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For nonlinear equations of Gellerstedt type, uniqueness of regular solution to
the degenerate hyperbolic Cauchy-Goursat problem on triangular domain with sub-
characterstic will be established. For homogeneous supercritical nonlinearities, the
uniqueness of the trivial solution in the class of regular solutions will be approved
by combining suitable Pohozaev-type identities with appropriate assumptions for the
domain and application of Hardy-Sobolev inequality. Introduction to some open
questions regarding generalized solvability of the problem will be given.

1. Introduction. The Sobolev embedding theorem. Let ) be a bounded
smooth domain in R™,n € N, n > 3. Then one has the embedding of Hj(Q) into
LY(Q) with ¢ < % The critical Sobolev exponent is denoted by — 2*(n) := 2n2
and the embedding is compact for g € [1,2%(n)), but fails to be compact at the so called
critical case when g = 2*(n).

It is well known, starting from the seminal paper of Pohozaev [11], that the homo-
geneous Dirichlet problem for semi-linear elliptic equations such as Au + u|u|? 2 =0
will permit only the trivial solution u = 0, if the domain is star-shaped, the solution is
sufficiently regular, and p > 2*(n) = 2n/(n — 2).

On the other hand, at subcritical growth 2 < p < 2"(n) in the nonlinearity such
as F'(u) = u|u|P~2, one generically does have existence of nontrivial solutions. Let’s
mention explicitly the critical case p = 2*(n), when the situation is quite more interesting.
Beginning with the celebrated paper of Brezis and Nirenberg [1] a lot of works with more
precise results are given in this case.

Pohozaev-type identities have been used in a large number of papers, mostly related to
elliptic problems. We will just mention here the works of Pucci, Serrin [13], D’Ambrosio,
Mitidieri [3] and Monticelli, Payne and Punzo [9] which treat elliptic or degenerate elliptic
cases.
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Recent studies have extended Pohozaev-type identities to nonlocal problems (see for
example Ros-Oton, Serra [14]). General formulation of the nonlocal problem is

(=A)°u = f(u) in D,
w=0inR"\ D,
where D C R™ and (—A)? is the fractional Laplacian defined for 0 < s <1 as

u(z) — u
(—A)°u(x) = ¢ s PV /Rn %dy
A surprising fact in this case is that from a nonlocal problem, using a non-standard
multiplier operator, one obtains a completely local boundary term in the Pohozaev iden-
tity. Although the function u has to be defined in the whole R™ in order to compute its
fractional Laplacian at a given point, knowing w only in a neighborhood of the boundary
one can already compute the boundary integral (see [14]).

Let us mention also some initial problems for Tricomi-type equations in the whole
space (for example He, Witt, Yin [5]).

Beginning with paper [6], D. Lupo and K. Payne in a series of papers have also
studied some classical boundary value problems for critical exponent phenomena for a
class of mixed type elliptic-hyperbolic equations in two dimensions. In the supercrit-
ical case, a nonexistence principle was established in [6] for Tricomi type equations
in two dimensions with suitable boundary conditions compatible with linear solvability
theory. Later, in [8] Goursat boundary value problems for Tricomi equation had been
studied establishing uniqueness results for generalized solvability in the supercritical and
in the critical case, but also some existence results. Uniqueness results in the frame of
generalized solvability for supercritical and critical growth were established in [12] fur-
ther developing the results obtained in [8] to the Cauchy-Goursat problem for nonlinear
Gellerstedt equations. In particular, the problems in [8] and [12] were considered in the
domain D = ABC, a characteristic triangle:

W p={Epery 0t 2o as 2o}
This is a connected region in the plane whose boundary consists of the segment AB,
A = (—220,0), B = (0,0) on the x — axis and two characteristic arcs AC and BC.

The point of this work is to continue our study of two-dimensional problems for

Gellerstedt equation started in [8] and continued in [12]. Specifically, we study the
semilinear Cauchy-Goursat problem

(2) Lu+ F'(u) =0in Q,

(3) u=0on AC, uy, =0 on AB,

where L = —(—y)™D? + Di, m > 0 is a Gellerstedt operator on R? and F”(u) = u|u[P~?
is a power type nonlinearity. The region Q = ABC is a triangular domain similar to
D given by (1), but here the characteristic arc AC' is changed, namely it is replaced
by a sub-characteristic arc I', starting from point A reaching a point which we still call
C(zc,yc), on the characteristic of positive slope through B. On the sub-characteristic
T" the following inequality holds

(4) —(=y)"; + vy 20
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where v = (v, v,) is the external unit normal vector to the boundary. If the inequality
(4) holds in the strict sense on some piece I'' of T, we call I” strictly sub-characteristic
which means that I is a piece of spacelike surface for the operator L. The boundary
conditions are placed on a proper subset of the boundary, namely on the boundary AC
we have u = 0 and on the segment AB we have Neumann boundary condition u, = 0.
No data is given on the characteristic BC'

We say that the domain Q is M-star-shaped if for every point (zg,10) € Q the flow
generated along a Lipschitz continuous vector field M = (m + 2)xD,, + 2yD,, on R? lies
in Q for every moment t € [0, +00). If Q is M-star-shaped we say that 0Q is M-star-like
in the sense that on J¢) one has

(5) ((m+2)x,2y) -v >0,

where v is the external unit normal on 0. If the inequality holds on a part S of the
boundary, we say that S is M-star-like, or S is strictly M-star-like if the inequality is
strict.

We define the weighted Sobolev space Hg (2;m) with norm

[l ey = [ (o™ + u) dady.

This is a natural norm for which to begin the search for weak solutions [7]. From the
embedding of HJ(£;m) into LI(f2) the critical Sobolev exponent arises
2(m+4)

2*(1,m) = "2
m

We will consider the problem (2), (3) in the case of the supercritical growth

) p220m =201,

and we will prove that in this case the only solution u € C*(Q) is the trivial solution
u = 0. For Tricomi equation (i.e. equation (2) with m = 1) and boundary conditions
u = 0 on AC U AB the case p > 2%(1,m) was treated in [6] and the extension to
p > 2%(1,m) was treated in [7] for mixed type domains. In the frame of generalized
solvability the case p > 2*(1,1) = 10 was announced in [4] and treated in [8].

2. Nonlinear theory: Pohozaev identities. At first we need to formulate the well
known Hardy-Sobolev inequality with remainder term. It will be used when discussing
the sign of the boundary integral under BC' where no boundary conditions are imposed
and is needed to ensure that the contribution of this integral has the right sign.

Lemma 1. Let u; € C*0,a] and satisfy ui(a) = 0. Let p > 1, then the following
inequality holds

a 1 2 a 4 a
(7) / tP (uh))?dt > (pi)/ tP=2u2dt + —2/ tPuldt.
0 4 0 a Jo

The inequality is a weighted Sobolev inequality which applies to classes of absolutely
continuous functions. General approach for proof of the inequality could be found in
Chen, Shen [2]. Slight modification of the proof with regard to the application in our
particular case could be found in [8] and [12].

We can now formulate the theorem for non-existence of nontrivial regular solution for
the problem (2)—(3).
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Theorem 1. Let Q C R? be a triangular domain with boundary ABUBC U AC' with
AC sub-characteristic in the sense (4). Assume that the noncharacteristic part of AC is
star-like with respect to the vector field

(8) M = (m+2)zD, +2yD,, .

Let u € C*(Q) N C%*(Q) be a solution to (2)~(3) with F'(u) = u|u[P~2. Then u = 0 in
the supercritical case p > 2*(1,m), where 2*(1,m) = 2(m + 4)/m the critical Sobolev
exponent. If in addition the noncharacteristic part of AC is strictly star-like, then the
result holds also in the critical case p = 2*(1,m).

Proof. We begin the proof by multiplying the equation with considered vector field
Mu, integrating over Q and taking into account that the primitive F satisfies F'(0) = 0,
we obtain

/Q [—(=y) " taz + uyy + F'(w)] [(m 4 2)zug + 2yuy] =

9) = /Q [%uF'(u) —(m+ 4)F(u)} dzdy+
+ Wl'VdS+/ (W1+W2+W3)'Vd5+/ (W1+W3)'Vd8
AC BC AB
where
Wi = ((m+ 2)zue + 2yuy) [—(=y) " va, uy] — % (—(=9)™u? + uj) [(m + 2)z, 2y],
Wy = %u (—(=y) " ug, uy) , W3 = [(m + 2)x, 2y] F(u).

Remark. The problem considered in [12] is similar but the difference here will be
the additional integral over AC which is arising due to the noncharacteristic part of that
boundary. Similar boundaries were considered in [7] for mixed type domains.

On AB we have conditions u, = 0, y = 0 and from the fact that the external unit
normal vector on the same boundary has components 7 = (0,1) it is obvious that the
integral over AB vanishes.

The characteristic BC' is given by

2 m2
(10) BC: z+9(y) =0, yelyc,0, 9y) =~
Referring to (10) we derive the components of the external unit normal vector associated
to BC
1 m
Vpo=—"(1.—(—y)2).
We could directly observe that the vectors ((m+2)x, 2y) and Upc are orthogonal. Param-
eterizing BC' from (10) by 8(t) = (—g(t),t) with ¢t € [yc, 0] and setting w(t) = u(B(¢)),
one finds that the boundary integral in (13) is

/ (W1+W2+W3)-l/d82/
BC

[Mu + %u} (—(=y) " ug, uy) - vds =
BC

(11)

2

0 mt2 m m—2 16 [ m42
= / [4(15)211/(15)2 - —(t)zw(t)Q] dt > —/ (—t) 2 w(t)?dt >0
yc 4 yc Yyc

92



where we use Hardy-Sobolev inequality with remainder term (7).

Finally, on AC' the boundary condition v = 0 implies that u, = u,v, and u, = u, vy
on AC where u, is the normal derivative. Also, recalling that the noncharacteristic part
of AC' is M-star-like and sub-characteristic, using (4) and (5) we obtain the inequality

1
(12) Wi -vds = / —uZ[—(—y)" 2 + Vi][(m + 2)zvy + 2yvylds > 0.
AC ac 2

Thus combining results (9), (11) and (12) we obtain the following Pohozaev type
identity

/QMU(LquF'(u))d:Edy:/

A [%uF'(u) —(m+ 4)F(u)} dxdy+

1
(13) + / §u12,[f(fy)ml/i + Vi][(m + 2)zv, + 2yv,ds+
AC

o fo [0+ o) o] s

Let us assume that there exists « € C%(22) N C*(Q) a nontrivial solution of (2) - (3).
In the pure power case when we have F(u) = |ul?/p, we could calculate the expression
in the integral over Q on the right-hand side of (13) to be

(14) TuF'(u) — (m+4)F(u) = <E - %*4) ufp = M=),

2 2p
Thus combmmg (11 ) and (14) we obtain
m 1
0> m(2(1,m) = pl / |ulPdzdy = /AC §u12,[—(—y)mui + V;][(m + 2)xv, + 2yv,lds+

+ /BC [Mu—i— 5“} (—(—y)"ug, uy) - vds >0

which contradicts u being nontrivial.

In the critical case p = 2%(1,m) the area integral on the right-hand side of (13)
vanishes. Then, for the solution u(z,y) of equation (2) the integrals over AC and BC
must also vanish. We begin by showing that u has zero trace on BC by applying the
Hardy-Sobolev inequality with remainder term (7). Referring to (11), we have

/BC [Mu + %u} (—(=y) ™z, uy) - v ds =

v
where w(t) = u|pc(t) = u(B(¢)). Since the integral on BC must vanish we obtain

0
/ (—t)"2 " w(t)2dt = 0

Yyc

= /O [4(—7:)*”?210'(@2 - m—Q(—t)”f (t) ] dt > ﬁ (_t)%“w(t)%t >0

from where it follows that u|pc = 0.
In the critical case we have already additionally assumed that the noncharacteristic
part of AC is strictly M-star-like, then (12) shows that
(15) uZ[—(—y)™v; +vp] =0 on AC
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which implies that the normal derivative u, vanishes on the parts of the boundary which
are strictly sub-characteristic. This, combined with the boundary condition u = 0 on
AC yields u = 0 on €. In fact, using the multiplier Vu = u, one obtains

/Vu (Lu + F'(u) dxdy——/ )" 2 dady+

(16)
/ <(y) UsUyVs + 5 (u + (—y)"ul)vy + F(u)yy> ds.
o9
Using the boundary conditions, the fact that u|pc = 0 and F(0) =0, (16) becomes
1 m -
(17) / 21/yu2 (—(—y)™ 2 + l/j)ds +/ F(u)ds = — / )2 dady
ACUBC AB

where the first integral vanishes on AC by (15) and by the fact that BC is characteristic
of (2) ie. —(—y)™v + v, =0 there. From the fact F(u) = |u[’/p > 0, it follows that
the left-hand side is non-negative and then, using the right-hand side, thus u, = 0 in .
Since u = 0 on BC, one concludes u =0 in 2. O

3. Open problems. We have assumed throughout this work that the solutions are
of class C*(Q) which is clearly too much. In fact, even for the classical Tricomi problems
one expects, in general, to have the possibility of isolated singularities in the first deriva-
tives at parabolic boundary points [10]. Because of these facts, it is quite naturally, to
study such problems assuming less regularity. Especially, in the frames of generalized
solvability, including possible singularities of the solution.

Open Problems:

1. Uniqueness of generalized solution of (2)—(3) in the supercritical or critical case, if
AC is not fully characteristic. Actually, the characteristic case is given in [12].

2. The question regarding existence of nontrivial solution of the problem (2)—(3) also
was not considered.
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TBHbXJECTBA HA ITOXO2KAEB U ITPUJIO2KEHUE
K'bM YPABHEHUA HA MATEMATNYECKATA ®U3NKA
OT CMECEH THUII

Hepro IlonuBanos, Auu Bories

Ioceemaga ce na 80-rara rogumunna Ha npog. A. M. Hakyrmes

3a HeJMHEHW ypaBHEHUsI OT TUIl Ha lesepine/, 3a W3paxkjaiia ce XUmepoo -
Ha 3ajada Ha Komu—I'ypca B TpubIbjIHA 06JIACT ChC CyOXapaKTEPUCTHKA, Ie ObJie
YCTAHOBEH PE3yJITAT 33 €JUHCTBEHOCT HA PErYJISPHO PelleHne. 38 XOMOI'€HHU CYNepk-
PUMUNHY HEJTMHEHHOCTH, €IJMHCTBEHOCTTA HA HYJIEBOTO PEIIEHNE B KJIaca HA PeryJisp-
HUTE peleHus e Obe YCTAHOBEHa YPe3 KOMOMHAIIUSATA OT MPUJIATaHEe Ha TTOIXOJISIIN
THKJAeCTBa Ha [Iox0:KaeB, C MOAXOMSINY IPEIIOJIOKEHNS 38 00JIaCTTa U IIpUJIAraHe-
TO Ha HepaBeHCTBOTO Ha Xapau-Coboses. Ille ce mHampaBu mpejcTaBsiHE Ha HSIKOU
OTBOPEHU BBIIPOCH, 3acAraIiny 0000IIeHaTa PA3PEINMOCT Ha 33/1a9aTa.
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