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ON THE GEOMETRY OF THE PONTRYAGIN MAXIMUM
PRINCIPLE IN INFINITE DIMENSIONAL SPACES"

Mikhail I. Krastanov, Nadezhda K. Ribarska

Two new concepts of uniform approximating cones are discussed. The main result
is a theorem for nonseparability of two closed sets. As application of this result, an
abstract Lagrange multiplier rule and a necessary optimality condition of Pontryagin
maximum principle type for an optimal control problem in infinite-dimensional state
space are obtained.

1. Introduction. Since the Pontryagin maximum principle was discovered, various
versions of this result have been established under different technical assumptions and
with different proofs. In a series of papers (cf., for example, the bibliography of [14]),
the corresponding proofs are based on separation theorems for sets, which assert that a
necessary condition for two sets A, B containing a point x( to be locally separated at x(
(in the sense that there exists a neighborhood € of x¢ so that QN AN B = {x0}) is that
C#4 and CP are not strongly transversal ( the cones C#4 and CP are strongly transversal
iff 04 —CP = R™ and C*NCP # {0}, cf. Definition 3.2 from [14]), where C* and C7 are
“tangent cones” to A and B, respectively, at the point xy. These separation theorems are
true if “tangent cones” are interpreted to mean “Boltyanskii approximating cones” and also
if they are taken to mean “Clarke tangent cones”. A. Bressan has constructed an example
(cf. [1]) of two four-dimensional separated sets A and B at xo, where (surprisingly) the
approximating cones C* and CP are strongly transversal (C’A and CP approximate
the sets A and B in the Boltyanskii, respectively, in the Clarke sense at xp). In the
infinite dimensional setting the things become even worse: there exist convex sets A
and B that are locally separated at a common point xy such that the corresponding
approximating tangent cones C and CP of the sets A and B, respectively, at xo are
strongly transversal. Indeed, let A be the canonical example of a Hilbert cube: a closed
convex bounded set with empty interior whose closed affine hull is the whole space ( set
A:={(z,) €la: |zy| <1/n} Cly) and let B be a ray whose intersection with A is the
origin, for example take B = {\y : A > 0}, where y = (1/n%/4)%%_,). Then the Clarke
tangent cone C4 to A at the origin is I3, the Clarke tangent cone CP to B at the origin
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coincides with B, and thus C4 and C® are strongly transversal, while the sets A and
B are locally separated. This motivates the search for a smaller approximating cone
than the Clarke one such that the strong transversality of two approximating cones at a
common point of two sets implies local nonseparation of these sets.

The organization of this paper is as follows: In section 2 we introduce and discuss two
definitions of uniform approximating cones. Moreover, a nonseparation result is proved in
Theorem 2.6. In Section 3 we use this theorem to obtain an abstract Lagrange multipliers
rule and a necessary optimality condition of Pontryagin maximum principle type for an
optimal control problem in infinite-dimensional state space.

2. A non-separation property. One of the starting points of our study is the paper
[2], where (among others) it is proved that if Z belongs to a closed set S and the Bouligand
tangent cone Ts(x) at each point x of the intersection of a small neighborhood of z and
S covers a ball with fixed positive radius, then & belongs to the interior of S. In [5] the
concept of uniform Clarke tangent cone to a set is introduced and a corresponding non
separation result is proved (cf. Definition 3.6 and Corollary 3.8). These results as well as
Examples 2.5 and 4.11 in [5] motivate the importance of “uniformity of approximation”
with respect to all elements of the tangent cone. Definition 2.3 given below extends
Definition 3.6 in [5] and explains what we mean by “uniformity of the approximation”.

Throughout this section X is a Banach space, B (B) is its open (closed) unit ball
centered at the origin.

Definition 2.1. Let S be a closed subset of X and xg belong to S. We say that the
bounded set D is an uniform tangent set to S at the point xq if for each € > 0 there
exists § > 0 such that for each v € D and for each point x € S N (xg + 6B) there evists
A > 0 such that for each t € [0, \] the set SN (z +t(v+ eB)) is non empty.

Definition 2.2. Let S be a closed subset of X and xg belong to S. We say that the
bounded set D is a sequence uniform tangent set to S at the point xq if for each € > 0
there exists § > 0 such that for each v € D and for each point x € S N (zg + 6B) there
exists a sequence of positive reals t,, — 0 such that for each positive integer m the set
SN (z + tm(v+eB)) is non empty.

Definition 2.3. Let S be a closed subset of X and xg belong to S. We say that the
cone C is an uniform tangent cone to S at the point xo if C N B is an uniform tangent
set to S at the point xo. We say that the cone C is a sequence uniform tangent cone to
S at the point xo if C N B is a sequence uniform tangent set to S at the point xg.

Remark 2.4. It is remarkable that in a finite-dimensional space X the two notions
introduced in Definition 2.3 coincide. Moreover, the usual Clarke tangent cone is a
(sequence) uniform cone (cf. Theorem 1 of [12] and Theorem 6.26 on page 217 of [13]).

The next Lemma shows some of the properties of the uniform tangent sets:

Lemma 2.5. The closed hull of an uniform tangent set D to S at xg is an uniform
tangent set to S at xg. Moreover, the convex hull of an uniform tangent set D is an
uniform tangent set to S at xg. Also, the closed hull of a sequence uniform tangent set
D to S at zq is a sequence uniform tangent set to S at xg.

The next theorem is the main result in this note. It is based on the same ideas used
in the proof of Theorem 3.3 and Corollary 3.8 in [5]. One of its advantages is that one of
the sets is no longer assumed to be convex.
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Theorem 2.6. Let A and B be closed subsets of X with xo € AN B. Let C* be
an uniform tangent cone to the set A at the point xo and CP be a sequence uniform
tangent cone to the set B at the point xg, such that the following conditions hold true:

(A1) There exist M > 1 and ¢ € (0,1/(9 + 8M)) such that the set (C*N MB) —
(CP N MB) is e-dense in the unit sphere {w € X : ||w| = 1}, that is for every
v € X with |v]| = 1 there exist vy € C* N MB and v, € CP N MB such that
o= (01 —wva2)|| <e;

(A2) there exists vy with unit norm which is e-close to C* and to CB (that is, there are
o € C and of € CP of norm one such that |53 — vol| < & and |58 — vol < ).

Then for each positive integer n there exists T # xy that belongs to the set AN B and
|z — o] <1/n.

The next corollary is a well-known result (cf. Proposition 4.2 of [14]), but it is not
easy to find a simple self-contained proof in the literature:

Corollary 2.7. Let X be a finite-dimensional vector space, A and B be closed subsets
of X with xg € AN B. Let C* and CP be the Clarke tangent cones to A and B,
respectively, at zg. Let C* —CP = X and CANCP # {0} (i.e. the cones C* and CP are
strongly transversal). Then for each positive integer n there exists T # xo which belongs
to the set AN B and |T — zo|| < 1/n (i.e. the sets A and B are not locally separated at
l‘o),

3. Applications. We apply the main result (Theorem 2.6) from the previous section
to obtain an abstract Lagrange multiplier rule and a Pontryagin maximum principle for
an infinite-dimensional optimal control problem.

Let Y be a Banach space. We consider further Y x R equipped with the uniform norm
| (y, )| := max{||y]|,|r|}. Throughout this section we denote by B and by B the closed
unit balls in Y and in Y X R, respectively.

The next definition is well known (cf. [10]):

Definition 3.1. A mapping ¢ : Y — R is said to be strictly Fréchet differentiable at
§ €Y if there exists a continuous linear operator ¢’ () : Y — R such that for any ¢ > 0
there exists § > 0 so that

lo(y) — () — &'y — )| <elly — 2]
whenever ||y —y|| <& and ||z — || < 4.

First we prove three lemmas we need further:

Lemma 3.2. Let A be a closed subset of Y,y € A, ¢ :' Y — R be strictly Fréchet
differentiable at §, C* be a closed cone in Y, A == {(y,0(y)) : y € A} and C* =
{(v,¢'(G)v) : veCA}. Then C* is a (sequence) uniform tangent cone to A at g iff cA
is a (sequence) uniform tangent cone to A at (g, (7)).

Lemma 3.3. Let j € Y and ¢(y) := ||y — g||* for each y € Y. Then o is strictly
Fréchet differentiable at § with zero derivative.

Proof. It is straightforward. [

Lemma 3.4. Let A be a closed subset of Y, j € A and A 1= A X (—o0,7| for 7 € R.
Then C# is a (sequence) uniform tangent cone to A at y iff cA.=cA
(sequence) uniform tangent cone to A at (g, 7).
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Lemma 3.5. Let A := A x (—o0, 7], where ro € R and A is a closed subset of Y.
Let B be a closed subset of Y x R with (xo,70) € AN B. Let C* be an uniform tangent
cone (a sequence uniform tangent cone) to the set A at the point (wo,70) and CP be

a sequence uniform tangent cone (an uniform tangent cone) to the set B at the point
(xo,70). If there exist M > 1 and epr > 0 such that

D= (cfn MB) - (cPn MB)
is err-dense in the unit sphere X in'Y x R centered at the origin, then there exists
wo € Y X R with unit norm which is 2 pr-close to C4 and to CP.
Lemma 3.6. Let A and B be closed subsets of the Banach space X and let xo € ANB.
Let C be an uniform tangent cone or a convex sequence uniform tangent cone to A at
the point zo and C® be a convex sequence uniform tangent cone or an uniform tangent

cone to the set B at the point xo. Let pB C @D for some p € (0,1), where B is the
closed unit ball of X and

D= (CAm B)—(CBm B).
Then there exist M > 1, an uniform tangent cone or a conver sequence uniform tangent
cone QA to A at xo and an uniform tangent cone or a convexr sequence uniform tangent
cone CB to B at xoy such that the set
Di=(¢4n MB) - (CPn MB)
1s ep-dense in the unit sphere ¥ of X centered at the origin, where ep; =
1

3(9+8M)°

We are going to use a concept introduced in [4]:

Definition 3.7. Let Y be a Banach space and S be a subset of Y. The set S is said
to be quasisolid if its closed conver hull €6 S has nonempty interior in its closed affine

hull, i.e. if there exists a point yy € T S such that ©o {S — yo} has nonempty interior in
span (S — yo) (the closed subspace spanned by S — yo ).

Let us consider the following optimization problem

(1) ©(G(z)) — min
subject to:
(2) G(z) e S.

Here X is a complete metric space, Y is a Banach space, S is a closed subset of Y,
G:X — Y and ¢ : Y — R are maps. We consider again the Banach space Y x R
equipped with the uniform norm ||(y,7)| := max{||y|, ||}

_ Theorem 3.8. Let T be the solution of the problem (1)~(2). We set §j = G(Z),
S:=8 X (—o0, (7)) and

R :={(G(2), p(G(2)) + |G(x) = g|*): v€ X} CY xR.
Let C° be an uniform tangent cone to S at the point j := (7, o(5)) and C be an uniform
tangent cone to the set R at the point y. We assume that the set

(Cé N B) - (C7€ N B) )



is quasisolid, where B is the closed unit ball in Y x R. Then there exists a nontrivial pair
(&,n) € Y* X R such that

(1) (&) # (0,0);
(i) n €{0,1};
)

(7it1) & belongs to the polar cone of the cone C%;

(iv) —(&,7n) belongs to the polar cone of the cone cR

Remark 3.9. The assertion of Theorem 3.8 remains true if one of the approximating
cones is a convex sequence uniform tangent cone. The same remark applies also to
Corollary 3.10, Theorem 3.12 and Corollary 3.13.

Corollary 3.10. Let T be a solution of the problem (1)—(2) and let ¢ be strictly
differentiable at §. Let C° be an uniform tangent cone to S at the point § with § = G(z)
and C® be an uniform tangent cone to the set R := {G(z) : x= € X} at the point .
Setting CR = {(v,¢'(G)v) : v e CRY} and S = {(v,r): veC% r <0}, we assume
that the set

(Csm B) —~ (CRm B)
is quasisolid. Then there exist a nontrivial pair (§,1) € Y* X R such that
() (&m) # (0,0);
(i) n €{0,1};

)
)

(7it) & belongs to the polar cone of the cone cd:
v)

(i

—& — 0y’ (y) belongs to the polar cone of the cone c*.

Remark 3.11. Another starting point of the present study were the papers [8] and
[9]. Theorem 3.8 is very similar to the abstract result (Theorem 6) in [8]. Unfortunately,
the proof of the latter result contains a lacuna. In fact, the problem is that uniformity
with respect to the direction is not assumed in Definition 2(c) of [8]. Indeed, the example
in the introduction provides a counter example to the multiplier rule in Theorem 6: We
take W to be the Hilbert cube {(z,)00, € la 1 |z < 1/n} Cls, @ :={Ay: X € R}
with y = (1/n%*)22,, S : Iy — I to be the the identity map and J : Iy — R to be

n=1>
defined as follows: J(x1,22,...) := 1. Then the solution of the optimization problem
min J(z) is 0 because the origin of I3 is the only point belonging to the intersection
S(z)eQ, rew

of W and Q. The gradient of J coincides with J itself (because of the linearity of J).
On the other hand-side, every element of the Clarke tangent cone to the set W at the
origin is a sequential strict derivative of S at the same point (because S is the identity
map). Since the Clarke tangent cone to the set W at the origin is the whole space I,
it is easy to check that (J(z),z) is a sequential strict derivative of (J,.S) at the origin
for each z € ly. Then Theorem 6 of [8] would yield the existence of a non trivial pair
(¥°,7)) € R x I so that

YO J(2) + (1, z) > 0 for each z € Iy and (1, n) <0 for each n € Q.
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The first inequality yields (v, 2) = —¢°J(2) on Iy and " # 0. This and the second
inequality (in fact it is an equality) gives 0 = (¢, y) = —9°J(y) # 0, a contradiction.

Nevertheless, we think that the statement of the problem in [8] and [9] is very
interesting and could be used successfully in the future.

Let us consider the following optimal control problem
(3) o(x(T)) = min
subject to the semilinear dynamics:

() = Ax(t) + f(t,z(t),u(t)) a.e. in [0,T],
(4) z(0)= zo€Y, z(T)eS
u() € U:={u(-):[0,T] = U | u(-) is strongly measurable}.
Here Y is a Banach space, U is a separable complete metric space, the linear operator
A is the infinitesimal generator of a strongly continuous semigroup {S(¢) | ¢ > 0}. The
function f : [0,T] x Y x U — Y is strongly measurable for any fixed (z,u) € Y x U,
the function f is Fréchet differentiable in x for any fixed (¢,u), the function ¢ is strictly
Fréchet differentiable, the functions f(t,-,-) and f.(t,-,-) are jointly continuous, f2(t,-,u)
is a locally uniformly continuous function uniformly with respect to w € U and t € [0, T].
Moreover, there is M > 0 such that
Ifo(tz,u)| < M and [|f(2,0,u)] < M
for each (t,z,u) € [0,T] xY x U.
It is standard to consider the set & endowed with the metric
dist (u1(+), u2(+)) := meas {t € [0,T] : ui(t) # ua(t)}.
It turns out that (I, dist) is a complete metric space (cf. Lemma 7.2 in [3]).

Let B denote the unit ball in ¥ x R centered at the origin and G(u) denote the mild
solution of the control system (4) corresponding to the control u € U at the moment
t =T. Let us fix u € Y and set & := G(u).

In the formulation of the next theorem we use a class of popular control variations,
namely the so called diffuse variations, introduced to our knowledge by Xunjing Li and
his co-workers in the early 1980’s (cf., for example [6]). It is proved in [4] that the set
of all diffuse variations is an uniform tangent set to the reachable set. It is important to
note that the cone generated by the set of all diffuse variations is not obliged to be an
uniform tangent cone to the reachable set (cf. Example 2.5 from [5]).

Theorem 3.12. Let us fix aw € U. Let C° be an uniform cone tangent to the target
set S at the point Z and C™ be an uniform cone tangent to the reachable set R := {G(u) :
u € U} at the point . We set

R = {(v,¢'(Z)v) : veCR} and CS = {(v,r): v€C% r<0}.
(i) If there exists p > 0 such that the set
co((C’ﬁﬁ B) — (Cg N B))
is dense in pB, then @ is not optimal;

(i4) If the cone co (C’7€ — C’§> is not dense in' Y x R and C™ contains all diffuse
variations at u, then the following necessary condition of Pontryagin mazimum
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principle type holds true: there exist a nontrivial (1(-),%°) € Cu-([0,T],Y*) x
(—00,0] such that

B(t) = S(t — TY(T) + / S(t - 5) (f4(5, 3(s), u(s))" $(s) ds,

H(t,z(t),u(t),v(t)) = Iglea&(H(t,fc(t),u,w(t)) a.e. in [0,T],

(W(T) +°' (Z(T)),v) > 0 for each v € C°
and
((T),v) <0 for each v € CT,

where

H(t’ y? u’ 1/}) = <1Z)7 f(t’ y? u)> °

Corollary 3.13. Let @ € U be a solution of the optimal control problem (3)-(4) and
let z = G(u). Let C® be an uniform cone tangent to the target set S at the point T and
C™ be an uniform cone tangent to the reachable set R := {G(u) : u € U} at the point
z. We set

CR = {(v,¢'(Z)v) : veCR} and C° = {(v,r): veCS, r<O}
If the set
(Cﬁm B) - (Cgm B)
is quasisolid and C™ contains the set of all diffuse variations at @, then the following

necessary condition of Pontryagin mazimum principle type holds true: there exist a
nontrivial (¢(-),4°) € Cyu=([0,T],Y*) x (—00,0] such that

T
P(t) = St = T)y(T) + /t S(t = s) (f1(s,2(s), u(s)))" ¥(s) ds,

H(t, 2(t), u(t), ¥ (1)) = max H(t, 2(t), u, () a.e. in [0,T],
(W(T) + 4 ¢ (@(T)),v) > 0 for each v € C°
and
((T),v) <0 for each v € CF,
where

H(t, Y, u, ¢) = (1#7 f(ta Y, u)) :
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BBPXY T’EOMETPUATA HA ITPUHIINIIA HA MAKCVUMYM HA
IIOHTPATI'MH B BESKPATHOMEPHU ITPOCTPAHCTBA

Muxana Kpbcranos, Hanexxaa Pubapcka

O6CbKIAT Ce JiBe HOBU IOHATHS 33 AIPOKCHUMAIUsl HA MHOXKECTBA Upe3 PABHO-
MepHH KoHycH.OCHOBHUSAT PE3yJITAT € TeopeMa 3a HEOT/EJIMMOCT Ha JIBE 3aTBOPEHH
MHOXKecTBa. KaTo npusozkenne Ha TO3U PE3YJITAT Ca MOy Y€HN TPABUIOTO HA MHOXKH-
TeauTe Ha Jlarpamxk um HEOOXOAMMO YCIOBHE 33 ONTUMAJIHOCT OT THUIIA HA IIPUHITAIIA
Ha MakcuMyMa Ha IloHTpsarnH B 6e3KpaitHOMEpHH IIPOCTPAHCTBA.
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