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Computational complexity

Input: [ of size n.
Output: f(/).

Greta Panova



Computational Complexity
9000000

Computational complexity

Input: [ of size n.
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How easy is it to find 7(/) on input /| of size n?
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Computational complexity

Input: [ of size n.

Output: f(/).

How easy is it to find 7(/) on input /| of size n?

Sorting:
Input: | = (a1,...,an) —
Output: f(/) = (a0ys 800, ---,30,), S.t. ag; < ag,,, for every i.

Min time: O(nlog(n)). (comparison based sorting)
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Input: [ of size n.

Output: f(/).

How easy is it to find 7(/) on input /| of size n?

Sorting:
Input: | = (a1,...,an) —
Output: f(/) = (a0ys 800, ---,30,), S.t. ag; < ag,,, for every i.

Min time: O(nlog(n)). (comparison based sorting)

Matrix multiplication:

Input: A, B € R"™*"

Output: f(A,B)=AB

Time: Naive O(n?). Strassen: O(n'°2(7)) = O(n2-807).
Conjectured optimal: O(n*) where w — 2.
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Computational complexity

Input: [ of size n.

Output: f(/).

How easy is it to find 7(/) on input /| of size n?

Sorting:
Input: | = (a1,...,an) —
Output: f(/) = (a0ys 800, ---,30,), S.t. ag; < ag,,, for every i.

Min time: O(nlog(n)). (comparison based sorting)

Matrix multiplication:

Input: A, B € R"™*"

Output: f(A,B)=AB

Time: Naive O(n?). Strassen: O(n'°2(7)) = O(n2-807).
Conjectured optimal: O(n*) where w — 2.

3-colorability:

Input: Graph G = (V,E), |V|=n.

Output: f(G) =1 iff G has a proper 3-coloring, 0 otherwise.
Time: O(2")...
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Computational complexity

Input: [ of size n.

Output: f(/).

How easy is it to find 7(/) on input /| of size n?

Sorting:
Input: | = (a1,...,an) —
Output: f(/) = (a0ys 800, ---,30,), S.t. ag; < ag,,, for every i.

Min time: O(nlog(n)). (comparison based sorting)

Matrix multiplication:

Input: A, B € R"™*"

Output: f(A,B)=AB

Time: Naive O(n?). Strassen: O(n'°2(7)) = O(n2-807).
Conjectured optimal: O(n*) where w — 2.

3-colorability:

Input: Graph G = (V,E), |V|=n.

Output: f(G) =1 iff G has a proper 3-coloring, 0 otherwise.

Time: O(2")... NP -complete
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(Boolean) Complexity
Input: /, size(/) = n (bits)

A,
o

inputs 7 z E
0 1 0
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(Boolean) Complexity
Input: /, size(/) = n (bits)

1 output

™
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oo
N A
0 0 1
N X /A
(~) A) ()
N \v/ N/
\ z

inputs
0

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(I) # 07
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Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(I) # 07

- = yes/no answer in time O(n?) some
fixed d.
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(Boolean) Complexity

Input: /, size(/) = n (bits)

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(1) # 07

= yes/no answer in time O(n?) some
fixed d.

= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).
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(Boolean) Complexity
Input: /, size(/) = n (bits)

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(1) # 07

n = yes/no answer in time O(n?) some
fixed d.

= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).

Some NP-complete problems: 3-colorability, 3-SAT, Hamiltonian cycle, knapsack.
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n = yes/no answer in time O(n?) some
fixed d.

= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).

Some NP-complete problems: 3-colorability, 3-SAT, Hamiltonian cycle, knapsack.
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= "yes" can be verified in O(n9):
Given X, is X € C(I)? Answer in O(n9).
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(Boolean) Complexity

Input: /, size(/) = n (bits)

Decision problems: is there... Counting problems:
... an object X, s.t. X € C(I)? Compute F(I) =7
Is C(1) # 07

n = yes/no answer in time O(n9) some Sl — F(/) can be found in O(n9) time.
fixed d.

= "yes" can be verified in O(n9): = |C(I)|, number of objects in C(/)
Given X, is X € C(I)? Answer in O(n9). for an NP problem.

Some NP-complete problems: 3-colorability, 3-SAT, Hamiltonian cycle, knapsack.
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(Boolean) Complexity
Input: /, size(/) = n (bits)

NP

easy to check
hard to solve

Decision problems: is there... Counting problems:
... an object X, s.t. X € C(I)? Compute F(I) =7
Is C(I) # 07

E = yes/no answer in time O(n9) some = F(I) can be found in O(n9) time.
fixed d.

= “yes” can be verified in O(n?): = |C(/)|, number of objects in C(/)
Given X, is X € C(I)? Answer in O(n9). for an NP problem.

The P vs NP Millennium Problem:
IsP=NP?
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(Boolean) Complexity
Input: /, size(/) = n (bits)

NP

easy to check
hard to solve

Decision problems: is there... Counting problems:
... an object X, s.t. X € C(I)? Compute F(I) =7
Is C(I) # 07

E = yes/no answer in time O(n9) some = F(I) can be found in O(n9) time.
fixed d.

= “yes” can be verified in O(n?): = |C(/)|, number of objects in C(/)
Given X, is X € C(I)? Answer in O(n9). for an NP problem.

The P vs NP Millennium Problem: Algebraic version: Is VP = VNP ?
IsP=NP?
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VP vs VNP

Arithmetic Circuits:
3 X X,

NN\
y = 3x1 + x1x2 @i/®

D
v

y
Xi,...,Xn and constants from F.
(SRR nodes are +, —, X, +— gates.

Polynomial y = f, € F[X1, ..., Xa].
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VP vs VNP
Arithmetic Circuits:
A
®
y =3x1+x1x2 @%‘ /
@®
v
y
Xi,...,Xn and constants from F.
nodes are 4, —, X, + gates.
Polynomial y = f, € F[X1, ..., Xa].
Class VP (Valliant's P): Class VNP (Valliant’s NP ):
polynomials that can be computed with  polynomials f,, s.t. 3g, € VP with
circuits with poly(n) nodes £, = Z gn(X1, ..., Xn, b1,..., bn).

be{0,1}"
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VP vs VNP
Arithmetic Circuits:
A
®
y =3x1+x1x2 @%‘ /
@®
v
y
Xi,...,Xn and constants from F.
nodes are 4, —, X, + gates.
Polynomial y = f, € F[X1, ..., Xa].
Class VP (Valliant's P): Class VNP (Valliant’s NP ):
polynomials that can be computed with  polynomials f,, s.t. 3g, € VP with
circuits with poly(n) nodes £, = Z gn(X1, ..., Xn, b1,..., bn).

be{0,1}"

Theorem[Biirgisser]:
If VP = VNP, then P = NP if F is finite or the Generalized Riemann Hypothesis holds.
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VP vs VNP: permanent versus determinant

detr = > sgn(0) [ [ Xio(

o€Sy i=1
Universality of the determinant [Cohn, Valiant]:
For every polynomial p(X) there exists n s.t.
p(X) = det(A),
where A = [¢; }(X)]7;_; with £; j(X) € {a0 + a1.X1 + - - + &k Xi|ai € F}.

The determinantal complexity dc(p) = min such n.
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VP vs VNP: permanent versus determinant

detr = > sgn(0) [ [ Xio(

o€Sy i=1
Universality of the determinant [Cohn, Valiant]:
For every polynomial p(X) there exists n s.t.
p(X) = det(A),
where A = [¢; }(X)]7;_; with £; j(X) € {a0 + a1.X1 + - - + &k Xi|ai € F}.
The determinantal complexity dc(p) = min such n.
Example: p = x12 + x1x2 + xox3 + 2x71, then

o x1+ 2 X2 -
p = det Cxst2 xadl de(p) =2
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VP vs VNP: permanent versus determinant

detr = > sgn(0) [ [ Xio(

o€Sy i=1
Universality of the determinant [Cohn, Valiant]:
For every polynomial p(X) there exists n s.t.
p(X) = det(A),
where A = [¢; }(X)]7;_; with £; j(X) € {a0 + a1.X1 + - - + &k Xi|ai € F}.

The determinantal complexity dc(p) = min such n.

Theorem:[Valiant] p € VP <= dc(p) — poly in deg(p), k.
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VP vs VNP: permanent versus determinant

det, := Z Sgn(”)HXi,d(f)

o€Sy i=1
Universality of the determinant [Cohn, Valiant]:
For every polynomial p(X) there exists n s.t.
p(X) = det(A),
where A = [¢; }(X)]7;_; with £; j(X) € {a0 + a1.X1 + - - + &k Xi|ai € F}.

The determinantal complexity dc(p) = min such n.

Theorem:[Valiant] p € VP <= dc(p) — poly in deg(p), k.

m
pery, ‘= Z HX[,(T(I')

o€Sy i=1

The permanent:

Theorem:[Valiant] pery, is VNP-complete.
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VP vs VNP: permanent versus determinant

n
dety:= > sgn(o) [ [ Xi o0

€S, i=1
Universality of the determinant [Cohn, Valiant]:
For every polynomial p(X) there exists n s.t.
p(X) = det(A),
where A = [¢; }(X)]7;_; with £; j(X) € {a0 + a1X1 + -+ - + &k Xi|a; € F}.

The determinantal complexity dc(p) = min such n.

Theorem:[Valiant] p € VP <= dc(p) — poly in deg(p), k.
The permanent: z
pery, ‘= Z HXI,(r(i)
o€Sy i=1
Theorem:[Valiant] perm is VNP-complete.
Conjecture (Valiant, VP # VNP equivalent)

dc(per,,) grows superpolynomially in m.
2

[Grenet'11]: dc(per,,) <2™ —1 [Mignon—Ressayre'04]: dc(per,,) > %
[Ryser]: per,,(X) = (—1)" Z (1)l H(Z X))
SC[1..m] i=1 jes
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Computational lower bounds

Theorem:[Valiant] perp, is VNP-complete.

Conjecture (Valiant, VP # VNP equivalent)
dc(per,,,) grows superpolynomially in m.

[Grenet'11]: dc(per,,) <2™ —1
[Mignon—Ressayre'04]: dc(per,) > "772
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Computational lower bounds

Theorem:[Valiant] perp, is VNP-complete.

Conjecture (Valiant, VP # VNP equivalent)
dc(per,,,) grows superpolynomially in m.

[Grenet'11]: dc(per,,) <2™ —1
[Mignon—Ressayre'04]: dc(per,) > "772

Lower bounds methods Barrier results:
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Computational lower bounds

Theorem:[Valiant] perp, is VNP-complete.
Conjecture (Valiant, VP # VNP equivalent)

dc(per,,,) grows superpolynomially in m.
[Grenet'11]: dc(per,,) <2™ —1
[Mignon—Ressayre'04]: dc(per,) > %2

Lower bounds methods Barrier results:

[Chen, Kayal, Wigderson], [Nisan], [Raz], [Shpilka-
Wigderson] No better than Qg(n%/2) lower
bound for tensor rank [Efremenko-Garg-Oliveira-
Wigderson, 2017]

Partial derivatives, rank meth-
ods
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Computational lower bounds

Theorem:[Valiant] perp, is VNP-complete.
Conjecture (Valiant, VP # VNP equivalent)

dc(per,,,) grows superpolynomially in m.
[Grenet'11]: dc(per,,) <2™ —1
[Mignon—Ressayre'04]: dc(per,) > %2

Lower bounds methods Barrier results:

[Chen, Kayal, Wigderson], [Nisan], [Raz], [Shpilka-
Wigderson] No better than Qg(n%/2) lower
bound for tensor rank [Efremenko-Garg-Oliveira-
Wigderson, 2017]

Partial derivatives, rank meth-
ods

Geometric Complexity Theory — NEXT
[Mulmuley—Sohoni, 2000]
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Let )_( = [X171X1’2 o

X1,1
Z" " per
Xm 1

Greta Panova

Algebraic Combinatorics Complexity applied to Combinatorics

0000000 000000

Geometric Complexity Theory
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2 _m2
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X1,m A X oo ArnX AJ
1,2
= det : : for some
Xom,m ApiX o ApaX 4
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Geometric Complexity Theory
Let X = [Xi1 X120 XmmZ--- Z] 7. If

2 —m2
R - o Al1
X1 - Xum A X oo ArnX =
A12 2, 2
Z" Mper | - : = det : . : for some | | | € C" X"
Xm,l o Xm,m A;l)_(‘ s A;,,)_(‘ 5
9 ’ Ann

s

then

dc(per,,) < n

Greta Panova



Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics
00000e0 0000000 000000

Geometric Complexity Theory
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Geometric Complexity Theory
Let X = [Xi1 X120 XmmZ--- Z] 7. If

2 —m2
R - o Al1
X1 - Xum A X oo ArnX =
A12 2, 2
Z" Mper | : = det : : for some | | | € C" X"
Xm,l o Xm,m A;l)_(‘ s A;,,)_(‘ 5
9 ’ An n

s

then

dc(per,,) < n

Conjecture (GCT: Mulmuley and Sohoni)

max{n : per), ¢ GLodet,}(< dc(per,,)) > poly(m)
(And so VP # VINP)
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Geometric Complexity Theory
Let X = [Xi1 X120 XmmZ--- Z] 7. If

2 —m2
R - o Al1
X1 - Xum A X oo ArnX =
A12 2, 2
Z" Mper | : = det : : for some | | | € C" X"
Xm,l o Xm,m A;l)_(‘ s A;,,)_(‘ 5
9 ’ An n

s

then

dc(per,,) < n

Conjecture (GCT: Mulmuley and Sohoni)

max{n : per), ¢ GLodet,}(< dc(per,,)) > poly(m)
(And so VP # VINP)

pery, € GL,2det, <= GL2per?, C GL »det, <= C[GL 2dety]g — C[GL,2perf ]y

Greta Panova



Computational Complexity
000000e

Algebraic Combinatorics
0000000

Complexity applied to Combinatorics
000000
Geometric Complexity Theory: obstructions

Greta Panova




Computational Complexity Algebraic Combinatorics Complexity applied to Combinatorics
000000e 0000000 000000

Geometric Complexity Theory: obstructions

Coordinate rings as GL,2-modules factoring into irreducible modules:

ClCLpdetaly = @ V", ClGLppergly =~ @ vy ™ e,
Abnd Abnd
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Geometric Complexity Theory: obstructions

Coordinate rings as GL,2-modules factoring into irreducible modules:

ClCLpdetoly = @ V", ClGLppergly =~ @ vy ™ e,
Abnd Abnd

Definition (Representation theoretic obstruction)

If 0x,d,n < Yr,d,n,m: then X is a representation theoretic obstruction. Its existence
shows GLzper?, € GL »det, and so dc(per,,) > n !

If 6x,d,n < Ya,d,n,m for n > poly(m) = VP # VNP.
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Geometric Complexity Theory: obstructions

Coordinate rings as GL2-modules factoring into irreducible modules:

ClCLpdetaly = @ V", ClGLppergly =~ @ vy ™ e,
Abnd Abnd

Definition (Representation theoretic obstruction)

If 0x,d,n < Yr,d,n,m: then X is a representation theoretic obstruction. Its existence
shows GLzper?, € GL »det, and so dc(per,,) > n !

If 6x,d,n < Ya,d,n,m for n > poly(m) = VP # VNP.

Conjecture (GCT: Mulmuley-Sohoni)

There exist representation theoretic obstructions that show superpolynomial lower
bounds on dc(per,,).
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Geometric Complexity Theory: obstructions

Coordinate rings as GL2-modules factoring into irreducible modules:

ClCLpdetaly = @ V", ClGLppergly =~ @ vy ™ e,
Abnd Abnd

Definition (Representation theoretic obstruction)

If 0x,d,n < Yr,d,n,m: then X is a representation theoretic obstruction. Its existence
shows GL 2per?, Z GL »det, and so dc(per,,) > n |
If 6x,d,n < Ya,d,n,m for n > poly(m) = VP # VNP.

Conjecture (GCT: Mulmuley-Sohoni)

There exist representation theoretic obstructions that show superpolynomial lower
bounds on dc(per,,).

If also §),4,» = 0, then X is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)

There exist occurrence obstructions that show superpolynomial lower bounds on
dc(per,,).-
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Geometric Complexity Theory: obstructions

Coordinate rings as GL >-modules factoring into irreducible modules:

C[GLpdets]g = @) V", ClGLppergly = @ v o,
Abnd Abnd

Definition (Representation theoretic obstruction)

If 8x,d,n < Yr,d,n,m, then X is a representation theoretic obstruction. Its existence
shows GL,2per?, Z GL odet, and so dc(per,,) > n !
If 6x,d,n < Yx,d,n,m for n > poly(m) = VP # VNP.

Conjecture (GCT: Mulmuley-Sohoni)

There exist representation theoretic obstructions that show superpolynomial lower
bounds on dc(per,,).

If also d,4,, = O, then A is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)

There exist occurrence obstructions that show superpolynomial lower bounds on
dc(per,,)-

Theorem (Biirgisser-lkenmeyer-P(FOCS'16, JAMS'18))
This Conjecture is false. There are no such occurrence obstructions.
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Geometric Complexity Theory: obstructions

Coordinate rings as GL »-modules factoring into irreducible modules:

ClGLpdetly = @) VI, ClCLpperply = @) Vi o,
Abnd Abnd

Definition (Representation theoretic obstruction)

If 6x,d,n < Yx,d,n,m, then X is a representation theoretic obstruction. Its existence
shows GL »per?, Z GL »det, and so dc(per,,) > n !

If 0x.d,n < Yr,d,n,m for n > poly(m) = VP # VNP.

Conjecture (GCT: Mulmuley-Sohoni)

There exist representation theoretic obstructions that show superpolynomial lower
bounds on dc(per,,).

If also dx,4,, = 0, then X is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)
There exist occurrence obstructions that show superpolynomial lower bounds on
dc(per,,).

Theorem (Biirgisser-lkenmeyer-P(FOCS'16, JAMS'18))
Let n,d, m be positive integers with n > m®® and X - nd. If X\ occurs in

C[GL2 X{| " perm], then X also occurs in C[GL,> - dety]. In particular, the Conjecture
is false, there are no “occurrence obstructions”.
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Algebraic Combinatorics basics

Permutations 7 = 42351 Integer Partitions

mi[l...n]—[1...n] A=(3,2)Hﬂﬂ
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Algebraic Combinatorics basics

Permutations 7 = 42351 Integer Partitions

mi[l...n]—[1...n] A:(3,2)EE}]

Standard Young Tableaux

Irreducible S, modules

Symmetric group S, S, AL n
S 2
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000000

Algebraic Combinatorics basics

Permutations 7 = 42351 Integer Partitions

mi[l...n]—[1...n] A:(372)531

Symmetric group S, Irreducible S, modules

Sx, AFn
General Linear Irreducible GLy
Group GLy modules V)

Greta Panova

Standard Young Tableaux

Semi-Standard
Young Tableaux

[1]1]3]
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Multiplicities

GLy—irreducible [polynomial] representations: the Weyl modules V,, for partitions
a=(a1>ar>...>ay)and a; €N,

Decomposition of tensor products into irreducibles:

v
Dexp

V/\®V :@VVIJ

Multiplicities c;\’M — Littlewood-Richardson coefficients.
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Multiplicities

GLy—irreducible [polynomial] representations: the Weyl modules V,, for partitions
a=(a1>ar>...>ay)and a; €N,

Decomposition of tensor products into irreducibles:

v
Dexp

VA®V :@VVV

Multiplicities c;\’M — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 )
The coefficient C;\/u is equal to the number of LR tableaux of shape v/u and type \.

1 1
Ti303
[2[3]
(LR tableaux of shape (6,4,3)/(3,1) and type (4,3,2). c

(6,4,3)

(3,1)(4,3,2) — 2)

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
Greta Panova
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GLy—irreducible [polynomial] representations: the Weyl modules V,, for partitions
a=(a1>ar>...>ay)and a; €N,

Decomposition of tensor products into irreducibles:
B
VA ® vV, = Dv Vu A

Multiplicities c;\’M — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 )
The coefficient C;\/u is equal to the number of LR tableaux of shape v/u and type \.

Sn tensor products decomposition (diagonal action):

S)\ ® S}L = GBV}—nS,Gj

Kronecker coefficients: g(\, i1, ) — multiplicity of S, in Sy ® S,

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
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Multiplicities

GLy—irreducible [polynomial] representations: the Weyl modules V,, for partitions
a=(a1>ar>...>ay)and a; €N,

Decomposition of tensor products into irreducibles:
B
VA ® vV, = Dv Vu A

Multiplicities c;\’M — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 )
The coefficient C;\/u is equal to the number of LR tableaux of shape v/u and type \.

Sn tensor products decomposition (diagonal action):

Sy ®S, = GBV}—nS?( AAAAAAAAA )

Kronecker coefficients: g(\, 1, ) — multiplicity of S, in Sy ® S,

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
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Multiplicities

GLy—irreducible [polynomial] representations: the Weyl modules V,, for partitions
a=(a1>ar>...>ay)and a; €N,

Decomposition of tensor products into irreducibles:

v
Dexp

VA®V :@VVV

Multiplicities c;\’M — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 )
The coefficient C;\/u is equal to the number of LR tableaux of shape v/u and type \.

Sn tensor products decomposition (diagonal action):

Sy ® SM = GBV)—nS?g(/\‘“”I’)

Kronecker coefficients: g(\, i1, ) — multiplicity of S, in Sy ® S,

E.g:: Si2,1) ® S2,1) = S(3) ® S(2,1) ® S1,1,1) and so g((2,1),(2,1),v) =1 for

3

v=(3),(2,1),(1,1,1).

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
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Multiplicities

GLy—irreducible [polynomial] representations: the Weyl modules V,, for partitions
a=(a1>ar>...>ay)and a; €N,

Decomposition of tensor products into irreducibles:

v
Dexp

VA®V :@VVV

Multiplicities c;\’M — Littlewood-Richardson coefficients.

Theorem (Littlewood-Richardson, 1934 )
The coefficient C;\/u is equal to the number of LR tableaux of shape v/u and type \.

Sn tensor products decomposition (diagonal action):

Sy ® SM = GBV)—nS?g(/\‘“”I’)

Kronecker coefficients: g(\, i1, ) — multiplicity of S, in Sy ® S,
Via the irreducible characters x» of Sy:

g0 k) = 3 WX (W) (w)
T wes,

LFirst proof (with gaps) by Robinson'38, first rigorous proof by Schiitzenberger'77 and Thomas'74.
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The problems

Problem (Murnaghan, 1938, then Stanley et al)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Conjecture
CoMPUTEKRON s in #P .
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The problems

Problem (Murnaghan, 1938, then Stanley et al)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ., s.t. g(A, p,v) = #Ox 0

Conjecture
CoMPUTEKRON s in #P .

Results:
#P formulas for g(\, u, v), when:

® v =(n—k,k) (EEEEEEEED) and A1 > 2k — 1, [Ballantine—Orellana, 2006]
® v = (n— k,1¥) (o), [Blasiak 2012, Blasiak-Liu 2014)]

® Other special cases [Colmenarejo-Rosas, lkenmeyer-Mulmuley-Walter,
Pak-Panoval].

[Ikenmeyer-Mulmuley-Walter] KRONPOSITIVITY is NP—hard,
CoMPUTEKRON is #P-hard (and is in GapP).

[Biirgisser-Christandl-Mulmuley-Walter]: "3 N s.t. g(NA, Nu, Nv) > 07" is NP and
coNP .

Greta Panova
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Geometric Complexity Theory Il

Permanent vs determinant

det, ;= Z Hx,—ya(,-) per,, = Z HX,-’(,(,-)
0€Sy i1 GESm -1
Conjecture (Valiant'78)

The (normalized) permanent x;; ™per,, # det,[Ax"] (n x n determinant of affine
linear forms in {x;}",_;) for n = poly(m).

GCT: If C[GL 2per ]y C C[GL,2dets]y, then n > poly(m).

C[m]d ~ @ Vf\BéA*d’”j C[m]d ~ @ V)?B'Yk,d,n,m’
And And

Obstructions X: if §x 4,0 < Yx,d,n,m for n > poly(m) = VP # VNP.
If also 6 4,, = 0, then X is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)

There exist occurrence obstructions that show n > poly(m).

Theorem (Biirgisser-lkenmeyer-P(FOCS'16, JAMS'18))

This Conjecture is false. There are no such occurrence obstructions.

Greta Panova
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Geometric Complexity Theory Il
Permanent vs determinant

det, := Z Hxi,o'(i) pery = Z Hxi,o(i)

o€Sy i=1 oESy i=1

Conjecture (Valiant'78)

The (normalized) permanent x;; ™per,, # det,[Ax"] (n x n determinant of affine
linear forms in {x;}",_;) for n = poly(m).

GCT: If C[GL 2per ]y C C[GL,2dets]y, then n > poly(m).

C[m]d ~ @ Vf\BéA*d’”j C[m]d ~ @ V)?B'Yk,d,n,m’
And And

Obstructions X: if §x 4,0 < Yx,d,n,m for n > poly(m) = VP # VNP.
If also 6 4,, = 0, then X is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)
There exist occurrence obstructions that show n > poly(m).

6>\,d,n S g()‘7 nd7 nd)
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Geometric Complexity Theory Il
Permanent vs determinant

n m
det, := Z Hx,-,a(,-) per,, = Z HX,-,U(,-)

oc€Sy i=1 oc€Sy i=1

Conjecture (Valiant'78)

The (normalized) permanent x{; "per,, # deta[Ax”] (n x n determinant of affine
linear forms in {x;;};_; ) for n = poly(m).

GCT: If C[GL,2perf,]a C C[GL,2dety)g, then n > poly(m).

C[GLpdet,]g =~ @) V™", ClCLpperply~ @ vy e
AFnd A-nd
Obstructions \: if ) ¢.n < Vx,d,n,m for n > poly(m) = VP # VNP.
If also 6x,4,, = 0, then X is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)

There exist occurrence obstructions that show n > poly(m).

Sxndn < g\, n?, n9)

Conjecture (GCT, Mulmuley and Sohoni)
There exist X, s.t. g(A,n9,n?) =0 and vy 4,n,m > 0 for some n > poly(m).
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GCT and Kronecker coefficients

Conjecture (GCT, Mulmuley and Sohoni)
There exist \, s.t. g(\,n?,n?) =0 and Yx,d,n,m > 0 for some n > poly(m).

Theorem (lkenmeyer-P (FOCS'16, Adv.Math.'17))
Let n>3m* \F nd. If g(\, n?, n?) = 0(so multyC[GL,2dety] = 0), then
multy (C[GL,2(X1,1)"~"perm)] = 0.

Theorem (lkenmeyer-P, FOCS'16, Adv.Math.'17)

For any p, let n > |p|, d > 2, A :=(nd — |p|,p). Then g(\,n x d,n x d) > ax(d[n]).

Conjecture (Mulmuley and Sohoni 2001)
For all c € N>y , for infinitely many m, there exists a partition A occurring in
C[GL,2X]] "perm] but not in C[GL, - det,], where n = m°.

Theorem (Biirgisser-lkenmeyer-P (FOCS'16, JAMS'18))

Let n,d, m be positive integers with n > m®® and X+ nd. If A\ occurs in

C[GL,2X]| "perm], then X also occurs in C[GL,> - dety]. In particular, the Conjecture
is false, there are no “occurrence obstructions”.

Greta Panova
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No occurrence obstructions I: positive Kroneckers

Theorem (lkenmeyer-Panova (FOCS'16, Adv.Math.'16))

Let n>3m* AF nd. If g(\,nx d,nx d) =0 (so multyC[GL,2detn]y = 0), then
multy (C[GL,2(x11)"™ ™ perm)]a = 0.

Proof ingredients:

Theorem (Kadish-Landsberg)

If mult\C[GL,2 X{| " perm]q > 0, then A1 > nd — md and £()\) < m?.

Theorem (Degree lower bound, [IP])
If \1 > nd — md with yx d,n,m > g(X\,n x d,n x d), thend > .

Greta Panova
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No occurrence obstructions I: positive Kroneckers

Theorem (lkenmeyer-Panova (FOCS'16, Adv.Math.'16))

Let n>3m* AF nd. If g(\,nx d,nx d) =0 (so multyC[GL,2detn]y = 0), then
multy (C[GL,2(x11)"™ ™ perm)]a = 0.

Proof ingredients:

Theorem (Kadish-Landsberg)

If mult\C[GL,2 X{| " perm]q > 0, then A1 > nd — md and £()\) < m?.

Theorem (Degree lower bound, [IP])
If \1 > nd — md with yx d,n,m > g(X\,n x d,n x d), thend > .

Theorem (Kronecker positivity, [IP] )

If(\) < m?, A1 > nd —md, d >3m?, and n > 3m*, then g(\,n x d,n x d) >0,
except for 6 special cases.

Greta Panova
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Kronecker positivity: squares, and decompositions

Theorem (lkenmeyer-Panova, Adv. Math'16)

IfF(\) < m?, \1 > nd —md, d > 3m?3, and n > 3m*, then g(\,n x d,n x d) >0,
except for 6 special cases.

Proof sketch: decomposition + regrouping

£ £

A=p+E+ D x((k—1)x k) + > yie((k — 1) x 2).

k=2 k=2

Greta Panova 16
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Kronecker positivity: squares, and decompositions

Theorem (lkenmeyer-Panova, Adv. Math'16)

IfF(\) < m?, \1 > nd —md, d > 3m?3, and n > 3m*, then g(\,n x d,n x d) >0,
except for 6 special cases.

Proof sketch: decomposition + regrouping

[ [
A=p+E+ D x((k—1)x k) + > yie((k — 1) x 2).
k=2 k=2
Crucial facts:
® g(k x k,k X k,k x k) > 0 [Bessenrodt-Behns].
® Transpositions: g(a,8,7) = g(a, 87,77) (with 8 = v = (w")) [classical]

® Hooks and exceptional cases: g(\, w", w") > 0 for all A = (hw — j — |p|, 1/ + p)
for |p| < 6 and almost all js. [Ikenmeyer-Panova'16]

® Semigroup property:
gla! +a?, B + 2,41 ++2) > max(g(al, 8%, 41), g(a?, B2,72). [classicall

Greta Panova
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Kronecker vs plethysm via complexity
Plethysm coefficients: ay(d[n]) = mult)S9(S"V) (GLy(V) representations)

Kronecker coefficients: g(\, n?, n?) = mult (S« ® S,qa) (Sn representations)

Greta Panova
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Kronecker vs plethysm via complexity
Plethysm coefficients: ay(d[n]) = mult)S9(S"V) (GLy(V) representations)

Kronecker coefficients: g(\, n?, n?) = mult (S« ® S,qa) (Sn representations)

Proposition (lkenmeyer-P)
Fix p, and let n > |p|. Let A = (nd — |pl|,p). Then g(\,n x d,n x d) > a)(d[n]).
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Kronecker vs plethysm via complexity
Plethysm coefficients: ay(d[n]) = mult)S9(S"V) (GLy(V) representations)

Kronecker coefficients: g(\, n?, n?) = mult (S« ® S,qa) (Sn representations)

Proposition (lkenmeyer-P)
Fix p, and let n > |p|. Let A = (nd — |pl|,p). Then g(\,n x d,n x d) > a)(d[n]).

Proof: A = i+ d(n— m). Suppose g(A, n x d,n x d) < ax(d[n]).

2

Let Vp = Sym’"(C’"2 (polynomials in m? variables of degree m).
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Kronecker vs plethysm via complexity
Plethysm coefficients: ay(d[n]) = mult)S9(S"V) (GLy(V) representations)

Kronecker coefficients: g(\, n?, n?) = mult (S« ® S,qa) (Sn representations)

Proposition (lkenmeyer-P)
Fix p, and let n > |p|. Let A = (nd — |pl|,p). Then g(\,n x d,n x d) > a)(d[n]).

Proof: A = i+ d(n— m). Suppose g(A, n x d,n x d) < ax(d[n]).

2

Let Vp = Sym’"(C’"2 (polynomials in m? variables of degree m).

KL'14: If b md then mult,; y(n—m)(C[GL,2 (X1,1)"~Vim)la > an(d[m]).
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Kronecker vs plethysm via complexity
Plethysm coefficients: ay(d[n]) = mult)S9(S"V) (GLy(V) representations)

Kronecker coefficients: g(\, n?, n?) = mult (S« ® S,qa) (Sn representations)

Proposition (lkenmeyer-P)
Fix p, and let n > |p|. Let A = (nd — |pl|,p). Then g(\,n x d,n x d) > a)(d[n]).

Proof: A = i+ d(n— m). Suppose g(A, n x d,n x d) < ax(d[n]).

2

Let Vp = Sym’"(C’"2 (polynomials in m? variables of degree m).

KL'14: If pF md then mult, , y(pm(CIGLp (X1,1)""Vam)lg > a(d[m]).

Stability: g(A, n X d,n x d) = g(u, m x d,m x d) [Manivel'98]
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Kronecker vs plethysm via complexity
Plethysm coefficients: ay(d[n]) = mult)S9(S"V) (GLy(V) representations)

Kronecker coefficients: g(\, n?, n?) = mult (S« ® S,qa) (Sn representations)

Proposition (lkenmeyer-P)
Fix p, and let n > |p|. Let A = (nd — |pl|,p). Then g(\,n x d,n x d) > a)(d[n]).

Proof: A = i+ d(n— m). Suppose g(A, n x d,n x d) < ax(d[n]).

2

Let Vp = Sym’"(C’"2 (polynomials in m? variables of degree m).

KL'14: If pF md then mult, , y(pm(CIGLp (X1,1)""Vam)lg > a(d[m]).

Stability: g(A, n X d,n x d) = g(u, m x d,m x d) [Manivel'98]

GCT: If multy(C[GL2(X1,1)"~"Vm)la > g(A, n x d,n x d) (> multyC[GL,dets]q)
then dc(fm) > n for some fn € Vp.
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Kronecker vs plethysm via complexity
Plethysm coefficients: ay(d[n]) = mult)S9(S"V) (GLy(V) representations)

Kronecker coefficients: g(\, n?, n?) = mult (S« ® S,qa) (Sn representations)

Proposition (lkenmeyer-P)
Fix p, and let n > |p|. Let A = (nd — |pl|,p). Then g(\,n x d,n x d) > a)(d[n]).

Proof: A = i+ d(n— m). Suppose g(A, n x d,n x d) < ax(d[n]).

2

Let Vp = Sym’"(C’"2 (polynomials in m? variables of degree m).

KL'14: If o md then mult,,  g(n_ m)(C[GL,2 (X1,1)" ™ Vin)la > a,u(d[m]).
Stability: g(A, n X d,n x d) = g(u, m x d,m x d) [Manivel'98]
GCT: If multy(C[GL2(X1,1)"~"Vm)la > g(A, n x d,n x d) (> multyC[GL,dets]q)
then dc(fm) > n for some fn € Vp.

= mult (C[GL2(X1,1)"~"Vm)la> a,(d[m]) = ax(d[n]) > g(A,n x d,n x d)
= max dc(f) > n — oo
EVm
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Proposition (lkenmeyer-P)
Fix p, and let n > |p|. Let A = (nd — |pl|,p). Then g(\,n x d,n x d) > a)(d[n]).

Proof: A = i+ d(n— m). Suppose g(A, n x d,n x d) < ax(d[n]).

2

Let Vp = Sym’"(C’"2 (polynomials in m? variables of degree m).

KL'14: If pF md then mult, , y(pm(CIGLp (X1,1)""Vam)lg > a(d[m]).

Stability: g(A, n X d,n x d) = g(u, m x d,m x d) [Manivel'98]

GCT: If multy(C[GL2(X1,1)"~"Vm)la > g(A, n x d,n x d) (> multyC[GL,dets]q)
then dc(fm) > n for some fn € Vp.

= mult (C[GL2(X1,1)"~"Vm)la> a,(d[m]) = ax(d[n]) > g(A,n x d,n x d)
= max dc(f) > n — oo
EVm
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Computational Complexity of Combinatorial quantities

Input: /, size(/) = n (bits)

Decision problems: is there...
... an object X, s.t. X € C(I)?
Is C(I) # 07

E = yes/no answer in time O(n?) some
fixed d.

= "yes” can be verified in O(n?):
Given X, is X € C(I)? Answer in O(n?).

Greta Panova

Counting problems:
Compute F(I) =7

= F(I) can be found in O(n9) time.

= |C(I)|, number of objects in C(/)
for an NP problem.
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Computational Complexity of Combinatorial quantities

Input: /, size(/) = n (bits)

Decision problems: is there... Counting problems:
... an object X, s.t. X € C(I)? Compute F(I) =7
Is C(I) # 07

E = yes/no answer in time O(n9) some = F(I) can be found in O(n9) time.
fixed d.

= "yes” can be verified in O(n9): = |C(1)], number of objects in C(/)
Given X, is X € C(I)? Answer in O(n?). for an NP problem.

Idea:

Counting and characterizing Solve: is X € C(I), compute F(I)
combinatorial objects given /

“Nice formula” The problem is in P, FP
No "nice formula” The problem is #P—hard
A " combinatorial interpretation” The problem is in NP, or #P

Greta Panova
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Complexity of Computing Multiplicities

Dimension of irreducible representations:

n!

dimSy = A = #SYT(\) = - - .
[ijex(Vi =i+ A —j+1)
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Complexity of Computing Multiplicities

Dimension of irreducible representations: cP

n!

dimSy = A = #SYT(\) = - - .
[ijex(Vi =i+ A —j+1)
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Algebraic Combinatorics @
0000000

lexity applied to C i ic:
0000000 00@000

Complexity of Computing Multiplicities

Dimension of irreducible representations: cP
dimSy = £ = #SYT()\) n
imSy = = = - - .
[ipea(i =i+ X —j+1)
Kostka numbers: K, = #SSYT (shape = X, content = p),
(= multy M, = dim of u-weight space in V})
Koz =2 1I[1[2] [I[1[13]

3] 3]
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Complexity of Computing Multiplicities

Dimension of irreducible representations: cP

dimSy = A = #SYT(\) =

n!
[Tijeai =i+ X —j+1)

Kostka numbers: K, = #SSYT (shape = X, content = p),
(= multy M,, = dim of u-weight space in V)

Kz s22) =2 I[I12] [I[I[13]
3] 3]
KosTkAPOS: Input A, i, Output: Is Ky, > 0.

Answer: Iff A = (Zf‘zl Ai > Zf-‘zl p; for every i).

Greta Panova
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Complexity of Computing Multiplicities

Dimension of irreducible representations: cP

dimSy = A = #SYT(\) =

n!
[Tijeai =i+ X —j+1)

Kostka numbers: K, = #SSYT (shape = X, content = p),
(= multy M,, = dim of u-weight space in V)

Kz s22) =2 I[I12] [I[I[13]
3] 3]
KosTkAPOS: Input A, i, Output: Is Ky, > 0.

Answer: Iff A = (Zf‘zl Ai > Zf-‘zl p; for every i).

Greta Panova

KosTtkaPos € P
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Complexity of Computing Multiplicities

Dimension of irreducible representations: cP

n!
[Tijeai =i+ X —j+1)

Kostka numbers: K, = #SSYT (shape = X, content = p),
(= multy M,, = dim of u-weight space in V)

1112 [I[I1[3]

3] 3]
KosTkAPOS: Input A, i, Output: Is Ky, > 0.
Answer: Iff A = (Zf‘zl Ai > Zf-‘zl p; for every i).

dimSy = A = #SYT(\) =

Ka21)3,22) =2

KostkaPos € P
COMPUTEKOSTKA: Input A, . Output: the integer K.

Greta Panova



Computational Complexity
0000000

Algebraic Combinatorics
0000000

Complexity of Computing Multiplicities

Dimension of irreducible representations:

dimSy = A = #SYT(\) =

Complexity applied to Combinatorics
00@000

cP

(= multy M,, = dim of u-weight space in V)

Ka21)3,22) =2

1

1[1[2]

1[I[1[3]

3]

3]

KosTKAPOS: Input A, 1, Output: Is Ky, > 0.

Answer: Iff A = (Zf‘zl Ai > Zf-‘zl p; for every i).

COMPUTEKOSTKA: Input A, . Output: the integer K.

Theorem (Narayanan'06)

CoMPUTEKOSTKA is #P-complete. (input — binary)

Conjecture (Pak-Panova'20+)

CoMPUTEKOSTKA is strongly #P-complete. (input — unary)

Greta Panova

[Tijeai =i+ X —j+1)
Kostka numbers: K, = #SSYT (shape = X, content = p),

KosTtkaPos € P
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Theorem (lkenmeyer-Mulmuley-Walter'16)
KroNPoOS is NP -hard.
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KroNPoOS is NP -hard.

Theorem (Biirgisser-lkenmeyer’'08)
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Conjecture
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