MATEMATUKA W MATEMATUHYECKO OBPA3OBAHWE, 2019
MATHEMATICS AND EDUCATION IN MATHEMATICS, 2019
Proceedings of the Forty-eighth Spring Conference

of the Union of Bulgarian Mathematicians
Borovetz, April 1-5, 2019

MATHEMATICAL MODELS IN QUANTITATIVE
PHARMACOLOGY"

Peter B. Milanov

The following problems in the quantitative pharmacology are very important and
interesting from applied mathematics point of view:
— Protein folding problem;
— Docking problem,;
— Quantitative ligand-receptor interaction.
All of the above problems have been investigated by the members of the “Center for
Advanced Bioinformatics Research” of the South-West University “Neofit Rilski” in
Blagoevgrad.
In this article, the novel results in the area of the three problems mentioned above
will be presented.

Introduction.  The quantitative pharmacology is based on receptor occupation
theory and formally the main problem is to find the dependence on the physiological
effect from concentration of the ligand or on the ligand acting on the given type of
receptors.

The steps between ligand-receptor interactions and subsequent biological effect are
to some extent unknown and are subject to mathematical and computer modelling.
Schematically this is presented in Figure 1.

In this article, it will be considered the mathematical models of the problems men-
tioned in Figure 1 obtained by the members of the Center for Advanced Bioinformatics
Research (CABR) at SWU “Neofit Rilski”, Blagoevgrad (http://bioinfo.swu.bg).

The problems and results formally could be divided into the following three groups:
mathematical models, algorithms and computational results of protein folding, docking
problem and quantitative ligand-receptor interaction.

Further, it will be used some terminology which is explained below:

— receptors are the protein molecules which contain more than 100 amino acid residues;

— ligand could be peptides (which contain less than 100 amino acid residues) or non-

peptides (any chemical structure that could bind receptor);

— conformation is one of the infinite number of possible 3D arrangements of atoms

in peptide (protein) molecule.

*2010 Mathematics Subject Classification: 93A30, 65K05, 05C85, 90C90, 90C11.
Key words: mathematical models, folding, docking, optimization, computational biology, in silico,
QSAR.
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Fig. 1. Mechanism of ligand-receptor interactions

1. Folding problem. The protein and ligand functions depend on their tertiary
structure, which in turn depends on their primary structure.

The folding problem (prediction of tertiary structure) of a given ligand or receptor
could be formulated as follows:

— Let F(x) be a scoring function estimating qualitatively a conformation x of a ligand

or a receptor X defined by its primary structure.

— Let M(X) be the set of all conformations of the ligand or receptor X.

— The problem is:
(1) F(z) — extr(max, min)

r e M(X)

So, predicting the tertiary structure — it is to find the optimal solution z* € M (X) of
problem (1).

It is a common practice for solving problem (1) to use models that simplify the
possible conformations search space (i.e. M (X)). These models reflect the different
global characteristics of the protein structure.

The Hydrophobic-Polar (HP) model [17] describes the protein sequence based on the
fact that hydrophobic amino acids must have less contact with water as opposed to
the polar amino acids. This leads to the formation of hydrophobic core in the tertiary
structure of the proteins.

In the HP models, the amino acids are situated in vertices of the 2D or 3D rectangular
lattice.

The optimal conformation of protein folding in the HP model is the optimal solution
2* of (1) with scoring function F(z).

It is proved that the protein folding problem in the HP model for 2D and 3D is
NP-hard [8].

Folds in HP model. The processes, related to the protein folding, are very complex
and only a minority of them are explained and understood by scientists. For this rea-
son, the simplified models, such as Dill’s HP model, have become one of the main tools
for study of the proteins [17]. The HP model is based on the observation that the hy-
drophobic interaction between the amino acids is the driving force in the protein folding
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process. In this model, the 20 amino acids are reduced to two types — H (hydropho-
bic) and P (hydrophilic). The energy of the conformation is defined as the number of
contacts between hydrophobic amino acids (H-H contacts), which are not neighbours in
the protein sequence. The optimal conformation is the conformation with lowest energy
value, defined as a negative of the number of H-H contacts, i.e. it is 2* € M (X) which
minimizes F(z). In these models M (X) is the set of foldings in 2D or 3D lattices and
these folding are named “self-avoiding paths”.

Conformations of the proteins in the HP models are limited to self-avoiding paths in
the lattice models. The self-avoiding path is a sequence of moves in the lattice, which
do not pass through the same position more than once. In a cubic lattice, such a path is
simply a sequence of moves from (z, y, z) node to one of the six neighbour nodes. The
goal is to find the path that minimizes the energy.

Let us mention again that, the HP model of protein folding consist of:

— A given amino acid sequence, S = s, s2,..., S, (sequence of letters over the {H,
P} alphabet):

— Assignment: Each amino acid must occupy one lattice point.

— Non-overlapping: No two amino acids may share the same lattice point.

— Connectivity: Every two amino acids that are consecutive in the protein’s sequence
must also occupy adjacent lattice points.

— Find a solution of problem (1). This solution is a path satisfying assignment,
non-overlapping and connectivity.

For solving the protein folding problem by the HP model, it is proposed a number of
optimization algorithms, including Evolutionary algorithms [34], Monte Carlo algorithms
[36], and Ant-Colony Optimization algorithms (ACOs) [55].

An integer programming formulation of HP models. The key ingredients
of the problem are as follows: a sub lattice (arbitrary) and a sequence of H, P letters
are used below for creating a problem on graphs, which could be solved as an integer
programming problem or by means of graph theory only [In the 2D case, the sublattice
is a square, and for 3D, a cube with nodes painted in black (set V3) and white (set V,)
alternately]. Let G. = (V., E.) be a graph with V. = V, UV,, = {1,2,...,m}, where
node ¢ corresponds to the ith node of the sublattice (under an arbitrary numeration of
the sublattice nodes) and the edge (i;j) € E. if ¢ and j are neighbours in the sublattice.
The simple paths (each node is visited at most once) in G, are called self-avoiding paths.

Let S be a sequence of n letters on {0,1} alphabet (0 — for P, and 1 — for H). Let
Gs = (Vs,Eg) be a graph associated with S with a node set Vs = {1,2,...,n} and
(i,7) € Eg if and only if |¢ — j| > 2 and S[i] = S[j] = 1. Let G = G5 UG, be a complete
bipartite graph with node set Vs U V... The matching (in this case one-to-one mapping of
Vs to Vo) M ={e1,ea,...,e,} with |M| = n is feasible if the covered nodes in V. define
a self-avoiding path. Define function z(e;,e;) = zix; = 1 if (i,7) € Eg, (k,1) € E,, and
zikjl = 0 otherwise. Finally, define

(2) o(M)= Y eiey).

ei,e; EM
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Let M be the set of feasible matchings. Then, the problem of finding the optimal
folding over the chosen lattice is as follows:

Folding problem on graph: For M € M find v = max v(M).

Converting the HP problem to an optimization problem on graphs allows building
various integer programming models. Most of them involve introducing binary variables,
let’s say x;; for modelling the feasible matchings from above as 0—1 solutions to simple
linear constraints:

(Assignment)

m
(3) D ag =1, k=1,...,n.
=1

(Non-overlapping)
n

(4) D wa <1, i=1,...,m.
k=1

The objective function could be expressed by linearization of z;jx = z;xx;; and/or by
partitioning the sum of z in subsums in different ways. We will not present all possible
integer programming models, but for the sake of completeness, we add the following
constraints to finish modelling the self-avoiding paths:

Tik < Z Tikt1,
() jen(i)
i=1,....m, k=1,...,n—1.
where n(i) is the set of neighbours of the ith node.

Getting back to the HP folding problem and its conversion to a problem of finding
matching that maximizes the number of overlapping edges, one could find a lot of simi-
larity with another problem known as Contact Map Overlap that is (in our case): for a
given two graphs Gg, G. find an embedding (matching) of Vg in V. that maximize the
number of common (overlapped) edges.

A suitable platform for building integer programming models is the so called alignment
graph G = (V. ® Vs, E) with E = {i, k, 4,1}, (i,j) € E., (k,l) € Es . By decomposing
the sum (2), we could obtain different integer programming models like the next one:
without loss of generality assume that the set EVEN is of smaller cardinality and they
are assigned to V4. Let y;; € {0,1}, ¢ € V4, j € V,,, corresponds to the sum of z arcs
between rows ¢ and j. Thus the problem is to maximize:

(2) > vis,

subject to additional (to (3), (4), (5)) constraints allowing y;; to be equal to 1:

(6) v = Z Tik, 1€ Vi,

k €cEVEN

(7) v; = Z Tk, .7 € Vwa
k cODD

(8) v > Yij < ;.
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The model above is a mixed linear integer programming problem with x;; binary and by
using appropriate solvers like

CPLEX (www.ibm.com/software/products/en/ibmilogcpleoptistud) or

GUROBI (http://www.gurobi.com/documentation/)
it allows finding optimal folds for sequences of up to 100 elements on a computer with
average capabilities. A challenge for the reader is to prove that the number of binary
variables could be reduced from 0.5 to 0.25 nm.

A new classifier for protein fold class recognition. The proteins are large
biomolecules, which play a key role in many vital functions in living organisms. Up to
date, the number of experimentally determined 3D protein structures in Protein Data
Bank (www.resb.org) is > 125 000 and the comparison of protein structures or protein
fold classification and identification is becoming a hot topic in computational biology.
The proteins can be classified into one of four major structural classes: «, 8, a/8, a+ 8
[35]. The structure classification of proteins (SCOP) groups the proteins according to
their structures and amino acid sequences, thus providing detailed information about
the structural relationship between all recognized proteins [19, 44]. According to SCOP,
the four structural classes are divided into folds. The protein fold classification process
determines the fold that the query protein belongs to.

Proteins can be classified according to their structural classes and folds. Classification
according to the structural classes is called first level classification, and classification
according to folds is called second level classification. There are many studies related
to the first level classification [4, 18], but in this article we focus on the second level
one, namely protein folds classification. One of the basic studies related to the fold
classification was performed by Ding and Dubchak [18].

Definition of classifier problem. Suppose that a target function f : X C R" —
Y = {1,2,...,k} is partially known on subset X C X of instances (training examples).
The set X is referred to as feature space and the elements of Y as labels. Now let f
be a function that is consistent with f, i.e. f(z) = f(z), = € X. The case f # f(z),
x € X is often called a generalization error. Thus, the classification problem could be
mathematically defined as a problem of finding f with minimum generalization errors.
Problems with k£ = 2 are sometimes called binary classification and for £ > 2 multi
group classification. For a finite label set Y, we can w.l.o.g. restrict the class of function
to be the step function like defined on a set of mutually exclusive sets A;. Formally

f= Z xA;(z), where xA;(x) = 1if x € A; and 0 otherwise.

Thus, the problem of learning f(x) is a geometrical problem of finding suitable (con-
sistent) sets A; with less computational burden.
At the end of this part of the present article, the more important results of the
members of the CABR, will be mentioned very briefly:
— new efficient heuristic algorithm for HP model, presented as original integer pro-
graming model [57];
— new mixed integer programing formulation of the problem (1) as HP model, exact
algorithm and two heuristic algorithms [59];
— new multi group classifier with better true positive results for protein fold clas-
sification. The time complexity of the classifier allows obtaining results for huge
dimension (8000) of the feature space in affordable time [60].
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2. Docking problem. Protein-protein interactions and protein-ligand interactions
are a critical step in the study of the biological function of proteins. Molecular docking
is a significant technique in structural biology and computer-aided drug discovery.

Determination of the protein structure by experimental methods often has limitations.
For that need computational approach as molecular docking play a vital role [58].

The docking problem could be defined as follows:

— Let X be a ligand and M (X) be the set of all possible conformations = of X;

— Let Y be a receptor, y be the homology structure of Y and 7 be crystallographic

structure.

— Let F(x,y) be a scoring function estimating (characterizing) quantitatively the

ligand-receptor interaction.

— The problem is:

F(z,y) — extr (max, min)
veM(X), yel{yy}

The members of the CABR has been working for many years in the field of opioid
receptors and the main tasks in the course of this research are the design and synthesis
of selective ligands. There is a wide variety of synthesized compounds, analogues of en-
dogenous peptides and, in particular, enkephalins whose biological activity is determined.
Design and synthesis is a long and expensive process. The possibilities that computer
methods provide for faster screening of existing compounds and chimeric structures are
great, and we have focused our attention on that.

Usually the docking problem could be presented as an optimization problem which
follows the next few steps:

— Defining the scoring function F'(z,y). Each software has its own scoring functions.

— One conformation of the receptor Y has to be chosen and it is denoted by yo. The
structure of the receptor could be theoretically modelled or obtained from PDB
(Protein Data Bank), e.g. crystal structure;

— The set of ligands X3, Xs,...,X, is chosen (at least 10);

— The structure of the ligands X7, Xs,...,X, could be obtained by solving the
folding problem when X; (i = 1,...,n) is a peptide or crystallography in the case
of non-peptides in order to obtain corresponding conformations x1, x2,..., Tn.

— For any z; (i = 1,...,n) the value of the function F(x;, yo) is calculated and let
20 be a conformation for which F(x;0,v0) = max F(z;, yo);

K3

— The ligand conformation x;y is define as a solution to the corresponding docking

problem.
Usually the verification of the docking procedure is based on experimental data con-
cerning the pharmacological effect E; (i = 1,...,n), measured in the interaction between

ligands X;, (i =1,...,n) and given receptor R.

If ;, (i =1,...,n) are the optimal values of the scoring function F for ligand X;,
(i=1,...,n), then if there is a “good” correlation between (F1,..., F,) and (E1, ..., E,),
then it is possible to conclude that the docking procedure is successful.

In order to solve correctly and successfully the docking problem we should use proper
structure of the receptors (Y'). Depending on the way Y is obtained we have theoretical
model [20], homology model [49, 21, 52] and crystal structure [50, 51, 53]. X are selective
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d-opioid ligands [20, 21, 49, 50], enkephalin and dalargin analogues [51] and selective
ligands of cannabinoid receptor known in the literature [52, 53].

Scoring function F'(x,y) could be any scoring function of the docking software and in
our case they are GoldScore, ChemScore and ASP scoring function (www.ccdc.cam.ac.
uk/solutions/csd-discovery/components/gold/).

GoldScore is a function of molecular mechanics based on a force field:

GoldScore = Shb_ezt + Sﬂdw_ezt + Shb-int + Sﬂdw_int

where Shp_ert is protein-ligand energy of hydrogen bonds (external H-bond), Syduw_ext is
protein-ligand energy of Van der Waals bonds (vdw), (external vdw); Shp_int is inter-
molecular hydrogen bonds of the ligand (internal H-bond); Syaw_int is intramuscular Van
der Waals bonds the ligand (internal vdw).

The ChemScore function evaluates the changes in the total free energy that is pro-
duced by binding the ligand to the receptor:

ChemScore = AG”binding + Eclash + Eint + Ecov

where AGhinding is the free energy of binding of the ligand to the protein; Ecjqqp is the
energy of the clashes between the atoms of the ligand and the protein; FE;,; is the ligand
internal energy; E.,, is the energy of covalently binding the ligand to the protein.

The ASP (Astex Statistical Potential) function calculates the atom-atom potential
obtained from the DB of protein-ligand complexes and can be compared with other such
potentials estimates. The ASP function compares accurately with ChemScore and Gold-
Score functions. Traditionally, scoring functions are based on force fields or regressions
where the parameters are derived from a plurality of experimentally related structures.
The ASP function uses a different approach: information on the frequency of interactions
between ligand-protein structures in the PDB is used to generate statistical potential.
The ASP scoring function differs from other statistical potentials in the choice of the
so-called reference state, which is the expected number of contacts.

ASP Fitness = — CSS(map) — CintPint — CclashEelash,

where S(map) is the overall evaluation of all combinations of the p and ligand 1 atoms;
Cint 18 scaling factor; Ej,; is internal energy; E.jqsp is crash energy.
At the end of this part the more important results of the member of the CABR will
be mentioned:
— It is solved the docking problem Y = DOR (delta-opioid receptor) with homology
modelled structure, scoring function F(z, y) = ASP and X1, Xo,...,X11 are met-
and leu-enkephalin and their analogues [50];

— Tt is solved the docking problem ¥ = MOR (mu-opioid receptor) with a crystal
structure, scoring function F(x, y) = ChemScore and X7, Xo,..., X135 are met-
and leu-enkephalin and dalargin their analogues [51];

— Tt is solved the docking problem ¥ = CB1 (cannabinoid receptor type 1) with
homology modelled and crystal structures, scoring function F(z, y) = ASP and
X1, Xa,..., Xz are selective CB1 ligands from the literature [52, 53].

3. Quantitative ligand-receptor interactions. Usually model of agonism are
functional curves F'(x,p) which in best way approximate the experimental data of the
dose-response relationship between a given ligand X and a given type of receptor R.
Also the model can include some proposition concerning some steps of the process of the
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Fig. 2. Ligand-receptor interaction

ligand-receptor interaction. The steps are shown on Figure 2.

May be in all models of agonism the response (effect) is a function of the concentration
x of the ligand X of the concentration of the AR complex, i.e. pharmacological response
E =F(x,p),p=(p1...pn) parameters.

The models are generally divided into three large groups: empirical, mechanistic, and
hybrid [22-25, 27, 46-48]. One of the methodical approaches to building such models is
the axiomatic approach. In this approach, a sequence of statements (the axiomatics of the
model) are considered to be true and implications are derived from them, characterizing
the ligand-receptor interactions.

Examples of such models are the Operational Model (OM) of Black & Leff [9], the
Theoretical Hyperbolic Model (THM) of Milanov & Pencheva [41] and others [1-3, 7,
10-15, 22-39].

The THM [41] is based on the mechanisms of the ligand-receptor interaction described
on Figure 2.

In THM the primary objective is to provide explicit formulas for affinity and efficacy
of the agonist, which are important for its quantitative characteristics. Let’s note that
even before the publication of [41], where the total THM is exposed, the formulas for
efficacy for special cases are used in [42, 43, 45] and others. We are shown that when
using these models, the theoretical efficacy 7 introduced by Black & Leff [9] is equivalent
to Stephenson’s e4 efficacy [54].

The quantitative analysis of receptor-mediated effects is based on experimental data
“concentration-effect”, where the independent variable — the concentration of the ligand
is associated with the dependent variable — pharmacological response.

Therefore, the developed model aims to describe more fully the nature of the partial
agonism at n vitro experiments in pharmacology.

The activity of the agonist can be measured by the parameters: affinity, reflecting
the agonist-receptor interaction kinetics and efficacy, characterizing the receptor-response
transition, referred to as the stimulus-response.

In this transition, the isolated tissue is involved with its specific mechanism that is
independent of the drug and its structure. It can be defined by the receptor concentration
and a function that reflects the stimulus-response relationship.

At first glance, the simplest approach to determining the rate of the ligand binding to
its receptors may seem to be measurable by the rate at which it acts on isolated tissue,
but problems arise. The first one is related with the fact that the relationship between
the effect of the tissue and the proportion of the receptors occupied by the ligand is often
unknown and can not be determined.
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The second one is that the rate at which the ligand acts on the isolated tissue is often
determined by the diffusion of the ligand molecules passing through the tissue rather
than by binding to the receptors.

The following assumptions for the development THM of Milanov & Pencheva [41] are
used:

Axiomatics THM. (a) the interaction between a drug and a receptor is a bimolecular
reaction, which according to the law of mass action is expressed as:
X(4) (4
[Ro] [A] + K4 ’
where Y (A) is the portion of the receptor that is occupied by agonist [43]; X (A4) —

the number of the occupied receptors; [Rp] — the total number of the receptors; K4 —
dissociation constant.

Y(A) =

(b) the occupied receptors X (A) generate stimulus S which is quantitatively defined
as:
X(A) _ _eal4] [Ro][A]
S=e = =c =eaX(A4),
TR AR AR T
this stimulus leads to some observed (measured) effect [12], e4 — Stephenson’s efficacy
[12], £ 4 — Furchgott’s intrinsic efficacy [30];

(c) the best approximation function of the experimental concentration-response data
is a function of the type:

A LiA)
[A] + L3
where L{ and L% are numerical constants;

(d) ET — potential maximum response of the tissue; it depends only on the given
tissue; there are drugs which produce this maximum response (full agonist) or one close
to it;

(e) the relation between stimulus S and response E“ is a property of the tissue and
not of the drug (drug-independent property);

(f) equal stimuli lead to equal tissue responses.

Assumption (a) is a generally accepted relation and follows from the law of mass ac-
tion. It describes the equilibrium stage of the process of binding and gives a quantitative
characteristic of the number X (A) of the AR complex. Assumption (a) is valid only
under the suggestion [Ry] < [4], i.e., X (A) is very small compared to [A].

Assumption (b) introduces the concept of stimulus S, which is quantified by the
efficacy of Stephenson [54] e4 and the relative number of occupied or activated complexes
Y(A).

In THM, the efficacy is denoted by e4. The biological meaning of S can be different
for different tissues, and depending on the type of effect that is measured for different
types of receptors.

Assumption (c) originates from the empirical observation that the best approxima-
tion curves of the experimental data (most of them, if not all), are hyperbolas or semi
logarithmic hyperbolas (in a logarithmic scale) [5-7, 16, 28-31, 43, 56].
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Assumptions (a), (b) and (c) present in the most general form the complex transducer
process from receptor occupancy to their converting into a measurable response, subject
to the transducer function in (c).

In assumption (d) E, is a very important tissue characteristic and depends on the
pattern of the tissue-response. Assumptions (e) and (f) follow Stephenson’s definition of
the stimulus-response mechanism [54] and are generally accepted in quantitative phar-

macology.
By using assumption (b), the stimulus S can be expressed by the efficacy e4 and pag:

[A]
S =eyu. =ey. ——————.
€A-PAR = €A R+ 4]
For parameters K 4 and e and for each agonist the following Eq.9 are held:
CA LA CA L4
(9) ea=a—x.  Ka=—7—
Cf — Ly Cft — Ly

The expressions for the constants C’f and CQA refer to agonist A acting on a given
tissue, the same type of receptor (assumption (a) and specific mechanism, given that the
best approximation of the experimental data is performed with the least squares method
by using the modeling function specified in assumption (c). On the other hand, the
stimulus-effect relationship is a drug-independent property (assumption (e)). Therefore,
there exist two constants C; and C such that the following equation hold for each agonist

A:
(10) cA=ci=0c, Ci=cl=0,.
The constants Cf, Cy and 012, C3 are the same for a given tissue and receptor type

and for the particular mechanism, i.e., they do not depend on the agonist A, acting on
them.

From Eq. 10 for the response Ef‘ and the parameters K4 and ey for each agonist
A it follows

11 EA =
(11) 510y

C1.S Cy.L§ Cy. L4

ATO L T -1

We will also use the terms e,e; = €4/Co, i.e. e, does not depend on Cs.

A pharmacological interpretation of the parameters and their calculation.
The parameters Li' and L3 are functions of the experimental data (assumption (c)).
They are determined by the least squares method for a function of the class specified in
the assumption (c) and by the found L{ ~ E2 L4 = [Aso]. From the assumption (d) it
follows that C ~ EnT@, and the effect E4 could be presented as a function of S as follows:

E4 S
(12) — ==
EI S+
Without limitation, we can consider C3 = 1, C5 = 1, i.e.
EA S
(13) — =T
EL S+1

Stephenson [54] suggests that the function f(S) is an unknown, monotone and con-
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tinuous function of the stimulus S so that the answer can be represented by:
(14) EY = ELf(S),
where f (S) is an unknown function. In THM the response E# is a hyperbolic function

of S, which is monotone and continuous in nature, i.e., it satisfies the assumptions in [54].

Following Eq. 12, the parameter Cs could be considered as stimulus S, which elicits
0.5ETL  because if S = Cy, then EA = (ELC5)/2C, = 0.5EL. So, Cy could be used as a
quantitative measure of the stimulus S in a given tissue. After replacing the coefficients
L{, L4 and C) with E;?I, [As0] and ET | L%, we obtain the following explicit expressions:

foa s By Ep
A*Egr;_E;i; Tel*Eg;L_E;?L-

These formulas are correct only when E4 < EL or E2 ~ ET . This means that A is
a partial agonist or almost full agonist.

The parameters E;+ and [Asg] can be calculated from experimental data such as EL
(respectively Aa, pa) by using the experimental data of some full agonist or other-
wise [30].

In the Operational model of Black and Left [9] the “transducer ratio” 7 is intro-
duced. Furchgott [26] redefined Stephenson [54] stimulus S = e4.[AR] by introducing
new parameter €4 = e4/[Rp]. Stimulus S can be related through a series of steps to final
pharmacological effect adopted the following form

E S
Em  B+S
On the other hand, (Operational model)
E [AR) S

E., a KE+[AR] a EA.KE—FS.
Without loss of generally § = 1 and consequently Kgea = 1 or [Ry] . Kg.ca = [Ro).
From this it follows that
eAZEA.[RO]:%:T
This means that the Stephenson efficacy e4 and the Black and Leff “transducer ratio”
T are equivalent.
At the end of this part the more important results of the members of the CABR, will
be mentioned:
— the formulas for e4 and K 4 are presented for the first time in [40];
— the constants for ey and K 4 are calculated based on experimental information of
enkephalin and dalargin analogues [42];
— proposed approach for the implementation of artificial neural networks in the study
of ligand-receptor interactions [43];
— complete exhibition of THM for partial agonism [41];
— based on the del Castillo-Katz mechanism [16]

k1 k3
A+R 2 AR — AR®
k:g k:4
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(1

are derived similar formulas for e4 and K 4. These results are presented in PhD
thesis [61] and they are not published yet.

REFERENCES

E. AGNETER, E. SINGER, W. SANERMANN, T. FENERSTEIN. The Operational model does
not reflect the possibility of asymmetrical concentration-response curves. Trends. Pharma-
col. Sci., 19 (1998), 445-446.

E. AGNETER, E. SINGER, W. SANERMANN, T. FENERSTEIN. Objection to classical models
of pharmacological agonism. Br. J. Pharmacol., 123 (1998), 120-131.

E. AGNETER, E. SINGER, W. SANERMANN, T. FENERSTEIN. The slope parameter of con-
centration — response curves used as a touchstone for the existence of spare receptors.
Naunyn-Schmiedeberg’s Arch Pharmacol, 356 (1997), 283-292.

B. ANFINSEN, A. SCHERAGA. Experimental and theoretical aspects of protein folding. Adv.
Protein Chem., 29 (1975), 205-300.

R. BArLOw, S. BoND, E. BREAM, L. MACFARLANE, D. Mc-QUEEN. Antagonist inhibition
curves and the measurement of dissociation constants. Br. J. Pharmacol., 120 (1997), 13—
18.

R. BArLOow, S. BonD, C. GRANT, D. MCQUEEN, Z. YAQOOB. A comparison of effects
measured with isotonic and isometric recording: I. Concentration-effect curves for agonist.
Br. J. Pharmacol., 133 (2001), 1081-1086.

R. BarLow. Effects of “rogue” points on non-linear fitting. Trends Pharmacol. Sci., 14
(1993), 399-403.

B. BERGER, T. LEIGHTON. Protein folding in the hydrophobic-hydrophilic (HP) is NP-
complete, J. Comput. Biol., 5 (1998), 27-40.

J. BLACK, P. LEFF. Operational models of pharmacological agonist. Proc. Royal Soc.
London, 220 (1983), 141-162.

L. BrIDGE, R. King, S. HiLL, M. OwWEN. Mathematical modelling of signalling in a two-
ligand G-protein coupled receptor system: agonist-antagonist competition. Math Biosci.,
223(2), (2010), 115-132.

D. COLQUHOUN. Lectures on biostatistics, Oxford, Clarendon Press, 1971.

D. CoLQUHOUN. Binding, gating, affinity and efficacy: The interpretation of structure-
activity relationships for agonists and the effects of mutating receptors. Br. J. Pharmacol.,
125 (1998), 923-947.

D. CoLQuHOUN, A. HAWKES. Relaxation and fluctuations of membrane currents that flow
through drug-operated channel. Proc. Royal Soc. London, Ser. B, 199 (1977), 231-262.
D. CoLQUHOUN, A. HAWKES. On the stochastic of bursts of single ion channel openings
and of clusters of bursts, Phil. Trans. R. Soc. Lond., Ser. B, 300 (1982), 1-59.

D. COLQUHOUN. Agonist-activated ion channels. Br. J. Pharmacol., 147, 1 (2006), S17-26.
J. DEL CASTILLO, B. KATZ. Interaction at end-plate receptors between different choline
derivatives. Proc. Royal Soc. London, Ser. B, 146 (1957), 369-381.

K. DiLL, K. LAu. A lattice statistical mechanics model of the conformational sequence
spaces of proteins, Macromolecules, 22 (1989), 3986—3997.

C. DiING, I. DuBCHAK. Multi-class protein fold recognition using support vector machines
and neural networks. Bioinformatics, 17 (2001), 349-358.

I. DuBcHAK, I. MucHNIK, N. HOLBROOK, S. KiM. Prediction of protein folding class
using global description of amino acid sequence. Proc. Natl. Acad. Sci. USA., 92 (1995),
8700-8704.



20]

(21]
(22]
23]
24]
25]
(26]

27]

T. DziMmBovA, R. MAVREVSKI, T. PAJPANOVA, N. PENCHEvVA, P. MiLANOV. Computer

modeling of ligand-receptor interactions-enkephalin analogues and delta-opioid receptor.

Bulgarian Chemical Communications, 449, 3 (2012), 242-246.

T. DziMmBOVA, F. SAPUNDZHI, N. PENCHEVA, P. MILANOV. Computer modeling of human

delta opioid receptor. Int. J. Bioautomation, 17 (2013), 5-16.

F. EHLERT. Affinity and efficacy the components of drug-receptorinteractions. London,

World Scientific Publishing Co. Pte. Ltd, 2016.

F. EHLERT, H.SuGA, M. GRIFFIN. Quantifying agonist activity at G protein-coupled re-

ceptors. J. Vis. Ezp., 58 3179, (2011), 1-7.

F. EHLERT. Estimation of the affinities of allosteric ligands using radioligand binding and

pharmacological null methods. Mol. Pharmacol., 33, sl 2 (1988), 187-194.

A. FrIGYESI, O. HOSSJER. Estimating the parameters of the operational model of phar-

macological agonism. Stat Med., 25, 17 (2006), 2932-2945.

R. F. FURCHGOTT. The use of -Haloalkylamines in the differentiation of dissociation

constants of receptor-agonist complexes. Adv. Drug Res., 3, (1966), 21-55.

J. GIRALDO, N. Vivas, E. ViLAa, A. BADIA. Assessing the (a)symmetry of concentration-

effect curves: empirical versus mechanistic models. Pharmacology € Therapeutics, 95

(2002), 21-45.

J. GIRALDO. Operational models of allosteric modulation: caution is needed. Trends in

pharmacological sciences, 36 (2015), 1-2.

W. Jusko. Moving from basic towards systems pharmacodynamic models. J. Pharm. Sci.,

102, 9 (2013), 2930-2940.

J. JOHANSEN, A. GiBB. Textbook of Receptor Pharmacology, 3rd edition. London, CRC

Press, 2010.

B. JorDAN, L. DEVI. Molecular mechanisms of opioid receptor signal transduction. Br. J.

Anaesth., 81 (1998), 12-19.

T. KENAKIN, C. WATSON, V. MUNIZ-MEDINA, A. CHRISTOPOULOS, S. NOVICK. A simple

method for quantifying functional selectivity and agonist bias. ACS Chem. Neurosci., 3

(2012), 193-203.

T. KENAKIN. Pharmacodynamics in pharmacology. Pharmacology, EOLSS, 2014.

N. KRASNOGOR, D. PELTA, P. LOPEZ et al. Genetic algorithms for the protein folding

problem: A critical view. Proc. Eng. Intell. Syst., 1 (1998), 353-360.

M. LeviTT, C. CHOTHIA. Structural patterns in globular proteins. Nature, 261 (1976),

552-558.

F. LiaNG, W. WONG. Evolutionary Monte Carlo for protein folding simulations. J. Chem.

Phys., 115 (2001), 444-451.

D. MAckAy. Concentration-response curve and receptor classification: null method or

operational model? Thends Pharmacol. Sci., 9 (1988), 202-205.

D. MAcCKAY. A general usefull modification of ALLFIT that facilitates of null equations to

dose — response curves. Trends Pharmacol. Sci., 9, (1988), 121-122.

D. MACKAY. A new method for the analysis of drug-receptor interactions, Adv. Drug. Res.,

3, (1966), 1-19.

P. MiLaNov, N. PENCHEVA. Pharmacological agonism: mathematical model and explicite

approximation of the efficacy and the affinity of agonists. In: IV ECMIB Meeting Theory

and Mathematics in Biology and Medicine (Abstract), Amsterdam, 1999, 348.

P. MiLaNov, N. PENCHEVA. Hyperbolic model of a partial agonism: explicit formulas for

affinity, efficacy and amplification of partial agonists. Serdica Journal of Computing, 5, 4

(2011), 333-358.

P. MiLaNov, N. PENCHEVA, J. BARTHOVA, T. BARTH, A. MILANOV. Affinity and agonist

efficacy of mu-selective dalargin analogues. C. R. Acad. Bulgare Sci., 56, 1 (2003), 93-98.
47



(43]

(44]

(45]

(46]

(47]

[51]

[52]

48

P. MiLanov, N. PENCHEVA, I. TRENCHEV, A. MILANOV. Molecular design of selective
encephalin analogues. C. R. Acad. Bulgare Sci., 57, 4 (2004), 27-30.

G. MurziN, E. BRENNER, T. HUBBARD, C. CHOTHIA. SCOP: A structural classification
of proteins database for the investigation of sequences and structures, J. Mol. Biol., 247
(1995), 536-540.

N. PENCHEVA, P. MiLaNoOv, L. VEZENKOV, T. PAJPANOVA, E. NAYDENOVA. Opioid pro-
files of Cys2-containing enkephalin analogues. FEur. J. Pharmacol., 498 (2004), 249-256.
D. RocHE, D. GiL, J. GIRALDO. Mathematical modeling of G protein-coupled receptor
function: what can we learn from empirical and mechanistic models? Adv. Fxp. Med. Biol.,
796 (2014), 159-181.

D. RocHE, D. GiL, J. GIRALDO. Multiple active receptor conformation, agonist efficacy
and maximum effect of the system: the conformation-based operational model of agonism.
Drug Discovery Today, 18, 7-8 (2013), 365-371.

X. Rovira, M. VIv0l, J. SERRA, D. ROCHE, P. STRANGE, J. GIRALDO. Modelling the
interdependence between the stoichiometry of receptor oligomerization and ligand binding
for a coexisting dimer/tetramer receptor system. British Journal of Pharmacology, 156
(2009), 28-35.

F. SapunDpzHI, T. DziMBOVA, N. PENCHEvVA, P. MILANOV. Determination of the rela-
tionship between the docking studies and the biological activity of d-selective enkephalin
analogues. Journal of Computational Methods in Molecular Design, 5, 2, (2015), 98-108.
F. SaApunDzHI, T. DzIMBOVA, T., N. PENCHEVA, P. MiLANOV. Comparative evaluation of
four scoring functions with three models of delta opioid receptor using molecular docking.
Der Pharma Chemica, 8 (2016), 118-124.

F. SapunDpzHI, T. DziMBOvA, T., N. PENCHEVA, P. MILANOV. Exploring the interactions
of enkephalin and dalargin analogues with the mu-opioid receptor. Bulgarian Chemical
Communications, 47, 2 (2015), 613-618.

F. SapunpzHI, T. DziMBovAa, T., N. PENCHEVA, P. MiLANOV. Computer modeling of
Cannabinoid receptor type 1. ITM Web of Conferences 16, AMCSE 2017 - International
Conference on Applied Mathematics, Computational Science and Systems Engineering,
2018, 02008.

F. SapunDzHI, T. DzZIMBOVA, N. PENCHEVA, P. MiLANOV. Molecular docking experiments
of cannabinoid receptor. Bul. Chem. Comm., 50, Special Issue B (2018), 44-48.

R. STEPHENSON. A modification of receptor theory. Br. J. Pharmacol. Chemother., 11
(1956), 379-393.

A. SHMYGELSKA, H. Hoos. An ant colony optimisation algorithm for the 2D and 3D
hydrophobic polar protein folding problem, BMC Bioinformatics, 6, (2005), Article No.
30.

R. TALLARIDA, L. JAcOBS. The doseresponse relationship in pharmacology. New York,
Springer-Verlag, 1998.

M. TRAYKOV, S. ANGELOV, N. YANEV. A new heuristic algorithm for protein folding in
the HP model. J. Comput. Biol., 23, (2016), 662-668.

A. WARE, F. SHAIKH, A. PANCHE. In silico analysis for competent bioinsecticides.
RJLBPCS, 4, 4 (2018) 332-342.

N. YANEV, M. TRAYKOV, P. MIiLANOV, B. YURUKOV. Protein folding prediction in a cubic
lattice in Hydrophobic-Polar model. Journal of Computational Biology, 24 (2017), 412-421.
N. YaNEV, M. TrAYKOV, P. MiLANOV, B. YURUKOV. A new classifier for protein fold
class recognition, C. R. Acad. Bulgare Sci., 71, 7 (2018), 885-892.

®. CANYH/KU. MareMaTH9eCKH U KOMIOTHPHYU MOJIEJIA B JIMTAHJ-TAPreT B3auMOJeHCT-
Bus. Jlucepramus 3a nosydasane Ha crenet ., Jlokrop“. FO3Y, Baaroesrpas, 2015, http:
//rd.swu.bg/media/40833/avtoreferat.pdf.



Peter B. Milanov

South-West University “Neofit Rilski”
66, Ivan Mihaylov Str.

2700, Blagoevgrad, Bulgaria

and

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences, Bulgaria
Acad. G. Bonchev Str., BL. 8

1113 Sofia, Bulgaria

e-mail: peter milanov77@yahoo.com

MATEMATNYECKU MOAEJIN B KOJINMYECTBEHATA
DPAPMAKOJIOTUA

Ilerbp B. Muaanos

OT ryeHA TOYKA HA MPUIOXKHATA MaTeMaTUKa CJAETHUTE 33849l B KOJTUIECTBEHATA,
dapmakoJIorusi ca MHOIO BayKHU Y UHTEPECHU:
— 3ajia4yara 3a HAr'bBaHEe HA IIPOTEUHWU;
— 3aja4ara 3a JOKUHT;
— KOJIMYeCTBEHATa B3aWMOBPDB3Ka JIUTaH-PEIENTop.
Bcewnuaku ropenocouenu mpobiiemu ca u3cjieBaHu OT YieHoBeTe Ha ,, I [eHTbpa 3a chbBpe-
MeHHU OnmonHMOpMATHIHN u3caeaBanus " KbM KOrosanaaust yausepcuret ,, Heodpur
Puiickn“ B Biaroesrpay.
B razu craTus, 1me 6baT npeacTaBeHn HOBU PE3yJITaTh B 00JIaCTTa HA TPUTE MTPOO-
JieMa, CIIOMEHATH TO-TOpe.
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