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ROTATIONAL SURFACES WITH CONSTANT MEAN
CURVATURE IN PSEUDO-EUCLIDEAN 4-SPACE WITH
NEUTRAL METRIC®

Yana Aleksieva, Velichka Milousheva

We give the classification of constant mean curvature rotational surfaces of elliptic,
hyperbolic, and parabolic type in the four-dimensional pseudo-Euclidean space with
neutral metric.

1. Introduction. In the Minkowski 4-space E} there exist three types of rotational
surfaces with two-dimensional axis — rotational surfaces of elliptic, hyperbolic or parabolic
type, known also as surfaces invariant under spacelike rotations, hyperbolic rotations or
screw rotations, respectively. A rotational surface of elliptic type is an orbit of a regular
curve under the action of the orthogonal transformations of E] which leave a timelike
plane point-wise fixed. Similarly, a rotational surface of hyperbolic type is an orbit of a
regular curve under the action of the orthogonal transformations of Ef which leave a
spacelike plane point-wise fixed. A rotational surface of parabolic type is an orbit of a
regular curve under the action of the orthogonal transformations of IE‘l1 which leave a
degenerate plane point-wise fixed.

The marginally trapped surfaces in Minkowski 4-space which are invariant under
spacelike rotations (rotational surfaces of elliptic type) were classified by S. Haesen and M.
Ortega in [6]. The classification of marginally trapped surfaces in IE‘l1 which are invariant
under boost transformations (rotational surfaces of hyperbolic type) was obtained in [5]
and the classification of marginally trapped surfaces which are invariant under screw
rotations (rotational surfaces of parabolic type) is given in [7].

Motivated by the classification results of S. Haesen and M. Ortega about marginally
trapped rotational surfaces in the Minkowski space, in [4] G. Ganchev and the second
author considered three types of rotational surfaces in the four-dimensional pseudo-
Euclidean space Eé, namely rotational surfaces of elliptic, hyperbolic, and parabolic type,
which are analogous to the three types of rotational surfaces in E]. They classified all
quasi-minimal rotational surfaces of elliptic, hyperbolic, and parabolic type.

Constant mean curvature surfaces in arbitrary spacetime are important objects for
the special role they play in the theory of general relativity. The study of constant mean
curvature surfaces (CMC surfaces) involves not only geometric methods but also PDE
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and complex analysis, that is why the theory of CMC surfaces is of great interest not only
for mathematicians but also for physicists and engineers. Surfaces with constant mean
curvature in Minkowski space have been studied intensively in the last years. See for
example [1, 2, 10, 11, 12]. Classification results for rotational surfaces in three-dimensional
space forms satisfying some classical extra conditions have also been obtained. For
example, a classification of all timelike and spacelike hyperbolic rotational surfaces with
non-zero constant mean curvature in the three-dimensional de Sitter space S is given
in [8] and a classification of the spacelike and timelike Weingarten rotational surfaces of
the three types in S? is found in [9]. Chen spacelike rotational surfaces of hyperbolic or
elliptic type are described in [3].

In the present paper we study Lorentz rotational surfaces of elliptic, hyperbolic, and
parabolic type and give the classification of all such surfaces with non-zero constant mean
curvature in Ej.

2. Preliminaries. Let Eg be the pseudo-Euclidean 4-space endowed with the canoni-
cal pseudo-Euclidean metric of index 2 given by gg = d:c? + d:c% — d:c§ — d:ci, where
(1,2, 23,24) is a rectangular coordinate system of E3. As usual, we denote by (,) the
indefinite inner scalar product with respect to go. A non-zero vector v is called spacelike
(respectively, timelike) if (v,v) > 0 (respectively, (v,v) < 0). A vector v is called lightlike
if it is nonzero and satisfies (v, v) = 0.

A surface M? in Ej is called Lorentz if the induced metric g on M7 is Lorentzian, i.e.
at each point p € M7 we have the following decomposition E3 = T, M7 & N, M7 with the
property that the restriction of the metric onto the tangent space Tpr is of signature
(1,1), and the restriction of the metric onto the normal space N, M7 is of signature (1, 1).

Denote by V and V' the Levi Civita connections of M12 and Eg, respectively. Let x
and y denote vector fields tangent to M12 and £ be a normal vector field. The formulas
of Gauss and Weingarten are given respectively by

Viy = Vey+o(z,y);
V;f = —Acx + D&,

where ¢ is the second fundamental form, D is the normal connection, and A¢ is the shape
operator with respect to £. In general, A¢ is not diagonalizable.

1
The mean curvature vector field H of the surface M7 is defined as H = 3 tro. A

surface M12 is called minimal if its mean curvature vector vanishes identically, i.e. H = 0.
A surface M} is quasi-minimal if its mean curvature vector is lightlike at each point,
ie. H # 0 and (H, H) = 0. In this paper we consider Lorentz surfaces in E3 for which
(H,H) = const # 0.

3. Lorentz rotational surfaces with constant mean curvature in Eg. Let
Oe;egesey be a fixed orthonormal coordinate system in the pseudo-Euclidean space E3
such that (e1,e1) = (e2,e2) = 1, (e3,e3) = (eq,e4) = —1. Lorentz rotational surfaces of
elliptic, hyperbolic, and parabolic type are defined in [4]. Here we shall present shortly
the construction.

First we consider rotational surfaces of elliptic type. Let ¢ : 2 = Z(u), u € J be a
smooth spacelike curve lying in the three-dimensional subspace IE? = span{eq, ez, e3}
and parameterized by z(u) = (z1(u), z2(u),r(u),0); u € J. Without loss of generality
we assume that ¢ is parameterized by the arc-length, i.e. (z})? + (z5)® — (+')* = 1, and
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r(u) >0, ueJ.

Let M’ be the surface in Ej defined by
(1) M 2(u,v) = (21 (w), 22(u), 7(u) cosv, r(u) sinv);  u e J, v € [0;2m).
The surface M’, defined by (1), is a Lorentz surface in E3, obtained by the rotation of
the spacelike curve ¢ about the two-dimensional Euclidean plane Oejes. It is called a
rotational surface of elliptic type.

One can also obtain a rotational surface of elliptic type in Eé using rotation of a
timelike curve about the two-dimensional plane Oegey (see [4]).

Next, we consider rotational surfaces of hyperbolic type. Let ¢ : Z = Z(u), u € J be a
smooth spacelike curve, lying in the three-dimensional subspace Ei’ = span{ej, ea,e4} of
E5 and parameterized by Z(u) = (7(u), 72(u), 0, 24(u)) ; u € J. Without loss of generality
we assume that c is parameterized by the arc-length, i.e. ()% + (5)% — (z})* = 1, and
r(u) >0, u e J.

Let M” be the surface in Ej defined by
(2) M 2(u,v) = (r(u) coshv, zo(u), r(u) sinhv, 24 (u)); u € J, v €R.

The surface M”, defined by (2), is a Lorentz surface in Ej, obtained by hyperbolic
rotation of the spacelike curve ¢ about the two-dimensional Lorentz plane Oesey. M is
called a rotational surface of hyperbolic type.

Similarly, one can obtain a rotational surface of hyperbolic type using hyperbolic
rotation of a timelike curve lying in span{es, es, e4} about the two-dimensional Lorentz
plane Oesey. Rotational surfaces of hyperbolic type can also be obtained by hyperbolic
rotations of spacelike or timelike curves about the two-dimensional Lorentz planes Oe;eg,
Oeqeq and Oeges.

Now, we shall consider rotational surfaces of parabolic type in Eg. For convenience,
in the parabolic case we use the pseudo-orthonormal base {ey, eq, &1, &2} of E%, such that

es t+e —e2 te
§1= ==, &= — 55— Note that (61,61) = 0; (€:&2) = 0; (€1,62) = —L.

Let ¢ be a spacelike curve lying in the subspace E¥ = span{e;,es, e3} of Ej and
parameterized by z(u) = z1(u) e1 + x2(u) ez + z3(u) e3; u € J, or equivalently,

2(u) + z3(u) €+ —x2(u) + x3(u)

V2 V2

2l o), ) = =22 en ) = () e+ £+
g(u) &. Without loss of generality we assume that c¢ is parameterized by the arc-length,
ie. (z])? + (z5)? — (2%)* = 1, or equivalently (z})* —2f'¢' = 1.

A rotational surface of parabolic type is defined in the following way:
(3) M 2(u,v) = 21 (u) e+ f(u) & 4+ (v f (u)+g(u) Ea+V2 0 f(u) eq; u € J, v ER.
The rotational axis is the two-dimensional plane spanned by e; (a spacelike vector field)
and &; (a lightlike vector field).

Similarly, one can obtain a rotational surface of parabolic type using a timelike curve
lying in the subspace span{es, es, es} (see [4]).

In what follows, we find all CMC Lorentz rotational surfaces of elliptic, hyperbolic,
and parabolic type.

E(u):xl(u)el—i-x &3 uwed

Denote f(u) =
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3.1. Constant mean curvature rotational surfaces of elliptic type. Let us
consider the surface M’ in E3, defined by (1). The tangent space of M’ is spanned by

the vector fields z, = (z}, x5, 7" cosv,r'sinv); z, = (0,0, —rsinv,rcosv). Hence, the
coefficients of the first fundamental form of M’ are E = (24,2,) = 1; F = (24, 20) =
0; G = (2y, 2y) = —72(u). Since the generating curve c is a spacelike curve parameterized

by the arc-length, i.e. (2))% 4 (z5)% — (+')? = 1, then (2})? + (25)® = 1 + (+')* and

xha] + zhall = r'r”. We consider the orthonormal tangent frame field X = z,; ¥ = =,

r
and the normal frame field {ni,n2}, defined by

ny = ; (71‘/271‘,1; 07 0),
@) VI

ng = ——— (2, 'z, (1 4+ (')?) cosv, (1 + (')?) sinv).
2 = s (20 (L4 7)) cosv, (14 (7)) sin)
Note that (X, X) = 1; (X,Y) = 0; (Y,Y) = -1 (n1,m1) = 1; (n1,n2) = 0; (n2,n2) =
—1.

Calculating the second partial derivatives of z(u, v) and the components of the second
fundamental form, we obtain the formulas:

!l /i 1
o(X, X) = e Bl S ny + _ na,
1+ (r)? 14 (r)?
o(X,Y) =0,
1 /\2
o(Y,Y) = ,&nb
r

which imply that the normal mean curvature vector field H of M’ is expressed as follows
1

5 H=—— (r(zhal — 2zt ny + (r” + (') + 1) ny) .

() o 1—1—(7“’)2((12 12)1 ( () )2)

P2 (ahaf — alwh)? — (rr" + ()2 + 1)?
4r2(1 + (r)?)

interested in rotational surfaces with non-zero constant mean curvature. So, we assume

that r2(z)azy — af2b)? — (r” + ()2 +1)% £ 0.

It follows from (4) that

Hence, (H,H) = . In the present paper we are

xhall —allx r
Ving = —= 12+ (Ti); 15 ()2 (22l — 2 2h) na,
Iynl - 0)
(6) ! _ rll rl VA4 n !
V'yna e X + T )2 (xhzg — xfxs) ny,
1+ (r)?
Ving = "

If 2hal) — afah, =0, 77" + (+')% + 1 # 0, then from (6) we get V'yn; = Vin, = 0,
which imply that the normal vector field n; is constant. Hence, the surface M’ lies in
the hyperplane E3 = span{X,Y, ns}.

So, further we consider rotational surfaces of elliptic type satisfying x x5 — z{z5 # 0
in an open interval I C J.
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In the next theorem we give a local description of all constant mean curvature
rotational surfaces of elliptic type.

Theorem 3.1. Given a smooth positive function r(u) : I C R — R, define the
functions

B V" + ()2 +1)2 £ 4C?%2(1 + (1')2) B B
o(u) = 77/ mEE du, n==+1, C =const#0

and

z1(u) = /\/1 + (r")? cos p(u) du,
zo(u) = /\/1 + (r)? sin ¢(u) du.

Then the spacelike curve ¢ : zZ(u) = (z1(u),z2(u),r(u),0) is a generating curve of a
constant mean curvature rotational surface of elliptic type.

Conversely, any constant mean curvature rotational surface of elliptic type is locally
constructed as above.
Proof: Let M’ be a general rotational surface of elliptic type generated by a spacelike
curve ¢: z(u) = (z1(u), z2(u),r(u),0); u € J. We assume that c is parameterized by the
arc-length and 2z} — 2z}, # 0 for u € I C J. Using (5) we get that M’ is of constant
mean curvature if and only if
¢ e = afah)? (7 £ ()4 1)

4r2(1 + (r")?)

Since the curve ¢ is parameterized by the arc-length, we have (z})? + (25)% = 1 + (+')?,
which implies that there exists a smooth function ¢ = ¢(u) such that

@) 2y (u) = /1 + (r'")2 cosp(u),
x5 (u) = /1 + ()2 sin p(u).

It follows from (8) that 2}z — xfzh = (1 + (')?)¢’. Hence, condition (7) is written in
terms of r(u) and p(u) as follows:

7 7\2 2 292 /)2
(9) s(J,(u):n\/(rr + ()2 +1) j:/420r(1+(r))’ S

r(l+ (1))

Formula (9) allows us to recover the function ¢(u) from r(u), up to integration constant.
Using formulas (8), we can recover x1 (u) and zo(u) from the functions ¢(u) and r(u), up
to integration constants. Consequently, the constant mean curvature rotational surface
of elliptic type M’ is constructed as described in the theorem.

Conversely, given a smooth function r(u) > 0, we can define the function

B V" 4+ ()2 +1)2 £4C2r2(1 + (11)2)
o(u) —77/ eSS du,

=¢eC?, ¢ = sign(H, H), C = const # 0.

where n = £1, and consider the functions

z1(u) = /\/1 + (r")? cos p(u) du,
zo(u) = /\/1 + (r)? sin (u) du.
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A straightforward computation shows that the curve ¢ : Z(u) = (z1(u), x2(u), r(u),0) is
a spacelike curve generating a constant mean curvature rotational surface of elliptic type
according to formula (1).

O

Remark: In the special case when rr” + (') + 1 =0, i.e r(u) = £/ —u? + 2au+b, a =
const # 0, b = const, the function ¢(u) is expressed as

20 a?+b . u—a d) d— ;

olu) = N arcsin o + ) , d = const.

3.2. Constant mean curvature rotational surfaces of hyperbolic type. Now,
we shall consider the rotational surface of hyperbolic type M”, defined by (2). The
tangent space of M" is spanned by the vector fields z, = (' coshwv,z), 7’ sinhv, z));
2y = (rsinhw, 0,7 coshv,0), and the coefficients of the first fundamental form of M" are
E=1; F=0; G=—r*(u).

The generating curve c is a spacelike curve parameterized by the arc-length, i.e. (1’ )2+
(z5)? —(2})* = 1, and hence (,)? —(25)? = (r')>—1. We assume that (')? # 1, otherwise
the surface lies in a 2-dimensional plane. Denote by ¢ the sign of (7"')2 - 1.

(? —u?+2au+b+

We use the orthonormal tangent frame field X = z,; ¥ = =% and the normal frame
r

field {n1,na}, defined by

1
ny = —= 071‘/,0,33/ ;
o 1 =D (0, x4 2)
1
ng = ————((1- (r")?) cosh v, —r'zh, (1 — (r')?) sinh v, —r'zl).

e((r)? —1)
The frame field {X,Y,n1, no} satisfies (X, X) = 1; (X, Y) =0; (YY) = —1; (n1,nm1) =
& (n1,n2) = 0; (n2,n2) = —¢.
The mean curvature vector field H of M” is expressed by the following formula
€ VA4 ",/ 1 N2
=———— (r(zhxg —xjzs)ns — (rr’ + (') — 1) na).
” E((T,)Qil)((z;z qaz) = ( (r')* = 1) na)
If xhal — ahx), =0, " + ()% — 1 # 0, M” lies in the hyperplane span{X,Y,n,}. So,
we assume that z52) — z52) # 0 in an open interval I C J.
The local classification of constant mean curvature rotational surfaces of hyperbolic
type is given by the following theorem:
Theorem 3.2. Case (A). Given a smooth positive function r(u) : I C R = R, such
that (')? > 1, define the functions

B V(" 4+ (1)2 = 1)2 £4C2r2((r)2 — 1)
plu) = n/ D) d

u, mn==1, C =const#0,

and

x2(u) = / v/ ()2 — 1 sinh p(u) du,
xq(u) = / V()2 =1 cosh p(u) du.

Then the spacelike curve ¢ : Z(u) = (r(u),x2(u),0,24(u)) is a generating curve of a
constant mean curvature rotational surface of hyperbolic type.
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Case (B). Given a smooth positive function r(u) : I C R — R, such that (r')* < 1,
define the functions

1" N2 _ 1)2 2,2 /)2 _
<P(U)77/\/(W ()" — V® £ 4CA(() 1)du, n= =1, C = const # 0,
d

r((r)? = 1)

an

xo(u) = / V1= (r")2 coshp(u) du,
x4(u) = / V1= (r")? sinh p(u) du.

Then the spacelike curve ¢ : Z(u) = (r(u),x2(u),0,24(u)) is a generating curve of a
constant mean curvature rotational surface of hyperbolic type.

Conversely, any constant mean curvature rotational surface of hyperbolic type is locally
described by one of the cases given above.

The proof of the theorem is similar to the proof of Theorem 3.1.

In the case rr”’ +(r')> =1 = 0, i.e. r(u) = £/u2 + 2au + b, a = const # 0, b = const,
the function ¢(u) is expressed by the formula
2nC u+a e(a® —b)
p(u) = \/u2+2au+b77ln‘u+a+\/u2+2au+b‘+d .
e(a® —b) 2 2

3.3. Constant mean curvature rotational surfaces of parabolic type. Now
we shall consider the rotational surface of parabolic type M, defined by formula (3).
The length of the mean curvature vector field of M’ is given by

(HH) =z (PT = a7 = U1+ (PP,

In the case o/ f' — 2 f" =0, ff" + (f')* # 0 the surface M lies in a hyperplane of
E3. So, we assume that = f — 2 f” # 0 in an open interval I C .J.

In the following theorem we give a local description of constant mean curvature
rotational surfaces of parabolic type.
Theorem 3.3. Given a smooth function f(u): I CR — R, define the functions

o(u) = f' (A + / %\/((ln \FF))? £ 4C? du), C = const # 0, A = const,

and
2
x1(u) = /ap(u)du; glu) = / % du.

Then the curve ¢ : Z(u) = xz1(u)er + f(u) & + g(u) & is a spacelike curve generating a
constant mean curvature rotational surface of parabolic type.

Conversely, any constant mean curvature rotational surface of parabolic type is locally
constructed as described above.

In the special case ff” + (f/)> =0, i.e. f(u) = £v2au + b, a = const # 0,b = const,
we obtain the following expression for the function ¢(u):

1 2CB 3
o(u) = Wormea: (A + % (\/Qaqu b) > , A = const, B = const # 0.
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POTAIIMOHHMU ITOB'bPXHUWHU C ITIOCTOAHHA CPEIHA
KPUBVUHA B YETUPUMEPHO IICEBJO-EBKJINJI0OBO
ITPOCTPAHCTBO C HEYTPAJIHA METPUKA

Aua AnekcueBa AnekcueBa, Benmuka BacuneBa Mwuayniesa

B gerupumepno ncemo-EBKINIO0BO TPOCTPAHCTBO € HEYTPAIHA METPUKA CHIECT-
ByBaT TPH THIIa POTAIIMOHHU IIOBbPXHUHM C JByMEPHA OC — TOBA Ca POTAIMOHHU IO-
BbPXHUHM OT €JIUNITHYEH, XUTIePOOTNYIEH U mapabo/imdyeH TUIl. B HacTosIImaTa cTaTus e
JajieHa KiacuUKaIus Ha POTAIMOHHUTE TOBbPXHUHY OT €JIUITHYEH, XUIIePOOITIeH
¥ 1apaboJIMYeH THUI C TTOCTOSIHHA, CPE/IHA KPUBHUHA.



