.2. Nilpotent Lie groups of type T. Simple algebraic arguments show that for
nilpotent Lie groups of type T the conditions of Theorem 5 and Corollary 6 are equivalent.
This raises the question whether the condition dim[g, g] < n — 1 is also necessary for a
nilpotent Lie group to be of type T.

Recall that a Lie group G is said to be 2-step nilpotent, if its Lie algebra g satisfies
the identity [g, [g, g]] = 0. The next result shows that the answer to the question above
is positive for this class of nilpotent Lie groups.

Theorem 7 ([39]). Let G be a 2-step nilpotent Lie group with real dimension 2n and
Lie algebra g. Then G is of type T if and only if dim[g, g] <n — 1.

Using the well-known classification of nilpotent Lie algebras of real dimensions 4 and
6 (see [15] and [44]) one can show that Theorem 7 is also true for nilpotent Lie groups
in these dimensions. Moreover, it leads to the following classification results [39]:

Theorem 8. A 4-dimensional nilpotent Lie group is of type T if and only if its Lie
algebra is isomorphic to one of the following:

by : Abelian; €5 : [e1, e2] = es.

Theorem 9. A 6-dimensional nilpotent Lie group is of type T if and only if its Lie
algebra is isomorphic to one of the following:

l1 : Abelian; Iy :[er,ea] = e3; [3:[e1,e2] = es5,[e3,e4] = €55

l4: [e1,e2] = e3, [e1,e3] = e4; [5 : [e1,e2] = ey, [e1,e3] = es5;

ls : [e1, ea] = e3,[e1, e3] = e5,[ea, e4] = €55

[7 : [e1, ea] = e3, [e1, e3] = es, [eq, 5] = €6;

ls(€) : [e1,e2] = es, [e1, €3] = e, [e2, €4] = €eg, [e3, e4] = €5, € = 0, £1.

Finally, let us note that in general the condition dimlg, g] < n — 1 is not necessary for
a Lie group to be of type T'. To see this consider the following

Example. Let G be the solvable Lie group whose Lie algebra g has a basis (e, . . ., e2,),
n > 1 such that

g:leean] =€, 1<i<2n—1.
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It has been proved in [38] (see also [44]) that these Lie groups can be characterized by
the property that every left-invariant almost complex structure on G is integrable. In
particular, G is of type T and dim[g,g] =2n—1>n — 1.

Remark. J. Milnor [33] has also considered the Lie groups in the above example (of all
dimensions) and characterized them by the property that every left-invariant Riemannian
metric has sectional curvature of constant sign.

6. Partial integrability on twistor spaces. In this section we discuss the problem
for local and global existence of holomorphic functions on the twistor spaces of oriented
4-manifolds endowed with a Riemannian or a neutral metric.

6.1. Twistor spaces of oriented Riemannian 4-manifolds. Let M be an oriented
4-manifold with a Riemannian metric g. Then g induces an inner product on the bundle
A? of tangent bi-vectors by

<X/\Y,Z/\T>: [g(XaZ)g(YaT)7g(XaT)g(YaZ)]'

1
2
The Hodge star operator * : A? — A? is an involution and we denote by AL its
eigenbundles corresponding to the eigenvalues +1. Let R : A2 — A? be the curvature
operator of (M, g). It is related to the curvature tensor R by
JRXAY),ZANT)=g(R(X,Y)Z,T); X, Y,Z,TecTM.
The curvature operator R admits an SO(4)-irreducible decomposition
R = %I+B+w++w,
where 7 is the scalar curvature, B represents the traceless Ricci tensor, W = W, + W_

1
corresponds to the Weyl conformal tensor, and Wi = §(W + *xW). The metric g is
Einstein exactly when B = 0 and is conformally flat when W = 0. It is said to be
self-dual, resp. anti-self-dual, if W_ = 0, resp. W4 =0 [3].

The twistor space Z of (M, g) is the 2-sphere bundle on M consisting of all unit
bivectors in A_. It can be identified with the space of all complex structures on the
tangent spaces of M compatible with the metric g and the opposite orientation of M.

The Levi-Civita connection of g gives rise to a splitting TZ = H & V of the tangent
bundle of Z into horizontal and vertical components. Following [2] and [12] define two
almost complex structures [J; and J> on Z by

TV =(=1)"cxV, VeV,

77*(«77114) = JO’(TF*A)) Ae HU;
where x is the usual vector product in the oriented 3-dimensional vector space (A_),
and J, is the complex structure on T, M, p € 7(0), defined by o. Recall [2, 12] that the
almost complex structure /7 is integrable if and only if the metric g is self-dual, whereas
J- is never integrable. The next theorem generalizes these results.
Theorem 10 ([8]). Let Z be the twistor space of an oriented Riemannian 4-manifold
(M,g). Then
Z = Fo(J1) UF3() = Fo(To) U Fi(Ja).
Moreover
F3(Jh) =7 tInt{pe M : W-), =0}),
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Fi(Jo) =7 "(Int{pe M : R, = (Wy),}).

Examples. i) It is well-known that the manifolds S*, 5! x % and CP? with their
standard metrics are self-dual and with nowhere vanishing Ricci tensor. Hence in these
cases the almost complex structure J; is integrable, whereas [J> has no local holomorphic
functions except constants.

ii) The equality F1(J2) = £ means that around each point of Z there exists a non-
constant Jo-holomorphic function. By Theorem 11 this is equivalent to (M, g) being a
self-dual and Ricci flat manifold. In this case A_ is a flat vector bundle and the projection
on the fibre is J2-holomorphic. Note that by a result of Hitchin [22] the universal covering
of any compact oriented self-dual Ricci flat manifold is either a K3-surface, or M is flat.

Hitchin [23] has proved that when the almost complex structure 7y is integrable (i.e.
(M, g) is self-dual) there are no non-constant global holomorphic functions on Z. A simple
reasoning yields the following slightly more general result:

Theorem 11 ([9]). Let M be a connected oriented Riemannian 4-manifold. Then
every holomorphic function on the almost complex manifold (£, J,),n = 1,2, is constant.

6.2. Hyperbolic twistor spaces. A pseudo-Riemannian metric on a smooth 4-
manifold M is called neutral if it has signature (4, 4+, —, —). In contrast to the Riemannian
case the existence of such metrics on compact manifolds imposes topological restrictions
since it is equivalent to the existence of a field of 2-planes [30].

One can construct a twistor space of an oriented 4-manifold M with a neutral metric
g as in the Riemannian case [4]. This time the fiber of the twistor bundle 7 : Z — M is
the two-sheeted hyperboloid

H={(y1,y2,93) € R®: —yf + 95 + 43 =1}
and we can think of the y; > 0 branch as one of the standard models of the hyperbolic
plane. Further, we consider the hyperboloid H with the complex structure .S determined
by the restriction to H of the metric —dy? + dy3 + dy3.

As in the Riemannian case one can define two almost complex structures J; and Jo
on Z and it has been shown in [4] that Theorem 11 holds for the hyperbolic twistor
spaces as well. However, if we consider the problem for global existence of holomorphic
functions, then there is a considerable difference between the hyperbolic and classical
twistor spaces.

Given a neutral almost hyperhermitian 4-manifold (M, g, Ji, J2,J3), denote by = :
Z — M its hyperbolic twistor bundle. Then the 2-vectors corresponding to Ji, Ja, J3
form a global frame of A_ and we have a natural projection p : Z — H defined by
p(0) = (y1,Y2,y3), where J, = y1Ji(x) + yaJa(x) + y3J3(x), © = 7(0). Thus Z is
diffeomorphic to M x H by the map ¢ — (7(0),p(0)) and it is obvious that p maps any
fibre of Z biholomorphically on H with respect to J; and S.

Theorem 12 ([4]). Let M be a neutral almost hyperhermitian 4-manifold and Z
its hyperbolic twistor space. Then the natural projection p : Z — H is Jy-holomorphic
(resp. Jo-anti-holomorphic) if and only if M is neutral hyperhermitian (resp. neutral
hyperkéhler).

Furthermore we have the following result in the compact case.

Theorem 13 ([4]). Let M be a compact neutral hyperhermitian manifold with hyperbolic
twistor space Z and let p : Z — H be the natural projection. Then any J1-holomorphic
function f on Z has the form f = gop, where g is a holomorphic function on H. If M is
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neutral hyperkdhler, any Ja2-holomorphic function f on Z has the form f = gop, where
g is an anti-holomorphic function on H.

We show now that in the non-compact case the situation changes drastically. To see
this consider the following neutral metrics on R* introduced by J. Petean in [43]:

g = f(dr1 ® dv1 + dze ® drg) + dv1 @ dv3z + dvz ® dry + drvy ® dovy + drvy ® ds,

where (1,2, 23,24) are the standard coordinates on R* and f is a smooth positive
function depending on z; and z2 only. According to [10] the metrics g are neutral
hyperkéhler, i.e. self-dual and Ricci-flat. Hence, the almost complex structure [J; on
the hyperbolic twistor space Z of (R4, g) is integrable. Moreover, we have the following
result [4], which shows that there can be an abundance of global holomorphic functions
on a hyperbolic twistor space.

Theorem 14. The hyperbolic twistor space (Z,71) of (R, g) is biholomorphic to
C*x H.

This result suggests the following problem: Characterize the non-compact neutral
hyperkdhler 4-manifolds whose hyperbolic twistor spaces (Z,J1) are Stein manifolds.
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HYACTNYHA MHTETPYEMOCT HA ITOYTN KOMIIJIEKCHU
CTPYKTVYPU

Outer Mymikapos

B 0630pa ce npaBu Iperjies Ha HAKOS CTAPH U HOBH PE3YJITATH 34 JIOKAJIHO U IJIO-
6ajIHO ChIIECTBYBaHe Ha XOJIOMOPGMHHU (DYHKIUM BbPXY MOYTH KOMIIJIEKCHU MHOIO-
obpazust. Pasriieiann ca coenunre temn: CblnecTByBaHe Ha XOJIOMOPMHU QyHKIUN
u I J-pa3cioennsi, XunepnoBbpXHUHU B R’, [Ipubnusurenno KesrepoBu MuHOroo6pa-
3ns1, XOMOT€HHH! HOYTH KOMILIEKCHU IIPOCTPAHCTBA, JacTHYHA MHTEIPYEMOCT BbPXY
TYHCTOPHU [IPOCTPAHCTBA..
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