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Ñëó÷àéíè âåëè÷èíè

Ñëó÷àéíà âåëè÷èíà å èçîáðàæåíèåòî ξ : Ω 7→ R âúâ âåðîÿòíîñòíî
ïðîñòðàíñòâî (Ω,F ,P).

Íå ðàçïîëàãàìå ñ ξ(ω), ω ∈ Ω, çàòîâà ðàáîòèì ñ

P ({ω ∈ Ω : ξ(ω) ∈ (a,b)}) =
∫ b

a
P (ξ ∈ dx).

Ìÿðêàòà P (ξ ∈ dx) ,P (ξ ∈ R) = 1, å ðàçïðåäåëåíèå íà ξ è äåôèíèðà
î÷àêâàíèÿòà

E [f (ξ)] =
∫ ∞

−∞
f (x)P (ξ ∈ dx) .
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Ïðèìåðè

P (ξ = 0) = P (ξ = 1) = 1
2 - áèíàðåí ðàâíîâåðîÿòåí åêñïåðèìåíò;

P (ξ ∈ dx) = e−x1x>0dx - áåçïàìåòíîñò (åêñïîíåíöèàëíî
ðàçïðåäåëåíèå);

P (ξ ∈ dx) = 1√
2π

e− x2
2 dx - íàé-÷åñòî âàæíîòî ðàçïðåäåëåíèå (íîðìàëíî

ðàçïðåäåëåíèå).
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Êàê èçó÷àâàìå P (ξ ∈ dx)?

×åñòî èçïîëçâàìå:

òðàíñôîðìàöèÿ íà Ôóðèå -

Fξ(λ) = E
[
eiλξ

]
=

∫ ∞

−∞
eiλxP (ξ ∈ dx) ;

òðàíñôîðìàöèÿ íà Ìåëèí -

Mξ(z) = E
[
ξz−1] = ∫ ∞

0
xz−1P (ξ ∈ dx) ;

òðàíñôîðìàöèÿ íà Ëàïëàñ -

Lξ(z) = E
[
e−zξ] = ∫ ∞

0
e−zxP (ξ ∈ dx) .
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Ãàìà ôóíêöèÿ

Ãàìà ôóíêöèÿòà å åäèíñòâåíî ðåøåíèå íà

Γ(z + 1) = zΓ(z), Γ(1) = 1,

ñðåä òðàíñôîðìàöèèòå íà Ìåëèí íà ñëó÷àéíè âåëè÷èíè, ò.å.

Γ(z) = Me(z) =
∫ ∞

0
xz−1e−xdx .
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Àñèìïòîòèêà íà Ñòèðëèíã

Γ(n + 1) = n! = Cnn+ 1
2 e−n(1 + o (1)).

Ïî-îáùî1

Γ(z) =
C + o (1)√

1 + z
e
∫

1 7→z log0(χ)dχ

è

|Γ(a + ib)| =
∣∣∣∣ C + o (1)√

1 + a + ib

∣∣∣∣e∫ a
1 ln(|v |)dv e−

∫ b
0 arg(a+iv)dv .

1

Γ(χ + 1) = χΓ(χ)
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Àñèìïòîòèêà íà Ñòèðëèíã ïðè ôèêñèðàíî Re(z) = a > 0, z = a + ib

ln |Γ(a + ib)| = −π

2
|b|(1 + o (1)).
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Ôóíêöèè íà Áåðíùàéí

ϕ å ôóíêöèÿ íà Áåðíùàéí ⇐⇒

ϕ(z) = q + dz +

∫ ∞

0
(1 − e−zy )µ(dy),Re(z) ≥ 0,

êúäåòî q,d ≥ 0 è
∫∞

0 min{y ,1}µ(dy) < ∞.

ϕ′(z) = d +

∫ ∞

0
e−zy yµ(dy) =

∫ ∞

0
e−zy

 dδ0(dy) + yµ(dy)︸ ︷︷ ︸
ìÿðêà íà Ðàäîí íà [0,∞)



Ìëàäåí Ñàâîâ Áåðíùàéí-Ãàìà ôóíêöèè 8 / 28



Ôóíêöèè íà Áåðíùàéí - ïðèìåðè

ϕ(z) = z;
ϕ(z) = zα, α ∈ (0,1);
ϕ(z) = q + log(1 + z).
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Ôóíêöèè íà Áåðíùàéí-Ãàìà

Çà âñÿêo ϕ óðàâíåíèåòî

f (z + 1) = ϕ(z)f (z), f (1) = 1,Re(z) > 0,

èìà åäèíñòâåíî ðåøåíèå îò âèäà

Wϕ(z) = E
[
Y z−1] = ∫ ∞

0
yz−1P (Y ∈ dy) ,

íàðå÷åíî ôóíêöèÿ íà Áåðíùàéí-Ãàìà2.

2

ϕ(z) = z =⇒ Wϕ(z) = Γ(z)
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Ïðåäñòàâÿíå íà Wϕ

Wϕ(z) =
e−γϕz

ϕ(z)

∏
k≥1

ϕ(k)
ϕ(k + z)

e−ϕ′(k)
ϕ(k) z ,Re(z) > 0,

êàòî ðåãèîíúò íà àíàëèòè÷íîñò/ìåðîìîðôíîñò íà Wϕ çàâèñè îò:

sup{u ≤ 0 : ϕ(u) = 0};
inf{a ≤ 0 : ϕ å àíàëèòè÷íà íà Re(z) > a}.
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Añèìïòîòèêà íà Ñòèðëèíã íà Wϕ

Âúðõó Re(z) > 0
Wϕ(z) = e

∫
1 7→z log0(ϕ(ζ))dζ × Eϕ(z).

Ïî àáñîëþòíà ñòîéíîñò

ln |Wϕ(a + ib)| =

(∫ a

1
ln(ϕ(v))dv −

∫ b

0
arg ϕ(a + iv)dv

)
(1 + o (1)).

Ïî àáñîëþòíà ñòîéíîñò ïðè ôèêñèðàíî b

ln |Wϕ(a + ib)| =
∫ a

1
ln(ϕ(v))dv(1 + o (1)).

Ïðè ôèêñèðàíî a

ln |Wϕ(a + ib)| = −
∫ b

0 arg ϕ(a + iv)dv
b

b(1 + o (1)).
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ln |Wϕ(iy)| ∼ −θñðåäíî × |y |, θñðåäíî ∈
[
0, π

2

]
; ϕ(z) = zα äàâà θñðåäíî = π

2 α

iy iy

x x


C C  

Ìëàäåí Ñàâîâ Áåðíùàéí-Ãàìà ôóíêöèè 13 / 28



Ñòîõàñòè÷íè ïðîöåñè

Êîëåêöèÿ îò ñëó÷àéíè âåëè÷èíè (Xt)t≥0, ò.å. Xt : Ω 7→ R, t ≥ 0, ñå íàðè÷à
ñòîõàñòè÷åí ïðîöåñ ñ íà÷àëî X0.
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Ìàðêîâñêè ïðîöåñè

Ìàðêîâñêè ïðîöåñ å ñòîõàñòè÷åí ïðîöåñ, ÷èåòî áúäåùå âåðîÿòíîñòíî ñå
ïðåäîïðåäåëÿ îò íàñòîÿùåòî.

Ìàòåìàòè÷åñêè

EX0=x f (Xt+s) = EX0=xEXt f (Xs).

Àêî Pt f (x) = EX0=x f (Xt), òî

Pt+sf (x) = PtPsf (x) = PsPt f (x)

èëè î÷àêâàíèÿòà íà Ìàðêîâñêèÿ ïðîöåñ (Xt)t≥0, ñà ïîëóãðóïà P = (Pt)t≥0
îò îïåðàòîðè íàä C0 (R) ,L2(·), . . .
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Ñòàöèîíàðíè Ìàðêîâñêè ïðîöåñè

Ñòàöèîíàðíîñò íà Ìàðêîâñêè ïðîöåñ å ñòàáèëèçàöèÿòà íà
ðàçïðåäåëåíèÿòà êúì ñòàöèîíàðíà ìÿðêà, ò.å.

P (Xt ∈ dx) ∞∼ v(dx).

Íà åçèêà íà ïîëóãðóïèòå

Pt f (x) = EX0=x f (Xt) =

∫
f (y)v(dy) + o (1) = ⟨f ,1⟩v 1 + o (1).
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Îáîçíà÷åíèå è ôàêòè

Íåêà L2 (e) = {f : R+ 7→ R; ⟨f , f ⟩e =
∫∞

0 f 2(x)e−xdx < ∞}.

Ïîëèíîìèòå íà Ëàãåð

Ln(x) =
1
n!

(xne−x)(n)

e−x ,n ≥ 0,

îáðàçóâàò îðòîíîðìèðàí áàçèñ â L2 (e) è

f =
∑
n≥0

⟨f ,Ln⟩eLn.
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Ïîëóãðóïà íà Ëàãåð, e−x 1x>0dx è Ãàìà ôóíêöèÿ

Ñúùåñòâóâà ñàìîñïðåãíàòà3 ïîëóãðóïà Q = (Qt)t≥0 â L2 (e) :

QtLn = e−ntLn;

⟨Qt f ,Ln⟩e = e−nt⟨f ,Ln⟩e;

Qt f =
∑
n≥0

e−nt⟨f ,Ln⟩eLn; t > −ln(sin(
π

2
)), 4

Qt f = ⟨f ,1⟩e1 +
∑
n≥1

e−nt⟨f ,Ln⟩eLn.

3⟨Qt f , g⟩e = ⟨f , Qt g⟩e
4

ln |Γ(a + ib)| = −π
2 |b| + o (|b|)

4

ln |Γ(a + ib)| = −π
2 |b| + o (|b|)
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Ïðîöåñúò çàä ïîëóãðóïàòà íà Ëàãåð

Qt f (x) = EX0=x [f (Xt)] ,

êúäåòî X = (Xt)t≥0 å íåïðåêúñíàò íåîòðèöàòåëåí è ñòàöèîíàðåí

Ìàðêîâñêè ïðîöåñ ñúñ ñòàöèîíàðíà ìÿðêà e−xdx .

X å ïðîñòðàíñòâåíî-âðåìåâà òðàíñôîðìàöèÿ íà ñåáåïîäîáåí5, íåïðåêúñíàò
è íåîòðèöàòåëåí Ìàðêîâñêè ïðîöåñ.

5
(c−1Xcat )t≥0, X0 = cx, å åêâèâàëåíòåí íà (Xt )t≥0, X0 = x, ∀c, x > 0
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Îáîáùåíè ïîëóãðóïè íà Ëàãåð

Êëàñúò íà ñåáåïîäîáíè äÿñíî-íåïðåêúñíàòè Ìàðêîâñêè ïðîöåñè ïðåäëàãà
ìíîãî ïî-áîãàòà ñòðóêòóðà. Îçíà÷àâàìå6 ãè ñ Y = (Yt)t≥0 è ïîñòàâÿìå

P = (Pt)t≥0,

Pt f (x) = EY0=x f (Yt).

6
ðàáîòèì ñúñ ñúùàòà ïðîñòðàíñòâåíî-âðåìåâà òðàíñôîðìàöèÿ, à íå ñ îðèãèíàëíèÿ ñåáåïîäîáåí ïðîöåñ
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Íÿêîè ñâîéñòâà íà Y

Y èìà ñòàöèîíàðíà ìÿðêà ν(x)dx , x > 0.
∃ϕ òàêàâà, ÷å

Wϕ(z) =
∫ ∞

0
xz−1ν(x)dx ,Re(z) > 0,

ïîíåæå Γ(z)/Wϕ(z) =
∫∞

0 xz−1ι(x)dx , òî

∃Λ : L2 (e) 7→ L2(ν)7 − ëèíååí îãðàíè÷åí è íåîáðàòèì,

òàêúâ ÷å

Λf (x) =
∫ ∞

0
f (xy)ι(y)dy

è å âÿðíî ïðåïëèòàíåòî
PtΛ = ΛQt .

7

L2(ν) = {f : R+ 7→ R; ⟨f , f⟩ν =
∫∞
0 f2(x)ν(x)dx < ∞}
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Ñîáñòâåíè ôóíêöèè íà P

(ΛLn)n≥0 ñà ñîáñòâåíè ôóíêöèè, òúé êàòî

PtΛLn = ΛQtLn = e−ntΛLn.

Ïúëíîòàòà èì ñëåäâà îò àñèìïòîòèêàòà íà Wϕ(x), êîÿòî âëå÷å
äåòåðìèíèðàíîñò íà ìîìåíòèòå íà ν(x).
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×àñòè÷íî ñïåêòðàëíî ðàçëàãàíå êàòî ñëåäñòâèå íà PtΛ = ΛQt

Çà g ∈ ΛL2 (e) ⊊ L2 (ν)

Ptg = PtΛf = ΛQt f

= Λ
∑
n≥0

e−nt⟨f ,Ln⟩eLn

=
∑
n≥0

e−nt⟨f ,Ln⟩eΛLn

=
∑
n≥0

e−nt⟨Λ−1g,Ln⟩eΛLn =
∑
n≥0

e−nt⟨g, (Λ−1)∗Ln⟩νΛLn.

Çà êîè g ∈ L2 (ν) è t > 0

Ptg =
∑
n≥0

e−nt⟨g, (Λ−1)∗Ln⟩νΛLn ?
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Ñúùåñòâóâàíå íà êîñîáñòâåíè ôóíêöèè νn = (Λ−1)∗Ln ⇐⇒ Λ∗νn = Ln

Äîêàçâà ñå, ÷å â ñìèñúë íà ðàçïðåäåëåíèå

νn(x) =
(xnν(x))(n)

ν(x)n!
.

Äîêàçâàìå

νn ∈ L2 (ν),

||νn||ν = O
(
e(− ln sin(θñðåäíî)+o(1))n

)
8,

áëàãîäàðåíèå íà àñèìïòîòèêàòà íà Ñòèðëèíã íà Wϕ(z) =
∫∞

0 xz−1ν(x)dx ,
íåêëàñè÷åñêè Òàóáåðîâè òåîðåìè, òåîðèÿ íà ñåáåðàçëàãàùèòå ñå ñëó÷àéíè
âåëè÷èíè, ïðèíöèïè çà ìàêñèìóìà è äðóãè.

8
ln

∣∣∣Wϕ(a + ib)
∣∣∣ = −θñðåäíî|b| + o (|b|) , θñðåäíî ∈

[
0, π

2

]
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Ñïåêòðàëíè ðàçëàãàíèÿ Pt f =
∑

n≥0 e−nt⟨f , νn⟩νΛLn

∀f ∈ L2 (ν) è t > − ln sin(θñðåäíî);

èìà ñëó÷àè, ïðè êîèòî ∀f ∈ L2 (R+) è t > t(θñðåäíî).

Ìëàäåí Ñàâîâ Áåðíùàéí-Ãàìà ôóíêöèè 25 / 28



Ñïåêòðàëíè ðàçëàãàíèÿ Pt f =
∑

n≥0 e−nt⟨f , νn⟩νΛLn

∀f ∈ L2 (ν) è t > − ln sin(θñðåäíî);

èìà ñëó÷àè, ïðè êîèòî ∀f ∈ L2 (R+) è t > t(θñðåäíî).

Ìëàäåí Ñàâîâ Áåðíùàéí-Ãàìà ôóíêöèè 25 / 28



Õèïîêîåðñèâíîñò Pt f =
∑

n≥0 e−nt⟨f , νn⟩νΛLn

||Pt f − ⟨f ,1⟩ν1||ν ≤ h(t)× e−t︸︷︷︸
ñïåêòðàëíà ïðàçíèíà

,

êàòî íÿêîè ñâîéñòâà íà h ñå îïðåäåëÿò îò Wϕ
9.

9
Patie, P and Savov, M. �Spectral expansions of non-self-adjoint generalized Laguerre semigroups�, Memoirs of

the American Mathematical Society, 183pages, 2021
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Wϕ â òåîðèÿ íà âåðîÿòíîñòèòå10111213

Ôóíêöèèòå íà Áåðíùàéí-Ãàìà ñå ïîÿâÿâàò êàòî îñíîâíî èëè ïîìîùíî
ñðåäñòâî â ðåäèöà îáëàñòè íà òåîðåòè÷íàòà è ïðèëîæíà ñòîõàñòèêà.

Ñðåä òÿõ ñå âêëþ÷âàò:

ñåáåïîäîáíè Ìàðêîâñêè ïðîöåñè;

ôèíàíñîâà ìàòåìàòèêà - Àçèàòñêè îïöèè è ïîëèöè;

ðàçêëîíÿâàùè ñå ïðîöåñè â ñëó÷àéíè ñðåäè;

ñëó÷àéíè èçoáðàæåíèÿ è ñëó÷àéíè ôðàãìåíòàöèè;

ìàòåìàòè÷åñêà ôèçèêà, áèîëîãèÿ è äðóãè.

10
Patie, P. and Savov, M. �Bernstein-gamma functions and exponential functionals of L�evy processes�,

Electronic Journal of Probab., 101 pages, 2018
11

Patie, P. and Savov, M. �A Wiener-Hopf Type Factorization for the Exponential Functional of L�evy
Processes�, Journal of the London Mathematical Society 86(3), 26 pages, 2012

12
Minchev, M. and Savov, M. �Asymptotic of densities of exponential functionals of subordinators�, 26 pages,

2022+
13

Barker, A. and Savov, M. �Bivariate Bernstein-gamma functions and moments of exponential functionals of
subordinators�, Stochastic processes and their applications, 43 pages, 2021
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