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THE PROJECTIONS ON SOME TRIANGLES
OF A SIMPLEX ARE DERIVATIONS®

Dimitrinka Vladeva, Ivan Trendafilov

In this paper we construct some examples of derivations in finite endomorphism
semirings.

1. Introduction and preliminaries. Rings with derivations has been studied by
many authors in the last 60 years, especially the relationship between derivations and the
structure of rings. But about the derivations in semirings we know only the definition,
see [1], examples and properties of derivations in strings, see [3], and authors results, see
[5] and [6] for derivations in a tetrahedron.

Here we investigate the derivations in finite endomorphism semiring, which can be
represented as a simplex, see [4]. Using the notations and results of [4], [5] and [6] we
show that projections on some triangles of arbitrary n—simplex are derivations. Similar
authors’ results can be found in [7]. Concerning background of combinatorics the reader
is refer to [2].

Consider a finite chain C,, = ({0,1,...,n— 1}, V) and denote the endomorphism
semiring of this chain by Ecn For some elements ag,aq,...,ax_1 € C,, such that ap <
a; < ... < ag—1, where k < n, we denote A = {ap,a1,...,ax—1}. Now, consider
endomorphisms a € gcn with property Im(a) C A. The set of all such endomorphisms
« is a simplicial complex and especially it is a maximal simplex. We denote this simplex
(or k—simplex) by al(c") (A) = 0™ {ag,ay,...,ar_1}. Any simplex o™ {ag,a1,...,ar_1}
is a subsemiring of gcn-

The 2-simplices, which are faces of the simplex a("){ao, ai,...,ax—1} are called trian-
gles. We denote any triangle of a("){ao, ai,...,ax—1} by A(”){a, b, c}, where a,b,c € A.
In the present paper we consider only triangles such that a = ag and b = a;.

The endomorphisms « € 0(”){a0, ai,...,ax—1} such that
a(O) — ... :a(io_l):ama(io) = :a(20+@1—1) =ay, -
a(«i0+...+«ik72) = "':Oé(i()+"'+ik71*1):ak71

we denote by a = (ag)i,(a1)iy - - - (@k—1)iy,_,, Where ig + i1 + - - - + ix—1 = n. So, arbitrary
endomorphism from the triangle A(”){ao, a1, am } has the form

(a())io (al)il (am)@, where i() —+ ’il —+ ig =nNn.
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2. Projection on the triangles A(“){ao, a1,am}. Let us consider the map
Om 1 0 ag, a1, ... ap_1} = A {ag, a1, am},
where 2 < m < k—1, such that for & = (@), (@1)iy - - - (@k—1)ip_, s to+i1+- - +ig—1 = n,
Am(a) = (a0)io (@1)iy (am)n—io—i, -

Lemma 1. For any endomorphisms «a, 8 € U(”){ao, ai,...,ax—1}, it follows
(1) alm(a + 5) = alm(a) + alm(ﬁ)
Proof. Let a = (ao)io (al)il . (ak_l)ik71 and 6 = (ao)jo (al)jl . (ak_l)jkfl,

o+ -+ ig—1=jo+ -+ jr—1= n. Without loss of generality assume ig + i1 < jg + J1-

Case 1. Let ig < jo. Then o+ 8 = (a0)iy(a1)z(a2)sy - - - (@k—1)s,_; -

Since io+ -+ +ig_1 > jo+ -+ jr_1, it follows that so + -+ sp_1 =io+ - +ix_1
and then © = n—ig—(s2+- - Sg—1) = i1. So, a+ LS = (a0)iy(@1)s; (@2)sy - - - (Ak—1)s,_, and
Om(a+ B) = (a0)io(a1)i, (@m)n—io—iy = Orm(@). Now Oim(a) + 01m(B) = (a0)i,(a1)i,
(am)n*i()*il +(a0)j0 (al)jl (am)n*jO*jl - (ao)io (a’l)il (am)n*i()*il =0im (a) and (1) holds.

Case 2. Let i9 > jo. Then a4 8 = (ao)j,(a1)y(a2)sy - - - (Gh=1) s, 5

where s9 + -+ + Sp—1 = o+ -+ + ix,—1. Hence, y = n — jo — (s2 + - Sp—1) =
io + 41 — jo- So, a+ B = (a0)j,(a1)ig+ir—jo(a2)s, - - - (ak-1)s,_, and (e + B) =
(@0) jo (@1)ig+i1—jo (@m )n—ig—iy - On the other hand Oin(a) + Am(8) =

(ao)io (a’l)il (am)n*i()*il‘i»(ao)jo (a’l)jl (am)n*]’O*jl - (ao)jo (al)ioJril*jo (am)n*iofil' Hence
(1) holds and this completes the proof. O
Consider the set S1,,, = {a|a € 0™ {ag,a1,...,ar_1},a(az) = - = alam) < a1 }.
For a, 5 € Sim we find (a+ B)(as) = a(as) + B(as) < a3 where s = 2,...,m, and
(aB)(as) = Blafas)) < Blar) < Blaz) < ai where s =2,...,m.
So, Sim is a subsemiring of a("){ao, A1y, Ak—1}-
Let Ry = {a|a € 0("){a0,a1, cooyag—1 b afaz) > ag, alam) < am}-
For a, 8 € Ry, we find
(o B)(a2) = a(az) + B(az) > az, and (@ + ) (am) = a(am) + B(am) < @,
(aB)(a2) = Blalaz)) > Blaz) > aa, and (aB)(am) = B(eam)) < Blam) < dm-
So, Ri;, is a subsemiring of o ){ao, a1y -y Af—1}
Now for o € Sy, and 8 € Ry, we obtain:
o (a+ B)(az) = alaz) + B(az) > a(az) + az = az, (@ + B)(am) = a(am) + B(am) <
a1 + G = am. Hence o+ 8 € Ripy,.
Let a(az) = -+ = alam,) = ap. Then we have:
o (af)(as) = B(alas)) = Blap) for all s =2,...m. If B(ap) < a1 it follows af € Sipm.
If B(ap) > aqg, it follows (af)(az) = B(ag) > az. Since B(ag) < Blam) < am, then
(@) () = Blan) < . Hence o € Rupn.

o (Ba)(am) = a(B(am)) < alam) = ag. Hence (Ba)(az) = -+ = (Ba)(am) = ap and
BO& S Slm-
Let a(az) = -+ = ala;,) = a1. Then we have:

D (aﬁ)(as) = B(afas)) = B(ar) for all s =2,...m. If B(a1) < ay it follows a8 € Sip.
If B(a1) > aqg, it follows (af)(az) = B(a1) > az. Since B(a1) < B(am) < apm, then
(af)(a ) B(a1) < ap,. Hence aff € Ryp,.

o (B0)(am) = a(B(em)) < alam) = a1 T (Ba)(am) = ag, it follows (Ba)(az) = -+ =
8 )(am) = ag and Sa € Si,. Let (Ba)(am) = a1. Since a1 = (Ba)(am) > (Ba)(az) =
a(B(az)) > alaz) = a1, it follows that (Ba)(az) = - = (Ba)(am) = a1 and Ba € Sip,.
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Let us denote Dp,,, = Sim U Rim. Thus we have proved

Lemma 2. The set Dy,,,, where 2 <m <k —1, is a subsemiring of
a("){ao, ai, ... ,ak_l}.

Lemma 3. For any «, 8 € Dy,,,, it follows

(2) alm(aﬁ) = alm(a)ﬁ + aalm(ﬁ)-

Proof. Let o = (a0)i,(a1)iy - -- (@k=1)ir_1» B = (a0)jo(a1)jy -- - (ak=1)j,_,, where
to+i1+ - +ig_1=Jo+J1++ k1 =N

Case 1. Let 8 € Sipm.

Case 1-1. Let B(az) = -+ = B(am) = ap, m > 2 and p, where m < p < k — 1, be the
largest positive integer such that S(ap) = ag. Then S(ap) = f(a1) = ao.

olfa; ¢ Im(ﬁ), aff = (ao)i0+...+ip (a2)82 e (ak_l)s,ﬁl, 10+ - '+ip+82+' cSp—1 = N.
Now O1pm(aB) = (a0 )ig+-+iy (@m ) n—(ig+-+i,)- Clearly Orm(ar) = (ao0)iy(a1)i, (am)n—ig—i,
and so Oim(a)f = Gp. Since O1m(B) = (a0)jo(a1) s (@m)n—jo—j and ap < jo —1 <
Jo+Jj1 — 1 < apy1, we have adim(B) = (a0)ig+-+ip (@m)n—(io+-.-+i,) and (2) holds.

o Let B(ap41) = a1 and ¢, p+ 1 < ¢ < k — 1, be the largest positive integer such that
B(aq) = a1. Then aff = (ao)ig+-.+i, (@1)is1+tiy (@2)ss - - - (Ak—1)s,_,, Where ig + -+ +
iq 4+ 89+ -+ sx_1 = n. Now 81m(aﬂ) = (ao)i0+...+ip (al)iﬁﬁ...“q (am)n_(i0+,,,+iq).
Clearly O1m(a) = (a0)io(a1)i, (@m)n—ig—i, and so Oy (a)B = ag. Since 1 (8) =
(@0)jo(a1) 5y (@m)n—jo—sn and ap < jo —1 < apy1 < ag < jo + j1 — 1, it follows that
a@lm(ﬁ) = (ao)i0+...+ip (al)ip+1+...+iq (am)n,(ioJr...Jriq) and (2) holds.

Case 1-2. Let f(az) = -+ = B(am) = a1, m > 2.

o Let ﬁ(ao) = B(al) = ag. Then aff = (ao)i0+i1 (al)i2+...+im (a2)82 .. (ak_l)s,ﬁl, 10+
ot im s+ o+ sp—1 = noand O (aB) = (a0)ig+in (@1)is 4 tin (@m)n—(ig+tinm)-
Clearly O1m () = (ag)io (@1)i, (@m)n—ig—i, and s0 O1m ()8 = (a0)ig+iy (01)n—ig—i, - Since
O1m(B) = (@0)jo(a1)j, (@m)n—jo—j and a1 < jo —1 < ag < am < jo + j1 — 1, it follows
that a1, (8) = (a0)ig+is (@1)is+tim (@m)n—(ig+-+in) and (2) holds.

o Let B(ao) = ayo, 6(@1) = ay. Then aff = (ao)io(al)i1+...+im (a2)82 ...(ak_l)s,ﬁl,
where 4o+« + i + S2 + -+ + sg—1 = n and it follows Oy, (aff) =
(@0)io (@1)is+tip (@m)n—(ig+ - tin)-  Clearly dim(a) = (ao)io(a1)i (@m)n—io—ir, SO
Dm()B = (a0)io(a1)n—i- Since O1m(8) = (a0)jo(a1)j, (@m)n—jo—jr, a0 < jo — 1 <
a1 < @m < jo+j1—1, it follows that adim(8) = (@0)io (@1)i+4im (Gm)n—(ig+--tin) and
(2) holds.

e Let B(ao) = B(a1) = a1. Then af = (a1)ig+-+i, (a2)s, - - - (ak—1)s,_,, where ig +
A i+ 824 -+ 51 = n and it follows 1 (aB) = (a1)igt-tipm (@m)n—(io+-tim)-
Clearly O1m(@) = (a0)i(@1)i (@m)n—ig—iy, and so dim(a)f = a1. Since O (B) =
(@0)jo(a1) 1 (@m)n—jo—sr and < jo—1 < ag < am < jo+j1 — 1, it follows that adi,(8) =
(@1)ig+-+im (@m)n—(ig+-+tin) and (2) holds.

Case 2. Let 8 € Ry, i.e. B(az) > az and f(an,) < am. Let p, 2 < p < m, be the
largest positive integer such that 8(as) = a, and ¢, p < ¢ < m, be the least positive
integer such that S(am) = ag.

Case 2-1. Let fB(a1) = ao. Then af = (a0)ig+i, (ap)s, - - - (@r—1)s,_,, Where ig +
i1+ sp+ -+ sg—1 = n. Then Oim(af) = (a0)ig+is (@m)n—ig—iy. Clearly Oim(a) =
(a0)io (1), (@m)n—ig—i; and so Oum(a)B = (ao)ig+i (Ag)n—io—i,- Since O (B) =
(@0)jo(a1) 1 (@m)n—jo—sn and a1 < jo —1 < jo + j1 — 1 < ag, it follows that adi.,(8) =
(ao)i0+i1 (am)n_io_il and (2) holds.
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Case 2-2. Let 3(ag) = ap and (a1) = a1. Then aff = (ao)i, (a1)s, (ap)s, - - - (Ak—1)s;,_,
where g + i1 + sp + - + sk—1 = n and O (af) = (@0)io (a1)i, (@m)n—ig—iy. Clearly
Om(a) = (ao)io(a1)i (am)n ip—iy and then 01 (a)B = (ao)i(a1)i; (ag)n—io—i,- Since
O1m(B) = (40)jo(@1)j, (@m)n—jo—j, and ap < jo — 1 < a1 < jo +j1 — 1 < ag, it follows
that adim (8) = (a0)i, (a1)i; (@m)n—ig—i; and (2) holds.

Case 2-3. Let ((ag) = f(a1) = a1. Then aff = (a1)ig+i, (ap)s, - - - (@k—1)s,_,, Where
io+i1+ sp+ -+ sg—1 = n and i) = (a1)ig+is (@m)n—ig—i,- Clearly O1,(a) =
(@0)io (a1)i, (am)n—z‘o—il and so Oim()B = (a1)ig+i (@g)n—io—i,- Since Oin(B) =
(@0)jo(a1)jy (@m)n—jo—sn and jo —1 < ap < a1 < jo+ j1 —1 < aqg, it follows that
a01m (B) = (a1)ig+i; (@m)n—ig—i, and (2) holds.

Case 2-4. Let B(ap) = ag and B(a1) = a,, where 2 < r < p. Then aff =
(a0)io (@r)iy (@rg1)s,sy - - - (@k—1)s)_,» Where dg 441+ 8414+ 5p—1 = n and Oy (af)
(a’ )10 (am)n 0 Clearly alm(a) = (ao)io (al)il (am)n*i()*il and so 81m(a)ﬂ
(

IA I

a0)ig (ar)iy (ag)n—io—i, - Since O1m(B) = (a0)jo(a1)j, (@m)n—jo—j and ag < jo — 1
Jo+Jj1— 1 < ay, it follows that adim(5) = (a0)i(@m)n—i, and (2) holds.

Case 2-5. Let f(ap) = a1 and B(a1) = a,, where 2 < r < p. Then aff =
(@1)io (@r)iy (@rg1)s,sy - - - (@k—1)s)_,» Where dg+i1+Spy1 4+ 5p—1 = nand Oy (aff) =
(a’ )zg(am)n 0 Clearly alm(a) = (ao)io(al)il(am)n*m*il and so 81m(a)ﬂ =
(@1)ig (ar)i (ag)n—io—i, - Since O1m(B8) = (a0)jo(a1)j, (@m)n—jo—j and jo —1 < ag <

Jo+Jj1— 1 < ay, it follows that adim(5) = (a1)i(@m)n—i, and (2) holds.

Case 2-6. Let f(ag) = ag, where 2 < £ < p and f(a1) = a,, where £ < r < p.
Then aff = (ar)io(ar)i, (@rs1)s,41 -+ - (@k—1)s,_,, Where dg + i1 + 501 4+ -+ sp_1 =1
and O (af) = ap,. Clearly Oim () = (a0)io(@1)iy (@m)n—ig—i, and then Oy (a)f =
(ae)io (ar)iy (ag)n—io—i, - Since Oim (B) = (a0)jo (a1) 5, (am)n—jo—jr and jo—1 < jo+j1—1 <
agp, it follows that adim, (8) = @, and (2) holds. O

Theorem 1. The map 1, : Ds,,, — A("){ao,al,am}, where 1 <m<k-—1, is a
derivation. The semiring Doy, is the maximal subsemiring of the simplex U("){ao, a,...,
ak—1}, such that Oip, : U("){ao, a1y .., ap—1} — A(”){ao, a1, am} is a derivation.

Proof. From Lemmas 1, 2 and 3 we find that 01, : 0(”){a0,a1, ceyQp—1} —
A("){ao, a1, @y} is a derivation.

Now we shall prove for arbitrary m, 2 < m < k — 1, and arbitrary endomorphism
a € U(”){ao, ai,...,ax—1} that if the second multiplier 5 ¢ Dy, , then the equality (2)
does not hold.

Case 1. Let ¢, 2 < ¢ < m, be the largest positive integer such that 5(as) = ao and
ﬁ(am) = ai. Then aff = (a0)10+ tig (al)ltz+1+ Fim (ag)” i (ak sy b0+ +im +
s+ Fsp—1 = n. So, it follows O1m (aB) = (a0)igt-4i, (A1) eyt (@m)n—(ig+tim)-
Clearly O1m(a) = (aO)m (a1)iy (@m)n—ig—i, and 0 O (a)B = (a0)ig-+i, (@1)n—io—i,- Since
O1m(B) = (ao0)jo(a1)j (@m)n—jo—j; and ay < jo —1 < app1 < am < jo + 1 — 1, we
have a01m (B) = (@0)ig+--+ie (@1)igs 14 +im (Am)n—(ig4--4im)- NOW, it follows Oy (a)B +
aOim(B) = (a0)io+ir (a1)n—ig—ir+  (A0)io++ir (@1 )igs1 4 tivn (Am)n—(igtti) =
(@0)ig+i1 (@1)in - tim (@m)n—(io+-+im) > O1m (). Hence, (2) does not hold.

Case 2. Let £, where 2 < ¢ < m, be the largest positive integer such that S(a;) = ao,
Blag+1) = a1 and p, £+ 1 < p < m, be the largest positive integer such that 5(a,) = a1.
Let ¢, where 2 < ¢ < m, be the least positive integer such that S(an) = a4.

Now aff = (a0)ig+-+ie(01)ip 1 +-tip (2) sy - - - (Ak—1)s,_,, Where ig 4 -+ + iy + 52 +

4 sp—1 = n. So, it follows Oim(af) = (a0)ig4tie(A1)igsr+-tip (@m)n—(io4tip)-
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Clearly O1m(a) = (a0)io(a1)i; (@m)n—io—i, and 80 O1m(@)B = (a0)ig+is (Ag)n—ig—i, - Since
D1m (B) = (@0)jo (a1)j, (@m)n—jo—jr and ag < jo — 1 < ags1 < ap < jo + j1 — 1, it follows
that adim(8) = (a0)ig+-+is (@1)igpr ++ip (@m)n—(ig+-+i,)- NOW we obtain 81m( B+
aalm(ﬂ) = (a0)10+11 (aq)n*it)*il + (ao)ioJr"'Jriz (al)iz+1+m+ip (am)n—(io+~~~+ip)~ Since n =
0+ ~ip+82+~ cSp_1 > o+ ~ip it follows that n —ig—1i1 > 1o+~ - ~ip > Gpp1+ ~+ip.

Hence, O1m (@) + a01m (8) = (a0)n—(ipy1+-+iy) (Aq)igpat i, +
(@0) gt tic (@1)ig sy 4ty (Am)n—(igttip) = (@0)igttic (Ag)igsr+tip (@m)n—(io+-+iy) >
O1m(af). Hence, (2) does not hold.

Case 3. Let ¢, where 2 < ¢ < m, be the largest positive integer such that 8(as) = ag
and B(a¢11) = ap, where 2 < p < m. Then af = (ao)ig++i(Ap)s, - - - (Qk—1) sy,
where dg 4 - 4 iy + 52+ - -+ 51 = n. Then 01y (af) = (a0)ig+-+ie (Um)n—(ig+tie)-
Clearly 81m(05) = (aO)’io (al)’il (am)n—’io—’il and so alm(a) (ao)’to-i'll (aq)n i0—t1> where
Blam) = aq, p < ¢ < m. Since O1m(B) = (a0)jo(a1)j; (@m)n—jo—jy and ap < jo — 1 <
Jo+j1—1 < a1 < am, it follows that adim(8) = (a0)ig+- 4, (@m)n—(ig+-+ir)- NOW
we obtain alm(a)ﬂ + aalm(ﬂ) = (aO)ingil (aq)n*i()*il + (ao)i0+~~~+iz (am)n—(i0+~~~+i4) =
(@0)ig+is (Aq)igttie (@m)n—(ig+-tir) > O1m(a3). Hence, (2) does not hold.

Case 4. Let B(az) = a1 and ¢, where 2 < ¢ < m, be the largest positive integer such
that B(a¢) = a1. Let ¢, 2 < ¢ < m, be the least positive integer such that S(an) = aq.

Case 4-1. Let f(a1) = ag. Now aff = (a0)ig+i, (@1)ig+-+ip (a2) sy - - - (Ak—1)s,_,, Where
o+ +ie+s2+ -+ sp_1 = n. So, it follows O (af) = (a0)ig+is (@1)ig+-+i,
(@m)n—(ig+-+ie)- Clearly Oim(a) = (a0)io (a1)i, (@m)n—io—i, and so 1 (@)B = (a0)io+i
(ag)n—ig—iy- Since O (B) = (ao)jo(a1)j, (am)n—jo—j and a1 < jo —1 < az < ag <
Jo +j1 — 1, it follows that adim(B) = (a0)ig+i; (@1)in+--+ie (Am)n—(ig+--tis) NOW
Dm(a)B + adim(B) = (ao)io+ir (Ag)n—io—ir + (@0)io+ir (Q1)igttip (@m)n—(io+-+i0) =
(@0)io 4 (@g)in - tip (Am)n—(ig+--+is) > O1m(af). Hence, (2) does not hold.

Case 4-2. Let 8(ag) = ag and B(a1) = ay. It follows now
af = (a0)ig(a1)iy4+tip (2) sy - - (Qk—1)s,_,, Where ig+- - -+ig+S2++--+8Sx_1 =n. Then
alm(aﬂ) (a’o)%o (al)’LlJr +ie (a’m)n (to+-+ir)* Cleaﬂy alm( ) (aO)ig (al)il (am)nfigfil
and 50 01 (@) B = (a0)io (@1)iy (ag)n—io—iy - Since O (B) = (ao)jo(a1);, (@m)n—jo—j, and
ap < jo—1 < a1 < ap < jo+ j1 — 1, it follows that adim(8) = (a0)iy(@1)iy+-+i,
(@m)n—(io+-+ie)- Thus, O1m () B+a0im (8) = (a0)io (a1)i, (Ag)n—ig—ir+ (a0)io (a1)i) +--+i,
(@m )n—(ig++ie) = (00)io (a1)ir (Ag)i-4-4ie (Am)n—(igt-tir) > O1m(B). Hence, (2) does
not hold.

Case 4-3. Let f(ag) = a1. Now a8 = (a1)ig+-+i,(a2)sy - - - (@k—1)s,_,, Wwhere ig+-- -+

ig+ 82+ -+ sp—1 =n and Oim(afB) = (a1)ig++ip (Qm)n—(ig+--+ie)- Clearly Oim(a) =
(@0)io (a1)iy (@m)n—ig—i, and so Oim(a)B = (a1)ig+i,(Ag)n—io—i,- Since Oin(B) =
(@0)jo(a1) 1 (@m)n—jo—sr and jo — 1 < ap < ar < jo + j1 — 1, it follows that adi.,(8) =
(@1)igttie(@m)n—(ig+-tip)- 50, Om(@)B + adim(B) = (a1)ig+i (Ag)n—ig—is +
(a1)ig+-tie (@m)n—(iot-tie) = (@1)ig+ir (Aq)int-+ir (@m)n—(ig+-tip) > O1m(aB). Hence,
(2) does not hold.

Case 5. Let B(az) = ag, where 2 < ¢ and S(a.,) = ag, where m j q.

Case 5-1. Let S(a1) = ag. Now af = (a0)ig+i, (@) s, - - (@h—1)s_1> G0+ 51+ 8¢+ -+
sk—1 = n and O (aB) = (a0)ig+i, (@m)n—io—i - But Orm (@) = (ao)i,(a1)i, (@m)n—io—i
and s0 O1m ()8 = (@0)ig+4, (@q)n—ig—iy > O1m(aB), hence (2) does not hold.

Case 5-2. Let B(ao) = ap and f(a1) = a1. Now af = (ag)i(a1)i, (@e)s, - - (@k—1)s_1 5
io+ i1+ s+ -+ sp—1 = n and Oym(afB) = (a0)i,(a1)i (@m)n—ig—iy- But Oim(a) =

159



(@0)io (a1)iy (am)n—ig—iy and so dim ()8 = (ao)iy(a1)i, (aq)n—io—iy > O1m(aB), hence (2)
does not hold.

Case 5-3. Let B(ag) = B(a1) = a1. Now aff = (a1)ig+i, (@e)s, - - (@k—1)s,_y5 %0 +
i1+ 80+ -+ spg—1 = n, and Apm(aB) = (a1)ig+i, (@m)n—ig—iy- Clearly 01, (a) =
(a0)io (1), (@m)n—ig—i; and o Oim()B = (a1)ig+i, (Ag)n—ic—i; > O1m (), hence (2)
does not hold.

Case 5-4. Let f(ag) = ap and B(a1) = ap,, where 2 < h; < £. Now aff =
(@0)io(any )iy (@g)s, - - - (@k—1)s,_,, Where ig + i1 + sp+ -+ - + Sp—1 = n. Then O (af) =
(a0)ig (@m)n—io-  Clearly O1m(a) = (@0)ip(a1)i, (@m)n—io—i;, and so Oim(a)f
(@0)io (an, )iy (aq)n—ig—ir- Since O1m(B) = (ao)jo(@1)j, (@m)n—jo—j and ag < jo — 1
jo+ 71— 1< aq, it follows that ad1,m(8) = (a0)is (@m)n—i, -

So, we have 01, ()8 + @01 (8) = (@0)i (an, )ir (Ag)n—io—iy + (@0)io (@ )n—io-

o If by < m, it follows O1pm ()8 + @1 (B) = (a0)ie (Am )is (Gg)n—ig—i; > Orm(af).

o If by > m, it follows O1m ()8 + @01m (B) = (a0)io(an, )i (g)n—ig—iy > O1m(af).

Hence, (2) does not hold.

Case 5-5. Let ﬂ(GO) = ag, ﬂ(al) = Qhy, 2 < h; <{. Now Oéﬂ = (a’l)io (a’hl)il (az)Se ce
(@k=1)sp_1> G0+ i1+ 80+ -+ sp—1 = n and Oim(af) = (a1)iy(@m)n—i,- But Oym(a) =
(@0)io (a1)iy (am)n—ig—i, and so i ()8 = (a1)iy(an, )i, (Ag)n—io—i,- Since d1m(B) =
(a0)jo (a1)j, (@m)n—jo—jr and a1 < jo — 1, aOim(B) = (a1)io(am)n—iy- S0, Orm(a)B +
adim (B) = (a1)io (@n, )i (@g)n—io—i; + (a1)iq (@m)n—io-

o If hy < m, it follows 81m(a)ﬂ + aalm(ﬁ) = (al)io (am)il (aq)n,io,il > 81m(aﬁ)

o If by > m, it follows O1p ()8 + @d1m (B) = (a1)ig(an, )iy (g)n—ig—ix > O1m(afB).

Hence, (2) does not hold.

Case 5-6. Let S(ap) = an, and S(a1) = an,, where 2 < hg < hy < £. Now aff =
(@hg )i (Ohy )iy (@l)s, - - - (Ql—1)sp_,, Where ig 441+ s¢+ - -+ sg—1 = n and 1 (af) = .
Clearly O1m (@) = (a0)io(a1)i, (am)n—ig—i, and s0 Oim(a)B = (any)io (an, )i; (Gq)n—io—i, -
Since O1m (8) = (a0)jo(@1)j, (@m)n—jo—jy and < jo + j1 + j2 — 1 < aop, it follows that
aO1m(B) = Gm. So, we obtain 01y ()8 + @d1m (B) = (ang)io (@hy )is (Gg)n—ig—ir + Tm-

o If by < m, it follows O ()8 + @d1m (B) = (am)ig+ir (Ag)n—io—ix > O1m(aB).

o If hy < m < hq, we have 01 (@) B+a0im (8) = (am)io (@hy )iy (Qg)n—io—i; > Orm ().

o If m < hy, it follows Oim ()8 + @01m (B) = (ane)io (Ghy )is (Ag)n—io—i; > Orm ().

Hence, (2) does not hold again and this completes the proof. O

IA I
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ITPOEKIIMUTE BbPXY HAKOUN TPU'BI"'BJIHUIIN HA CUMIIJIEKC
CA INPOEPEHIINPAHN A

Jdumurpunka BanoBa Bnanesa, Usan Jdumurpos Tpengaduion

B Tazu crarus IIOCTpOdBaMe IIpUMEPpU Ha ,ELI/I(bepeHLH/IpaHI/IH B KpaeH IIOJYIIP'bCTECH

OT eHJ0MOPMhU3MU.
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