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STABILITY ANALYSIS OF A MODEL
FOR A VECTOR-BORNE DISEASE
WITH AN ASYMPTOMATIC CLASS"

Peter Rashkov

We introduce a model for a vector-borne disease with symptomatic and asymp-
tomatic carrier classes described by a system of ordinary differential equations. We
analyse the local and the global stability of the disease-free and the endemic equilibria
using appropriately chosen Lyapunov functions.

Introduction. Mosquito-transmitted diseases are among the major health chal-
lenges in tropical climates and could emerge in new regions such as Europe due to the
establishment of invasive mosquito species [3]. Individuals infected with the pathogen
but displaying no apparent symptoms (asymptomatic) or mild symptoms and remaining
undetected by health surveillance systems (preclinical) could play a major role in the epi-
demic dynamics [4]. Also, individuals showing no symptoms are estimated to contribute
to 88% of infections in the case of dengue fever [9], thus serving as a hidden reservoir
for the pathogen. Compartmental models of vector-borne diseases sometimes include
a compartment for asymptomatic carriers of the pathogen, for example, in modelling
malaria [6]. We present a simple model for a vector-borne disease with asymptomatic
carriers and study its equilibria and the asymptotic behaviour depending on the basic
reproduction number.

Model description. The compartments of the model for the host population
are formed by susceptible S, infected symptomatic I, infected asymptomatic I, and
removed individuals R. The total human population N = S(t) + Is(t) + I,(t) + R(t) is
assumed constant in time. The compartments of the model for the vector population are
susceptible U and infected mosquitos V. The total vector population M = U(t) + V (¢)
is assumed constant in time. The natural removal rates of hosts and vectors are denoted
by p,v with p < v. The pathogen is transmitted from the infected hosts in both
compartments I, I, to the susceptible vector U, and from the infected vector V' to
the susceptible host S. Vectors in V cannot recover from the infection. The rate of
removal /recovery of infected hosts is 4. The share of symptomatic carriers among all
infected persons is denoted by o € (0, 1).
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Encounters between vectors and hosts are modeled by the law of mass action with the
following parameters: 8 denotes the infection rate of hosts per infected vector. ¥, denotes
the infection rate of vectors per asymptomatic host, and 5 denotes the infection rate of
vectors per symptomatic host. There is no clear evidence whether infection rates from
symptomatic and asymptomatic hosts to mosquitoes differ or not, due to physiological
factors [1, 7] or simply because symptomatic carriers are more likely to be detected by
health surveillance systems.

We nondimensionalise the variables S := S/N, I, := I;/N, I, := I,/N, U :=U/M,
V :=V/M and work with proportions instead. We consider the following system, which
describes the temporal dynamics of the population proportion in each compartment:

(1&) Sz—ﬁSV—i—u(l—S), R:’Y(Is'i‘-[a)_/iR
(1b) I, =0BSV — (v + u)ls, U= —aly +0:L)U +v(l - U)
(1c) I,=(1—-0)3SV — (v + p)1,, V = (0aly + 01U — vV,

Using the constraints S + Is + I, + R =1,U +V =1, it is possible to recast (1) as
an equivalent system of ODEs for S, I, I,,V.

(2a) S =—BSV +u(l-S)

(2b) Iy =aBSV — (y+ p);

(2¢) Io=(1=0)BSV = (y+p)la

(2d) V =09,1-V)I,+9,(1—-V)I, —vV .

One can show following [2] that the biologically relevant domain of the model (2) is
the subset Q = {(S5,I,1,,V) |0 < S+ I+ 1, <1,0 <V <1} of the positive orthant
Ri, and this domain is positively invariant by the flow of (2).

Stability analysis of equilibrium points. Denote in the following © = o0+ (1 —
0)0,. System (2) has a trivial, disease-free equilibrium & = (1,0,0,0), and an endemic
equilibrium &* = (S*,I7,I;, V"),

g _ Y+ n)+ 0 Ve — BO —v(y+p)

3) B+mwe Bv(y+p) + 10)’
I'=op— TR (1) AR
‘ (v +w) (B + 1) o ={1=0) (Y +mw)(B+we

which lies inside the positive orthant Ri if and only if the basic reproduction number

8O
4 =—7>>1.
@ CT v +m)
In the algebraic manipulations inside this section, we use the identities
v 1
(5) 0,15 + 0,17 = =~ = RoS*

1-V* 1=V
The local asymptotic stability of the endemic equilibrium £* is characterised in
Proposition 1. Let Ry > 1. The endemic equilibrium E* is locally asymptotically
stable. It is a spiral when pu =~ 0.
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Proof. The Jacobian matrix of (2) evaluated at the endemic equilibrium £* is

—BV* —u 0 0 -BS*

J— oBV* —(v+p) 0 oS*
(1—0)BV* 0 ~(y+mn) (1-0)BS”
0 0,1 —V*) 6.1 -V*) —vRyS*

The characteristic polynomial of J factors as P(A\) = det(AL —J) = (A + v + p)Q(N),
with Q(\) = A% + ¢1A% + g2\ + ¢3. The polynomial @ has coefficients
@ =7+ 2u+VRoS™ + BV,
@2 = (v +20)vRoS™ + (v + 1) (BV" + ) + B(Ro — LriS™V7,
g3 = (BV* 4+ p)ywRoS* + p?vRo + Buv(Ro — 1)S*V* .
One sees immediately that Rg > 1 implies Q(A) > 0 for all A > 0. Furthermore, ¢1q2 > g3

holds, so the Routh-Hurwitz criterion implies that all roots of ) lie in the left half of the
complex plane. Hence, all roots of P have a negative real part.

The discriminant A of @) can be rewritten as a polynomial in u, A(u), whereby we
ignore the terms g in the sums 8 + u,y + p due to being negligible (8 > u,v > u).
Whenever A < 0, Cardano’s formula tells us the cubic Q()) has a pair of imaginary
roots. Gathering terms of O(p) in A(p) we have

R2~Op4 Rov? 2
Ap) = — ! — + O(p),
9=~ ggengs v (1 53 7) oW
so lim A(p) < 0, which completes the proof. [

n—0

The global asymptotic stability of the equilibria depending on the magnitude of Rq
is established in

Proposition 2. If Ry < 1, the disease-free equilibrium &y is globally asymptotically
stable. If Ry > 1, the endemic equilibrium E* is globally asymptotically stable.

Proof. First we consider the case Rg < 1. Similar to [8], we set as a candidate for
a Lyapunov function

0 0,
L(t)=5(t)—InS(t) + 6IS(t) + 6Ia(t) + gV(t).
Differentiating £ with respect to ¢ gives
. 1\ . O,. 6,. B

" £_<1_S)S+@IS+®I“+VV

_ (-8 B y+u) B

=-H—g + (015 +0,1,) > 5 V(GSIS +0,1,)V.
Since Ry < 1, é _aa <0, we have £ < O unless V = 0,5 = 1,1, = I, = 0. Thus,

v
the disease-free equilibrium is globally asymptotically stable in the case Ry < 1.

Next we consider the case Rg > 1 and show that £* is globally asymptotically stable.
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We set as a candidate for a Lyapunov function

L(t) = S(t) — §* — S*In S(*) 55* (V(t) V-V V;’”)

1 . . OsIF +0,1%  0sI5(t) + 0,1,(¢)
+ 5 (9515(75) + 0,1, (t) — (0,15 + 9afa)) 5 In 0l £ 0T
where S*, I, I, V* are given by (3). Differentiating with respect to ¢ gives
- S*\ . 1 05015 +0,15)\ -
) E‘(l_S)“@(aS_ 0., +0u1, )Is
1 0,015 +0,15) . [BS* Ve -
+@(9“ 0.1, + Oul, >I“+ s\

After some algebraic transformations, we arrive to
*

ﬁzu(l—S)—u(l—S)%+BS*V—ﬂSV

SV(0,I% + 0,1 . )
8) 4 BSV — ”g“(ez 40,1, -2 0(1 f-;f )+”g“(eszs+9a1a)

(6,1, + 0 1)<1v+v*v> — BS*V + BS*V*.

ps” (0515 + 0,1,)V™ in (8) and using the identities
v
OBS™V* = (v + pu)(0s15 + baly), BS*VT =p(l—5%)

gives
= I I 2 _
L=p (3 §-5 - ) B2 (0,1, + 0,1,) ( vi-v- T )
BSV (0,17 + 0a13) 55* vt
— S a 1 . w YT H I I -
(9) Lo T\ V) = g ) (L4 bul)

The last summand in (9) vanishes due to (5).

The resulting derivative of £ is then identical in form to the derivative of the Lyapunov
function suggested in [8]. Note we can bound the first and thr second summands in (9)

S* V*
using the inequality z® + ¢ > 2zy applied to = VS, Yy = and z = \F Yy =

VS N

; . 9 BS* V* o BSV(0.Ir+0,1F)
< _ _ z
(10) £ <3u(l—-5*)—pu(1-5%) 5 (0sls+0,1,)—(1-V™) 0.1 + 0.1

and the inequality in (10) is strict unless V =V* S = S* Applying the arithmetic-
geometric mean inequality to the three summands on the right-hand side of (10) and
using (4), (5) we obtain

respectively. Thus,

£ <3u(1 \/ ﬁ — §¥)S* 2V (1 — V*) (01 + 6,17) = 0.
The equality £ < 0 is strict unless z =y, or V = V*, § = §*.

We now examine the case V. = V* S = §*. Applying again the inequality
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0,1 + 0,17
\Y 0818 + eaIa

£=2u(l— 5% — HT“ (9515 0T, +

< o1 - 87 =210, 1 +0.17) <0,

we have

(0517 + 0,17)*
98-[8 + 9(1-[(1

22 +y? > 2zy to v = /0,1 + 0,1,y =

with equality holding only in the set
X={zeRY | L(z) =0} = {(S", 1, 1o, V") | OsIs + Oaa = 017 + 0,1}
Observe that the only invariant set under the flow defined by (2) for all t € (—o0, +00),
which is contained in X, is the endemic equilibrium &* = (S*, I, I, V*). Indeed, the
flow (2) restricted to X is given by

(1) I, =aBS*V* — (v +p)s

I, =1—-0)BS*"V*—(v+u)l, .
The equations (11) are uncoupled and linear, and have a solution for all ¢ € (—oo, +00).
The set £* is the only invariant subset of X for all ¢ € (—o0, +00). Krasovskii-LaSalle’s
invariance principle [5] implies that every solution of (2) with initial data in {2’s interior
converges to £. [

Conclusion. We investigate the asymptotic behaviour of the model (2) depending
on the magnitude of the basic reproduction number Ry. The endemic equilibrium is
globally asymptotically stable if Ry > 1, and is a spiral if the natural removal rate of
the human population is small. Thus, the asymptotic dynamics is similar to the case of
models without distinction between symptomatic and asymptomatic carriers.
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AHAJIN3 HA YCTONYUBOCTTA HA MOJIEJI HA
BEKTOPHO-ITPEJJABAHA BOJIECT
C BESCUMIITOMEH KJIAC

ITersp Pamnkos

IIpencraBen e Mojes1 Ha BEKTOPHO-TIPE/IaBaHA GoJtecT’ ¢'bC CHMIITOMHU U 6E3CHMII-
TOMHH KJIACOBE, OIUCAH CbC CUCTEMa OOMKHOBEHU AU epeHIMaHi ypaBHeHusi. AHa-
JIM3UPAT Ce JIOKAJHATA U NI00ATHATA YCTONINBOCT Ha PABHOBECHUSITA HA €JIMMUHUDAHA
7 HA €HJeMHUYHa OOJIECT C MMOMOIITA Ha MTOAXOIAINT0 n3bpann GyHKIUN Ha JIamyHOB.

13a 9UTATEJINTE, KOUTO CBBbP3BAT GEKMOP CAMO C MaTEMATUYECKOTO IOHSTHE: OOJIECT, IPU KOSTO

[IPUYUHUTENUTE Ce NpeaBaT ¢ KPbBOCMYUEIN YJIEHECTOHOIH, HapedeHn eekmopu. (Gest. pex.)
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