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1. Introduction and statements of the result. The famous prime twins conjecture
states that there exist infinitely many primes p such that p + 2 is a prime too. This
hypothesis is still unproved but in 1973 Chen [2]| proved that there are infinitely many
primes p for which p + 2 = Ps. (As usual P, denotes an integer with no more than r
prime factors, counted according to multiplicity).

Let « be irrational real number and ||z|| denote the distance from x to the nearest
integer. The distribution of fractional parts of the sequence an®, o € R \ Q was first
considered by Hardy, Littlewood [5] and Weyl [19]. The problem of distribution of the
fractional parts of ap®, where p denotes a prime, first was considered by Vinogradov (see
Chapter 11 of [17] for the case k = 1, [18] for & > 2), who showed that for any real S
there are infinitely many primes p such that

(1) lap + 8| < p~*,

where § = 1/5—¢, € > 0 is arbitrary small. After that many authors improved the upper
bound of the exponent 6. The best result is given by Matoméki [10] with 0 = 1/3 — .
Another interesting problem is the study of the distribution of the fractional part of ap®
with 2 < k < 12, such Baker and Harman [1], Wong [1] etc. For 2 < k < 12 the best
result is due to Baker and Harman [1].

In [13] Todorova and Tolev considered the primes p such that ||ap + 8| < p~" and
p+2 = P, and prove existence of such primes with § = 1/100 and r = 4. Later Matoméki
[10] and San Ying Shi [11] have shown that this actually holds whit p + 2 = P, and
6 =1/1000 and ¢ = 1.5/100 respectively.

In [12] Shi and Wu proved existence of infinitely many primes p such that ||ap®+ 8| <
p % and p+2 = P, with 0 < § < 2/375. In 2021 Xue, Li and Zhang [14] improved the
result of Shi and Wu with 0 < 6 < 10/1561.

In this paper we evaluate exponential sums over well-separated numbers and improve
the results of Shi, Wu and Xue, Li and Zhang.

We will say that d is a well-separable number of level D > 1 if for any H,S > 1 with
HS = D, there are integers h < H, s < S such that d = hs.

Theorem 1. Suppose o € R\ Q satisfies conditions

0

a

(2) a—g

K and D are defined by (8), A(d) are complex numbers defined for d < D,
(3) Ad)<7(d) and Md)#O0 if d is well-separable number of level D,

c(k) < 1 are complex numbers, 0 < |k| < K. Then for any arbitrary small € > 0 and
b € Z for the sum

(4) W)=Y Md) > k) > e((an®+B)k)A(n)

n~x
d=D 1<[k|<K n=b (d)

1
< —

27 anv q€N7 (a7q):17 QZL
q

we have
1
(6) W :Z:E(x{{ + x{{ foK + aTEARK 4 pTeK3ge 4 xéA%Kiq}l)
A3z q3 qz
Remark 1. It is obvious that the Theorem 1 is true if function A(d) is well-factorable.
Lemma 1. Suppose a € R\Q satisfies conditions (2), sum W(x) is defined by (4),
A(d) are complex numbers defined for d < D and satisfying (3) and (8), ¢(k) < 1 are
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complex numbers 0 < |k| < K. Then there exist a sequence
{xj}]qih jlir&xj = %,
such that
W(z;) <z, j=1,2,3,...
for any w > 0.
Theorem 2. Let a € R\Q satisfies conditions (2), f € R and let

1
< — _
0<0< 1596 ="

where 1 is arbitrary small fited number. Then there are infinitely many primes p satisfying
p+ 2 =Py and such that
6

(6) llap® + 8] < p".

2. Notation. Let x be a sufficiently large real number and 6 and p be real constants
satisfying
1 640 8
0 < — 26 — < — 106 .
(7) 0< <1296’ p > 320, p+ 33 <297 p+100 > ¢
We shall specify p and 6 latter. We put
b=6(x)=a2"? K=06"'log’z,

(8) A D 21/2
=I, _AK4

By p and ¢ we always denote primes. As usual ¢(n), p(n), A(n) denote respectively
Euler’s function, Mobius’ function and Mangoldt’s function. We denote by 74(n) the
number of solutions of the equation mims ... myp = n in natural numbers my, ..., mg
and 7o(n) = 7(n). Let (mq,...,mg) and [my,..., my] be the greatest common divisor
and the least common multiple of mq, ..., my respectively. Instead of m = n (mod k) we
write for simplicity m = n(k). As usual, ||y|| denotes the distance from y to the nearest
integer, e(y) = e*™. For positive A and B we write A < B instead of A < B < A and
k ~ K means K/2 < k < K. The letter € denotes an arbitrary small positive number, not
the same in all appearances. For example this convention allows us to write z° log z < z°.

3. Some lemmas.
Lemma 2. Letk, I, m,neN; X,e e R; X >2, k>2 and e > 0. Then

(i) 3 () <, X(log X)¥ 1,
n<X
(ii) Te(n) <K, n°.

Proof. See [16], ch. 3. O
Lemma 3. Let X > 1 and « satisfied conditions (2) and a, d € N. Then

‘ > e(an)| < min (§,|ald”>

n<X
n=a(mod d)

Proof. See [9], ch.6,§2. O
Lemma 4. Let X, Y eR; ke N; X, Y > 1; k > 2 and « satisfied conditions (2).
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Then

T;( min (XY n 1 H) < XY( + = v +ﬁ> log(2Xq).

Proof. See Lemma 2.2 from [15], ch. 2,§2.1. O
Lemma 5. Let u, ( € N, a € R\ Q, and « satisfy conditions (2). Then for every
arbitrary small € > 0 the inequality

> ) X relipmin{

m~M jrod

+

M 1/2

< xf (MJ+M3/2

+ x1/2q1/2)

18 fulfilled.

Proof. See Lemma 8, [10]. O
Lemma 6. If d|P(z), = < DY%, A\* are Rosser’s weights and either \*(d) # 0 or
A7 (d) # 0 then d is well-separated number.

Proof. See Lemma 12.16, [3] O

log D
Theorem 3. Let 2 < 2 < DY? and s = 08 If
log 2z
d
As= D 00, a) if () £0
1 1
Z Lu(p):log<0gz2>+o< >, Zo > 21 > 2
p log 21 log 21

21 <p<z2
where w(d) is a multiplicative function, 0 < w(p) < p, > 1 is independent of d. Then

2V (=) (f(s) + O(W)) < S(A, 2) < aV(2) (F(s) + o(a()gllj)l/g)),

where d are well-separated numbers of level D, f(s), F(s) are determined by the following
differential-difference equations

F(s):?,f(s):() if 0<s<2
(sF(s)) = f(s=1), (sf(s)) =F(s=1) if s>2,

where v denote the Euler’s constant.

4. Auxiliary results.
Lemma 7. Let a € R\ Q satisfied conditions (2), M, S, J, z € RT, 2 > M3S?J and
m, 0, G € [2, 00) NN,

¢ 1
G= ) mulm) )y 7o(s) ) (i mm{m352j’ |am382j||}'

mn~ M s~S g~J
Then for any € > 0 the inequalities
7 1
x x x xrsqs
9 G I MSJT
©)) <Lz ( +M%S+M2S§ +M25q§+MQS>
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and
3 1
(10) G<<x5<MSJ+ R v +x4q43)

are fulfilled.

Proof. Our proof is similar to proof of Lemma 8, [10]. Let
x

11 H=—r7m.
(11) M35%J
If H <2, then trivially from Lemma 2 (iv) we get
(12) G <" MSJ.

So we can assume that H > 2. From Lemma 2 (iv) it is obviously that

. 1
0« X2 N Yo i o

m~M s~S g~ J

1
We apply the Fourier expansion to the function min x -, - and get
m3s?j’ [am?s?j||
. T 1 3 2.
i { w7 amds7j] } = 2 witelam?sh) +Oog)
0<|h|<H?
where
. H
(13) w(h) < min < log H, e
Then
(14) G| < zf Z lw(h)] Z Z Z e(ozm?’szjh)‘ + MSJlog x.
0<|h|<H? s~S jrod L me M
So if
Gl = Y Y| X etamt i)
h~Hg s~S j~J ' m~M
then using (13) we have
H
£ —_—
(15) G (MSJ + \Jpax, G(Ho) + ngrr}{aém o G(H0)>.

We shall evaluate the sum G(Hp). Applying the Cauchy—Schwarz inequality we obtain

2
G?*(Hy) < 2°HyJS Z ZZ Z e(am?s®5h)

h~Hg s~S j~J ' m~M

< z°HyJS Z ZZ Z Z e(a(m$ —m3)s*jh).

hNHO SNSJNJ m1~M mQNM
Substituting m; = mgq + ¢, where 0 < |t| < M we get

(16) G*(Hy) < =° <H§J252M + HOJSGl(H0)>,
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where

Z ZZ Z ‘ Z a(3m3t + 3mat®)s?jh)|.

h~Ho s~S j~J 0<|t|<M ' ma~M
Applying again the Cauchy—Schwarz inequality we obtain

G3(Ho) < HoJsM S 5% S %

h~Hg s~8 j~J 0<[t| <M ma~M

X Z —m3)t + 3(ma — mg)t*)s?jh).

ms3 ~M

Substituting mq = ms + ¢, where 0 < |¢| < M we get
G3(Ho) < H3J*S? M3+

HodSM > D D, > 2,

h~Hgy s~S j~J 0<|t|<M 0<|¢|<M

Z Gamgtﬁs jh) ’

m3~M
Let u = 6t¢hj. Then using Lemma 3 and Lemma 5 we get

Gi(Ho) < HPPS*M® + HoJSM 3~ 7(u)
w<24Ho.J M? s~S

21 /3
(17) < H§J?S?M® + HoJSM Y 75(u) Y min { Ho‘ifuM : |\a512u|| }
u HoJ M? s~S
We will estimate the above sum in two ways. Using Lemma 5 we obtain
HZJ?S?M*
q2

Z e (am3 sQu)

m3 ~M

G?(Hy) < 2° <H§J252M3 + H2J?S5 M* + +H2J SM3q >

So from (16)
HyJSM d
(18) G(Hy) < a° <HOJSM3 + HoJS*M + @ v oH JésiMiqé>.
qS
Choosing Hy = H from (11), (15) and (18) we get (9).
On the other hand we can write the inequality (17) as

HoJS*M3 1
GY(Hy) < H3J*SM?® + HoJSM > min{ 0 P o }
b Ho TS0 okl
and using Lemma 4 and (16) we get

H32J2S3 M4

(19) G*(Hp) < z° <H3J253M3 + + HOJSMq>

Now we choose Hy = H. Then from (11), (15) and (19) the inequality (10) is received. O

5. Proof of Theorem 1. To prove Theorem 1 we shall evaluate the sum W in two
ways:
1/2
hen 2%/2'A < D < =
when NG
when D < 2%/?" A, we will use the Heat-Brown identity.

we will use the Vaughan’s identity;

44



1/2

5.1. Evaluation by Vaughan’s identity. Let 3PTA <D< 2K4

6~ 'log? x. First we decompose the sum W (z) into O(log® ) sums of type

W =W(z, D, K) Z)\ Z c(k) Z e((an® + B)k)A(n),

d~D 1<|k|~E

and 0 < |K| <

n+9=0 (d)

where A(d) is Roser weight and in particular a necessary condition for A(d) # 0 is numbers
d are squarefree. So from this point on we will use that numbers d are squarefree. Then
by Vaughan’s identity we can decompose the sum W into O(log ) type I sums

= Y M) Y ekeBr) Y a(m)e(a(mb)’k)

d~D k~K m~M
(a,d)=1 I~ L
mn=a(mod d)

or

S OA@ Y ehelsr) Y log(mela(m0?k)

d~D k~K m~M
(a,d)=1 I~L
ml=a(mod d)

with M < 23 and O(log ) type II sums
= > Ad) D> ck)eBk) Y a(m)b(t)e(a(me)’k)
d~D kK m~M
(@, d)=1 mezﬁ?nfod )

with M € [z'/3, 22/3] and

(20) ML ~ 2z, a(m) < 13(m)logm, b(f) < 73(¢)logt

5.1.1. Evaluation of type II sums. The proof follows proof of Theorem 1, [10]. As
xz1/3 < M, L < 22/3 and ML ~ z we will consider only the case /2 < M < 22/3,
The evaluation in the case x'/2 <L< 22/3 is the same. Using that d is well-separated
numbers we write d = hs, where (h, s) = 1 as d is squarefree. So the sum Ws is presented
as O(log2 z) sums of the type

Z ST OAhs) Y ek)eBR)D> Y a(m)b(O)e(a(ml)’k).

s~S k~K ¢~L mn~ M
(h a) 1(s,ah)=1 mé=a(mod hs)
Here
(21) h~H, s~S, D~HS

and H we will choose later. Applying the Cauchy—Schwarz inequality to W5 and using
and Lemma 2(i) we obtain that
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(22) Wi<aKHEMY. Y Z Ahst) > Alhsh)

k~K h~H s'~S s6~S
(h,a)=1 (s’l,lah)=1 (s’2,2ah)=1
X Y b)Y b(la) Y e(am® (€] - B3)k).
flf\/L ZZNL mn~M
mli1=a(hs’)

mla=a(hsy)

Let (sh, s1) =7, s} =7s1, s5 =182, 7 ~ R, R< S and s}, sh ~ S/R. Then

(23) W3 <a*KHM > > Z S Ahrs)) Y. A(hrs)

k~K b H s1~S/R sa~S/R

(h,a)=1(r, ah) 1 (s1,ah)=1 (s2,as1h)=1
XY b)) D> b)Y elam? (6] — £3)k)
leL ZQNL m~ M

méi=a(hrsy)
méa=a(hrss)

= Wa1 + Waq,
where W, is this one part of above sum for which
{1 =4y, s1F# sy or
li=4y, s1=8,=1 r~8S or
by #£ by, s1=8=1 r~8S or
4HS2

6175(2, 817582, M <

Was is the rest part of sum for W22 To evaluate the sum Wy, we consider the cases
x
x1/? <M< ) and z1/3 < L < D. Then using Lemma 2 we get

2HK? LD?K?
(24) Wy < af (:rMHK2 T e >
. 4HS?
It is clear that for sum Was we have ¢1 # 0o, 51 # s, M > From

mly = a(hrsy), mly = a(hrsy) follows that ¢; = lo(hr).
We apply again the Cauchy-Schwarz inequality and get

2+£D2K3
W222<<mTZ > Z > >

k~K h~H si~S/R sa~S/R
(h,a)=1(r, ah) 1(51 ah)=1 (s2,as1h)=1

<> D > S elalm} - m3)(6 — B)k).

leL Lo~L m1~M m2~M
£2=L1(hr) my 01 =a(hrs1) mali=a(hrsy)
mila=a(hrss) mala=a(hrss)

Let Was1 be this one part of above sum for which m; = my and Wsgo be this part for
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which my # mq. It is not difficult to see that
1.3+€LD2 K4

(25) Waar < i

Let consider the sum Wass. As
mil; =a (mod hrs;) and mils =a (mod hrss), i=1,2
we get
m1 = ma(mod hrsysy) = f(mod hrsyse), where f = f(h, r, s1, s2, {1, £2)
and {1 = ly(mod hr). Let
MR 2L

and ¢ ={ly+ hru, 0 < |u| < IR

8
my = mg + hrsysat, 0 < || < 7152
Then
m? —m3 = 2mohrsysot + h?r?sisst? and 02 — (3 = hru(20y + hru).
So using above equalities and Lemma 3 we obtain

2+5D2K3
W222 < Z'T Z Z Z Z Z

kK h~H  r~R si~S/R s3~S/R
(h,a)=1(r,ah)=1 (s1,ah)=1 (s2,as1h)=1

. M 1
X E E E min
hrsise’ ||2ah3r3s?s3tulk| |’
I~L o< ful< 2 0<|i|< SME

where ¢ = 2{5 + hru. We put

. . zLK
m=~hr, s=S81S2, Jj=2tunk, j <<?
and it is clear that the sum Wss5 can be represented as a finite number of sums of the
type
2+4e N2 73 2
22T D?K N K 1
W223 = T Z T(m) Z T(S) Z T5(.7)mln{m3$2j7 Hozm3$2jH }

~H 52 . aLK
m R s 53 j< L]

Using Lemma 7, (21), (23), (24) and (25) we get

1.1 3.1 .1 1
22 DK 11D K H2K

(26)  Wags <<$6<$%M%H%K+x;DK+x2 21 +l‘4 41 2 T 21
H2 Hz D3

K

According to D, M and L we have

(27) Waas < x°

7 N

V1+V2+V3+V4),

where V7 is the sum with
1/2

X
$2/5§D<

fL'l/Q S M < < AK4

z
(28) =D’
D<L<z'?,
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V5 is the sum with

T ) ) 21/2
el S M < :L,I/SDQ/J’ 1,2/5 S D S ;
29) D AK
( 2/3
"1: /
DB <L<D,
V3 is the sum with
p1/2
1/3D2/3 <M< 2/3 2/5 < D <
v =M= = AK?
(30) 23
1 3
/ <L=< D2/3

and Vj is the sum with
(31) - T -

For sums Vj, V5, V3 and V; we choose consequently

RVE <L< 2172

D LD2/3 .131/3 LA/5D9/5
VNYEE T T A T
and from (26), (28), (29), (30) and (31) we get
1/2
(ZE 4 adpiati 4 B BBt ), i 2P<p< i
As3 q32 AKH4
Wy < %K K
x(x 9 +x1 +$%K3%Q3% ’ if x8/27A<D<$/
D3so q32
So
K 5 1 1 K 15 31 1
(32) W2<<a:€<%1 +:EED§AZK+$1 +x16K§2q32).
A3z q3?

5.1.2. Evaluation of type I sums. In this case we have that L > 23 and M < 3.
Again we will use that d is well-separated numbers. So we can write d = hs with h and
s satisfying conditions (21) and we will choose H later. So the sum Wj is presented as
O(log? J;) sums of the type

Z Z Ahs) Y c(k)e(BK) D> - > a(m)e(a(mt)’k).

k~K {~L mlr M
(h a) 1 (a a) 1 ml=a(mod d)

Working in the same way as in the evaluation of the sum W see (22), we get

(33) W} <a*KHM Y Z Z S Abrsi) Y. A(hrsy)

k~K  heH s1~S/R sa~S/R

(h,a)=1(r, ah) 1 (s1,ah)=1 (s2,as1h)=1
XY b)) D> b)Y elam? (6] — £3)k)
l1~L lo~L m~ M

méi=a(hrsy)
méa=a(hrssz)

= Wi + Wig + Wis,
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where W5 is this one part of above sum for which
b =L,
W13 is this one part of above sum for which
by #£ by, s1=8=1 r~S§
and Wy is the rest part of sum for W12 Using that L > 23 and M < 23 we get

(34) Wis < 2°.aMHK?.

For the sum Wi3 we get

Wis e KHM Y > > | Y elam®(&F — B3)k|.

k~K  d~D m~M ' f;~L
(d,a)=1 ml;=a(d)
i=1,1

As ¢1 = ly(mod d) we put

L
f1:€2+du,0<|u| < 5

So

> e(2am mdk)’

k~K d~D omeM oy L ! fo~L
(d,a)=1 D mba=a(d)

and from Lemma 3 we get

_ K 1
Wis <2fKHM Y > > > mm{m2d2 (2uk)’ ||am2d2(2uk)||'}

k~K d~D m~M
(da)=1 u<s

The above sum can be represented as a finite number of sums of the type

22K 1
g .
W14 < x*KHM Z T(Z) Z Tg(t)mln{z%, W%”}
z~MD t LEE
Using Lemma 5 and ML ~ x we obtain

3 1 1
L SLYHAK
(35) W, < 2° (xéMiHéK o
D

4

tH*K 23H¥qiK1%
Dzgi 3

Using analogous reasoning for the sum Wiy, we get

(36) Wn<aKHM Y Z >

kmK heH 1 31~S/R
(h,a)=1(r, ah) 1(5152 ah)=

x> ’ > e(2am2£2uhrk)‘

m~M gy L lo~L
HER mla=a(hrsz)
m(La+uhr)=a(s1)
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and from Lemma 3 we obtain

Wi <2KHM Y > > »°

k~K h~H r~R s;~S/R
i=1,2

. L 1
Z Z mm{hrslsz’ am?2h2r? 251 squk|| }

meM

Applying Lemma 5 and using that ML ~ x we get

1 3 1
1 zDK 1L1K K
(37) W121<<x5(x2 T z j +x1 Jr:véq}iKi)
Hz Hz1 q1
Choosing H = Ve from (34), (35), (37), (22) and (5) follows
2
K K 1 1
(38) 1% <<x8<x - +x1+x2K2q4>.
1 q*
£1/2
From (32) and (38) it follows that in the case 2%/?"A < D < N the estimate
K K
(39) W<<:z:6<xl 42t DIATK + 22 +z13K§’§q§z>
3 q32

is fulfilled.

5.2. Evaluation by Heat-Brown’s identity. Let D < #3/2TA. We decompose the
sum W (z) into O(log” x) as in (4). Using Heath-Brown’s identity [6] with parameters
x3
221 )35
we decompose the sum W as a linear combination of O(log® N') sums of first and second
type. The sums of the first type are

Wi=> Md) > cke@Bk) > am Y, elam?Ck)

(40) P=xz/2, P =z, u= ,v=2Tp3, w=2Tg3 D,

d<D 0<|k|<K M<m<M; L<t<Ly
ml=—2(d)
and
W= Md) > ckeBk) Y alm) Y logle(am®(’k),
d<D 0<|k|<K M<m<M; L<t<Ly
me=—2(d)
where
(41) My <2M, L[y <2L, ML=z, L>w, a(m)<z®.

The sums of the second type are

Wo= Y Md) > ckeBk) > bl) Y a(me(am®k),

d<D 0<|k|<K L<O<Ly M<m<M,
ml=—2(d)
where
(42) My <2M, Ly <2L MLxz, u<L<w, a(m), bll)<Kz°.
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5.2.1. Evaluation of type II sums. Applying the Cauchy—Schwarz inequality to Wy
and using Lemma 2(i), (40), (42) and (46) we obtain that

(43) W3 <aKDM Y Y > b(l)b(lz) Y elam’ (6 —3)k)

k~K d~D £i~L m~M
(dya)=1 i=1,2 mi;=a(d)
L1=0l2(d) 1=1,2

=Wo + ' T*MDK?

War =a°KDM > > > b(l)b(la) Y e(am®(€F — (3)k)

k~K d~D Li~L mn~M
(d,a)=1 £¢1#0s me;=a(d)
e1222(d) 7;:172

where

Applying again the Cauchy—Schwarz inequality and substituting
M L
mi = meg + td, t<<5 and {1 =l + wd, w<<5
we sequentially obtain

(44) W3 < 2**D?°K? Z Z Z Z e(a(m? —m?) (63 — 12)k)

E~K d~D  Gi~L mi~M
(d,a)=1 01#s myl;=a(d)

el E62 (d) mzzi Ea(d)

mi#ma

2 LDK*
= Way +2**LDK*
with

) 1
Was <K *TeD?K3 Z Z Z Z Z mln{ |Oéd3tw (20, +Wd>k|| }

k~K d~D w<L L (o~L t< M

Putting ¢ = /5 + wd and z = wlkt we get

2
2de M2 13 . (2K 1
(45) W22 LT ED K E E 7'4(2) Hlln{d?)z7 ”ad%”}
d~D z2LiC

If

(46) A<D<awA

then from inequality (10) of Lemma 7, (45), (43) and (44) we get

(47) Wy < 2° <x;5A23K x{{ + x{{ +x13q§z[{§’é>.
qis 16

If

(48) D<A

we will estimate the sum Way by putting u = d*z and applying Lemma 4, Lemma 2 (ii)
to find

1
(49)  Wp < af (m?éAgint SeLE GO PR S +m%A%K‘Zqi).
qZ qTfs AE
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From (47) and (50) we get

AT K K K
(50)  Wa < af (x72A64K+x LB IR L ReERS AR 4)
q4 q32 Ais

5.2.2. Evaluation of type I sums. Reasoning as in the estimation of the sum Wi3 (see
(5.1.2)) we obtain

’K 1
(51) WP <a*MDK » 7(z) > 73(t)min {”32 2} +2*MDK?
2mMD g LK 22t [laz?t|
D
Using Lemma 5 and M L ~ x we obtain
2K2 2K2
(52) W? < af (MDK2 (JJ\;/_/D)I L2 LK 2>
q2

Using the inequality (51) we will evaluate the sum W in one more way. Let u = 2%t and
from Lemma 4 (iii) and Lemma 2 (iv) we find

K1
(63) WP < a*MDK Y 75(u)min {x }
uLeMDK w ”au”

2MDK?
< af (MDKq L2 M2D2K? + x)

If MD > A using the estimate (52) we get

K K
+ —
qZ

Nl

o ot L)

1
1

If MD < A from (53) it follows

TATK
q%

(55) w1 <<z5(z5AK+ +AéK%q§)7

then using (54) and (55) we get
eK 2K  aAK

+ ==+
N

(56) Wi < IE<I3§A$’8K+ +I%K2qi>.

From (39), (50) and (56)
K K A K
B7) W<« x (xl —|—$1 +a: : + rTABK + 216 K52 232 + 22 AK qi>.
A3z q3? q4
5.3. Proof of Lemma 1. In Theorem 2 choose

e
bt
|~

1
K=gnsw""1 D=

(58) T =q,

where 7 is arbitrary small fixed number.

6. Proof of Theorem 2. As in [13] we take a periodic function with period 1 such
that
O<x(t)<1l if —=-d<t<é;
(59) el
x(t)=0 if 0<t<1—4,
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and which has a Fourier series

(60) X(t) =0+ Y c(k)e(kt),

|k|>0
with coefficients satisfying
c(0) =9,
(61) clk)<d  forall k,
Z (k)| < 2™t

|k|>K
and § and K satisfying the conditions (8).

The existence of such a function is a consequence of a well known lemma of Vinogradov

(see [9], ch. 1, §2).

Next we will use sieve methods. As usual, for any sequence A of integers weighted by
the numbers f,, n € A, we set

SA )= > fa
ncA
(n, P(2))=1

and denote by Ay be the subsequence of elements n € A with n =0 (mod d). We write

P =]]p. V()= ]] (1—“’?) and C’O:H(l—(pll)Z)

p<z p|P(2) p>2
and we will use the linear sieve due to Iwaniec — this is Theorem 3 (see [7]).

To prove Theorem 2, it suffice to show that

(62) S(A, NY3) = > x(an? + B)A(n) > 0.
n+2<zx
(n+2, P(z'/3)=1

Following the exposition in Shi’s article (see [11]) we have that

S > > x(an? + B)A(n) <1 - % > oL > 1

2
n+2§x $1/12Sp1<zl/3.1 n+2=p1p2p3
(n+2, P(z'/1?)=1 n=-—2(p1) 2t/ 12<py <o t/3
w1/3'1§p2<(ﬁ)1/2

B Z 1+O(m11/12)>.

n+2=pi1p2ps
$1/12§p1<;02<(ﬁ)1/2

So
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1 1
S > S('Av x1/12) - 5 Z S(AP17 x1/12) - 5 Z S('Aplpw x1/12)
z1/12<p; <z1/3:1 r1/12§p1<931/3'1
$1/3'1§p2<(ﬁ)1/2

- > S(Apyps, @/12) + O(21/12)

@12 <y <pa< ()7
— 1 _ 1 11/12
Sl 252 253 54 +O(£€ )

and it is enough to proof that above expression is positive. Consider a square-free number
d. If 2|d, then we write |A4| = |r(A,d)| < 1. Otherwise we have by the Fourier expansion
of x(n) that

| A4l

Z x(an? + B)A(n)

Z (5—|—5 Z c(k)e(aan)A(n)—FO(xl))

n<z—2 0<|k|<K
n=-—1(d)

Ri(d) = Z 1‘@

Here ¢(k) < 1,

p<zr—2
p=—1(d)

Ro(d)= Y (k) > elan’k)A(n)
0<|k|<K n<zr—2

n=—2(d)
Applying Bombieri-Vinogradov theorem (see [8], Theorem 17.1)

x
> IR(d)] <€ -
=D (log x)
On the other hand , Theorem 1 implies that for a well-separated numbers d of level
2172
D= N and A(d) < 7(d) we get

> Ad)Ry(d

d<D (log x)

when g = x, where a/q convergent to a with a large enough denominator. From here on,
the reasoning we go through is the same as in Shi’s paper (see [11]). We will only note
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that to estimate the sum
Y. D Ra(pd)
21/12<p<g1/3.1 d<D
1/2

with D = -~ first we present it as a O(log4 x) number of sums of the type
ApK*
Ry(P) = Z A(d) Z c(k) Z Z e(an’k)A(n),
AR E T R =)
n+2=0 (p1)

where z'/12 < P < x1/3'1/2.

If DP < 2%?"A we put t = dp and represent the sum Ry (P) in type:

Ry(P)y= > (k) Y g(t,d) > e(an’k)A(n),
1<|k|~K t~DP o )

where
gt, )= Y Ad) < 7(1)

d~D
d|(t, P(z))
t/d>zt/1?
t/d—prime

and evaluation is in the same way as in §5.2.

If DP > 2%/?"A then, depending on which interval P falls into, and bearing in mind
Remark 2 and the fact that d is well-separated, we choose H so that PH falls into one

1/2
of the intervals 2%° < PH < zK‘* or z8/%"A < PH < 2%/5. So
BP)= Y @Y YA Y Y eloni)At)
1<|k|~K s~S h~H p1~P n+721;60(d)
n+2=0 (p1)
= Z c(k)z Z g(t, s) Z e(an®k)A(n)
1< k|~ K s~S t~PH 2 ey
where

o, )= 3 Ahs) < (1)
h~H
h|(t, P(2))
and evaluation is in the same way as in §5.1.

Using the same calculation as in [11] with
1/2
32.34

1 1 T
z=1x12, A=K 33 , K:xlzs)e*n’ D

~ ARt
we get that inequality (62) is true and the proof of Theorem is complete.
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