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Overview

• Arithmetic Computational Complexity�

Lower bounds methods and barriers

• Proofs via Algebraic Combinatorics

• Computational Complexity applied to Algebraic Combinatorics
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(Boolean) Complexity

Input: I , size(I ) = n (bits)

Decision problems: is there... Counting problems:
... an object X , s.t. X ∈ C(I ) ?
Is C(I ) 6= ∅?

Compute F (I ) =?

P = yes/no answer in time O(nd ) some
fixed d .

FP = F (I ) can be found in O(nd ) time.

NP = “yes” can be verified in O(nd ):

Given X , is X ∈ C(I )? Answer in O(nd ).

#P = |C(I )|, number of objects in C(I )

for an NP problem.

The P vs NP Millennium Problem:
Is P = NP ?

Algebraic version: Is VP = VNP ?
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VP vs VNP

Arithmetic Circuits:

y = 3x1 + x1x2

Input: X1, . . . ,Xn and constants from F.

Circuit: nodes are +,−,×,÷ gates.

Output: Polynomial y = fn ∈ F[X1, . . . ,Xn].

Class VP (Valliant’s P):
polynomials that can be computed with
circuits with poly(n) nodes

Class VNP (Valliant’s NP ):
polynomials fn, s.t. ∃gn ∈ VP with

fn =
∑

b∈{0,1}n
gn(X1, . . . ,Xn, b1, . . . , bn).

Theorem[Bürgisser]:
If VP = VNP, then P = NP if F is finite or the Generalized Riemann Hypothesis holds.
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VP vs VNP: permanent versus determinant

detn :=
∑
σ∈Sn

sgn(σ)
n∏

i=1

Xi,σ(i)

Universality of the determinant [Cohn, Valiant]:

For every polynomial p(X ) there exists n s.t.

p(X ) = det(A),

where A = [`i,j (X )]ni,j=1 with `i,j (X ) ∈ {a0 + a1X1 + · · ·+ akXk |ai ∈ F}.

The determinantal complexity dc(p) = min such n.
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where A = [`i,j (X )]ni,j=1 with `i,j (X ) ∈ {a0 + a1X1 + · · ·+ akXk |ai ∈ F}.

The determinantal complexity dc(p) = min such n.

Example: p = x2
1 + x1x2 + x2x3 + 2x1, then

p = det

[
x1 + 2 x2

−x3 + 2 x1 + x2

]
, dc(p) = 2
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The permanent:
perm :=

∑
σ∈Sm

m∏
i=1

Xi,σ(i)

Theorem:[Valiant] perm is VNP-complete.

Conjecture (Valiant, VPws 6= VNP equivalent)
dc(perm) grows superpolynomially in m.

[Grenet’11]: dc(perm) ≤ 2m − 1 [Mignon–Ressayre’04]: dc(perm) ≥ m2

2

[Ryser]: perm(X ) = (−1)m
∑

S⊂[1..m]

(−1)|S|
m∏
i=1

(
∑
j∈S

Xi,j )
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Computational lower bounds

Theorem:[Valiant] perm is VNP-complete.

Conjecture (Valiant, VPws 6= VNP equivalent)
dc(perm) grows superpolynomially in m.

[Grenet’11]: dc(perm) ≤ 2m − 1

[Mignon–Ressayre’04]: dc(perm) ≥ m2

2

Lower bounds methods Barrier results:

Partial derivatives, rank meth-
ods

[Chen, Kayal, Wigderson], [Nisan], [Raz], [Shpilka-
Wigderson] No better than Ωd (nd/2) lower
bound for tensor rank [Efremenko-Garg-Oliveira-
Wigderson, 2017]

Geometric Complexity Theory
[Mulmuley–Sohoni, 2000]

→ NEXT
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Geometric Complexity Theory

Let ~X = [X1,1X1,2 · · ·Xm,m Z · · ·Z︸ ︷︷ ︸
n2−m2

]T . If

Zn−mper

X1,1 · · · X1,m

...
. . .

...
Xm,1 · · · Xm,m

 = det


~A1,1

~X · · · ~A1,n
~X

...
. . .

...
~An,1

~X · · · ~An,n
~X

 for some


~A1,1
~A1,2

...
~An,n

 ∈ Cn2×n2

then

dc(perm) ≤ n

Conjecture (GCT: Mulmuley and Sohoni)

max{n : pernm /∈ GLn2 detn}(≤ dc(perm)) > poly(m)

(And so VP 6= VNP)

pernm ∈ GLn2 detn ⇐⇒ GLn2pernm ⊆ GLn2 detn ⇐= C[GLn2 detn]d ↪→ C[GLn2pernm]d
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Geometric Complexity Theory: obstructions

Idea: If we want to show that M 6 |N it’s enough to find a prime p: p|M, but p 6 |N.
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Geometric Complexity Theory: obstructions

Idea: If we want to show that M 6 |N it’s enough to find a prime p: p|M, but p 6 |N.

Coordinate rings as GLn2 -modules factoring into irreducible modules:
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Algebraic Combinatorics basics

Permutations π = 42351
π : [1 . . . n]→ [1 . . . n]

Integer Partitions
λ = (3, 2)

Symmetric group Sn
Irreducible Sn modules
Sλ, λ ` n

Standard Young Tableaux
1 3 4
2 5

General Linear
Group GLN

Irreducible GLN
modules Vλ

Semi-Standard
Young Tableaux
1 1 3
2 3
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Multiplicities

GLN–irreducible [polynomial] representations: the Weyl modules Vα for partitions
α = (α1 ≥ α2 ≥ . . . ≥ αN) and αi ∈ N.

Decomposition of tensor products into irreducibles:

Vλ ⊗ Vµ = ⊕νV
⊕cνλµ
ν

Multiplicities cνλµ – Littlewood-Richardson coefficients.
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Theorem (Littlewood-Richardson, 1934 1 )
The coefficient cνλµ is equal to the number of LR tableaux of shape ν/µ and type λ.

1 1 1
1 2 2

2 3 3

1 1 1
2 2 2

1 3 3

(LR tableaux of shape (6, 4, 3)/(3, 1) and type (4, 3, 2). c
(6,4,3)
(3,1)(4,3,2)

= 2)

1First proof (with gaps) by Robinson’38, first rigorous proof by Schützenberger’77 and Thomas’74.
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Multiplicities
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Sλ ⊗ Sµ = ⊕ν`nS
⊕g(λ,µ,ν)
ν

Kronecker coefficients: g(λ, µ, ν) – multiplicity of Sν in Sλ ⊗ Sµ

Via the irreducible characters χλ of Sλ:

g(λ, µ, ν) =
1

n!

∑
w∈Sn

χλ(w)χµ(w)χν(w)

1First proof (with gaps) by Robinson’38, first rigorous proof by Schützenberger’77 and Thomas’74.
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

The problems

Problem (Murnaghan, 1938, then Stanley et al)
Find a positive combinatorial interpretation for g(λ, µ, ν), i.e. a family of
combinatorial objects Oλ,µ,ν , s.t. g(λ, µ, ν) = #Oλ,µ,ν .

Conjecture
ComputeKRON is in #P .
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combinatorial objects Oλ,µ,ν , s.t. g(λ, µ, ν) = #Oλ,µ,ν .

Conjecture
ComputeKRON is in #P .

Results:
#P formulas for g(λ, µ, ν), when:

• ν = (n − k, k) ( ) and λ1 ≥ 2k − 1, [Ballantine–Orellana, 2006]

• ν = (n − k, 1k ) ( ), [Blasiak 2012, Blasiak-Liu 2014]

• Other special cases [Colmenarejo-Rosas, Ikenmeyer-Mulmuley-Walter,
Pak-Panova].

[Ikenmeyer-Mulmuley-Walter] KRONpositivity is NP–hard,

ComputeKRON is #P–hard (and is in GapP).

[Bürgisser-Christandl-Mulmuley-Walter]: ”∃ N s.t. g(Nλ,Nµ,Nν) > 0?” is NP and
coNP .
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Geometric Complexity Theory II

Permanent vs determinant

detn :=
∑
σ∈Sn

n∏
i=1

xi,σ(i) perm :=
∑
σ∈Sm

m∏
i=1

xi,σ(i)

Conjecture (Valiant’78)
The (normalized) permanent xn−m

11 perm 6= detn[AxT ] (n × n determinant of affine
linear forms in {xij}mi,j=1) for n = poly(m).

GCT: If C[GLn2pernm]d ⊂ C[GLn2 detn]d , then n > poly(m).

C[GLn2 detn]d '
⊕
λ`nd

V
⊕δλ,d,n
λ , C[GLn2pernm]d '

⊕
λ`nd

V
⊕γλ,d,n,m
λ ,

Obstructions λ: if δλ,d,n < γλ,d,n,m for n > poly(m) =⇒ VP 6= VNP.
If also δλ,d,n = 0, then λ is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)
There exist occurrence obstructions that show n > poly(m).

Theorem (Bürgisser-Ikenmeyer-P(FOCS’16, JAMS’18))
This Conjecture is false. There are no such occurrence obstructions.
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Obstructions λ: if δλ,d,n < γλ,d,n,m for n > poly(m) =⇒ VP 6= VNP.
If also δλ,d,n = 0, then λ is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)
There exist occurrence obstructions that show n > poly(m).

δλ,d,n ≤ g(λ, nd , nd )

Conjecture (GCT, Mulmuley and Sohoni)
There exist λ, s.t. g(λ, nd , nd ) = 0 and γλ,d,n,m > 0 for some n > poly(m).
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

GCT and Kronecker coefficients

Conjecture (GCT, Mulmuley and Sohoni)
There exist λ, s.t. g(λ, nd , nd ) = 0 and γλ,d,n,m > 0 for some n > poly(m).

Theorem (Ikenmeyer-P (FOCS’16, Adv.Math.’17))
Let n > 3m4, λ ` nd. If g(λ, nd , nd ) = 0(so multλC[GLn2 detn] = 0), then

multλ(C[GLn2 (X1,1)n−mperm)] = 0.

Theorem (Ikenmeyer-P, FOCS’16, Adv.Math.’17)
For any ρ, let n ≥ |ρ|, d ≥ 2, λ := (nd − |ρ|, ρ). Then g(λ, n × d , n × d) ≥ aλ(d [n]).

Conjecture (Mulmuley and Sohoni 2001)
For all c ∈ N≥1 , for infinitely many m, there exists a partition λ occurring in

C[GLn2X
n−m
11 perm] but not in C[GLn2 · detn], where n = mc .

Theorem (Bürgisser-Ikenmeyer-P (FOCS’16, JAMS’18))
Let n, d ,m be positive integers with n ≥ m25 and λ ` nd. If λ occurs in

C[GLn2X
n−m
11 perm], then λ also occurs in C[GLn2 · detn]. In particular, the Conjecture

is false, there are no “occurrence obstructions”.
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

No occurrence obstructions I: positive Kroneckers

Theorem (Ikenmeyer-Panova (FOCS’16, Adv.Math.’16))
Let n > 3m4, λ ` nd. If g(λ, n × d , n × d) = 0 (so multλC[GLn2 detn]d = 0), then

multλ(C[GLn2 (x11)n−mperm)]d = 0.

Proof ingredients:

Theorem (Kadish-Landsberg)
If multλC[GLn2X

n−m
11 perm]d > 0, then λ1 ≥ nd −md and `(λ) ≤ m2.

Theorem (Degree lower bound, [IP] )
If λ1 ≥ nd −md with γλ,d,n,m > g(λ, n × d , n × d), then d > n

m
.

Theorem (Kronecker positivity, [IP] )
If `(λ) ≤ m2, λ1 ≥ nd −md, d > 3m3, and n > 3m4, then g(λ, n × d , n × d) > 0,
except for 6 special cases.
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Kronecker positivity: squares, and decompositions

Theorem (Ikenmeyer-Panova, Adv. Math’16)
If `(λ) ≤ m2, λ1 ≥ nd −md, d > 3m3, and n > 3m4, then g(λ, n × d , n × d) > 0,
except for 6 special cases.

Proof sketch: decomposition + regrouping

λ = ρ+ ξ +
∑̀
k=2

xk ((k − 1)× k) +
∑̀
k=2

yk ((k − 1)× 2).

Crucial facts:

• g(k × k, k × k, k × k) > 0 [Bessenrodt-Behns].

• Transpositions: g(α, β, γ) = g(α, βT , γT ) (with β = γ = (wh)) [classical]

• Hooks and exceptional cases: g(λ,wh,wh) > 0 for all λ = (hw − j − |ρ|, 1j + ρ)
for |ρ| ≤ 6 and almost all js. [Ikenmeyer-Panova’16]

• Semigroup property:
g(α1 + α2, β1 + β2, γ1 + γ2) ≥ max(g(α1, β1, γ1), g(α2, β2, γ2). [classical]
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Kronecker vs plethysm via complexity
Plethysm coefficients: aλ(d [n]) = multλS

d (SnV ) (GLN(V ) representations)

Kronecker coefficients: g(λ, nd , nd ) = multλ(Snd ⊗ Snd ) (Sn representations)

Proposition (Ikenmeyer-P)
Fix ρ, and let n ≥ |ρ|. Let λ = (nd − |ρ|, ρ). Then g(λ, n × d , n × d) ≥ aλ(d [n]).

Proof: λ = µ+ d(n −m). Suppose g(λ, n × d , n × d) < aλ(d [n]).

Let Vm := SymmCm2
(polynomials in m2 variables of degree m).

KL’14: If µ ` md then multµ+d(n−m)(C[GLn2 (X1,1)n−mVm)]d ≥ aµ(d [m]).

Stability: g(λ, n × d , n × d) = g(µ,m × d ,m × d) [Manivel’98]

GCT: If multλ(C[GLn2 (X1,1)n−mVm)]d ≥ g(λ, n × d , n × d) (≥ multλC[GLn2 detn]d )
then dc(fm) > n for some fm ∈ Vm.

=⇒ multλ(C[GLn2 (X1,1)n−mVm)]d≥ aµ(d [m]) = aλ(d [n]) > g(λ, n × d , n × d)

=⇒ max
f∈Vm

dc(f ) > n→∞
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Computational Complexity of Combinatorial quantities

Input: I , size(I ) = n (bits)

Decision problems: is there... Counting problems:
... an object X , s.t. X ∈ C(I ) ?
Is C(I ) 6= ∅?

Compute F (I ) =?

P = yes/no answer in time O(nd ) some
fixed d .

FP = F (I ) can be found in O(nd ) time.

NP = “yes” can be verified in O(nd ):

Given X , is X ∈ C(I )? Answer in O(nd ).

#P = |C(I )|, number of objects in C(I )

for an NP problem.

Idea:

Counting and characterizing
combinatorial objects given I

Solve: is X ∈ C(I ), compute F (I )

“Nice formula” The problem is in P,FP

No ”nice formula” The problem is #P–hard

A ”combinatorial interpretation” The problem is in NP or #P

Greta Panova 18
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Complexity of Computing Multiplicities

Dimension of irreducible representations:

∈ P

dim Sλ = f λ = #SYT (λ) =
n!∏

(i,j)∈λ(λi − i + λ′j − j + 1)
.

Kostka numbers: Kλµ = #SSYT (shape = λ, content = µ),
(= multλMµ = dim of µ-weight space in Vλ)

K(4,2,1)(3,2,2) = 2 1 1 1 2
2 3
3

1 1 1 3
2 2
3

KostkaPos: Input λ, µ, Output: Is Kλµ > 0.

Answer: Iff λ � µ (
∑k

i=1 λi ≥
∑k

i=1 µi for every i).
KostkaPos ∈ P

ComputeKostka: Input λ, µ. Output: the integer Kλµ.

Theorem (Narayanan’06)
ComputeKostka is #P-complete. (input – binary)

Conjecture (Pak-Panova’20+)
ComputeKostka is strongly #P-complete. (input – unary)
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Complexity of Computing LR

Littlewood-Richardson coefficients: cλµν = multλVµ ⊗ Vν = #LR − tableaux

c
(6,4,3)
(4,3,2)(3,1)

= 2: 1 1 1
1 2 2

2 3 3

1 1 1
2 2 2

1 3 3
LR-Pos:
Input: λ, µ,
Output: Is cλµν > 0.

Theorem (cor. to Knutson-Tao’01)
LR-Pos is in P.

Conjecture (Pak-Panova’20+)
ComputeLR is strongly #P-hard.
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Complexity of Computing ...

χλ(α) = character of Sλ at permutation of cycle type α.
CharPos:
Input: λ, α.
Output: is χλ(α) 6= 0?

ComputeChar:
Input: λ, α.
Output: the integer |χλ(α)|.

Theorem (Pak-Panova’20+)
CharPos is strongly NP -hard. ComputeChar is strongly #P -hard.

and the worst...

Theorem (Ikenmeyer-Mulmuley-Walter’16)
KronPos is NP -hard.

Theorem (Bürgisser-Ikenmeyer’08)
ComputeKron is in GapP (= F − G, where F ,G ∈ #P).

Conjecture
ComputeKron is in #P .

Greta Panova 21
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Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics

Thank you!
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