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1. The extension problem for linear odes and ars

⋄ Linear [n, k]q ode: C < F
n
q , dimC = k, (Fq = GF(q))

⋄ [n, k, d]q-ode: d = min{d(u, v) | u,v ∈ C,u 6= v}.

- n - the length of C;

- k - the dimension of C;

- d - the minimum distane of C.

⋄ Ai � number of odewords of (Hamming) weight i

⋄ (Ai)i≥0 � the spetrum of C
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Given the positive integers k and d and the prime power q, �nd the smallest

value of n for whih there exists a linear [n, k, d]q-ode. This value is denoted by

nq(k, d).

The Griesmer bound: nq(k, d) ≥ gq(k, d) :=
k−1∑

i=0

⌈
d

qi
⌉




1 0 0 0 0 1 1
0 1 0 0 1 0 1
0 0 1 0 1 1 0
0 0 0 1 1 1 1


 →




1 0 0 0 0 1 1 1
0 1 0 0 1 0 1 1
0 0 1 0 1 1 0 1
0 0 0 1 1 1 1 0




the Hamming ode [7, 4, 3] → the extended Hamming ode [8, 4, 4]
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De�nition. A linear [n, k, d]q-ode C is said to be extendable if there exists a

[n+ 1, k, d+ 1]q-ode C
′

suh that C is obtained from C ′

by punturing.

De�nition. A linear ode over Fq is said to be divisible with divisor ∆ > 1 if

the weight of every odeword is a multiple of ∆.

Theorem. (H. N. Ward) Let C be a Griesmer ode over Fp, p a prime. If pe

divides the minimum weight of C, then pe is a divisor of the ode.

De�nition. A linear [n, k, d]q-ode is said to be t-quasidivisible modulo ∆ if

d ≡ −t (mod ∆) and all weights in the ode are ongruent to −t, . . . ,−1, 0

modulo ∆.
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Theorem. (R. Hill, P. Lizak, 1995) Every linear [n, k, d]q-ode with weights 0

and d modulo q, where (d, q) = 1, is extendable to a [n+ 1, k, d+ 1]q-ode.

The most ommon ase is d ≡ −1 (mod q).

Equivalently: every 1-quasidivisible ode is extendable.

Theorem. (T. Maruta, 2004) Let q ≥ 5 be an odd prime power. If an

[n, k, d]q-ode with d ≡ −2 (mod q) has only weights −2,−1, 0 (mod q)

then it is extendable.

Equivalently: every 2-quasidivisible ode over a �eld of order q ≥ 5, q odd, is

extendable.

Theorem. (H. Kanda, 2020) Let C be an [n, k, d]3 ode with (d, 3) = 1 whose

possible weights of odewords satisfy Ai = 0 for all i 6≡ 0,−1,−2 (mod 9).

Then C is doubly extendable.
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De�nition. A multiset in PG(k − 1, q) is a mapping

K :

{
P → N0,

P → K(P ).

K(P ) � the multipliity of the point P .

Q ⊂ P : K(Q) =
∑

P∈QK(P ); K(P) � the ardinality of K.

ai � the number of hyperplanes of multipliity i

(ai)i≥0 � the spetrum of K
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De�nition. (n,w)-ar in PG(k − 1, q): a multiset K with

1) K(P) = n;

2) for every hyperplane H : K(H) ≤ w;

3) there exists a hyperplane H0: K(H0) = w.

De�nition. (n,w)-bloking set with respet to hyperplanes in

PG(k − 1, q): a multiset K with

1) K(P) = n;

2) for every hyperplane H : K(H) ≥ w;

3) there exists a hyperplane H0: K(H0) = w.
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De�nition. An (n,w)-ar K in PG(k − 1, q) is alled t-extendable, if there

exists an (n+ t, w)-ar K′

in PG(k− 1, q) with K′(P ) ≥ K(P ) for every point

P ∈ P .

De�nition. An ar K in PG(k − 1, q) with K(P) = n and spetrum (ai) is

said to be divisible with divisor ∆ if ai = 0 for all i 6≡ n (mod ∆).

De�nition. An ar K with K(P) = n and spetrum (ai) is said to be t-

quasidivisible with divisor ∆ (or t-quasidivisible modulo ∆) if ai = 0 for all

i 6≡ n, n+ 1, . . . , n+ t (mod ∆).
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Equivalene of linear odes and ars

[n, k, d]q-ode C ⇔ (n,w = n− d)-ar K
of full length in PG(k − 1, q)

0 6= u ∈ C, wt(u) = u ⇔ a hyperplane H with K(H) = n− u,

extendable [n, k, d]q-ode C ⇔ extendable (n, n− d)-ar K

divisible [n, k, d]q-ode ⇔ divisible (n, n− d)-ar in PG(k − 1, q)
Ai = 0 for all i 6≡ 0 (mod ∆) ai = 0 for all i 6≡ n (mod ∆)

t-quasidivisible [n, k, d]q-ode ⇔ t-quasidivisible (n, n− d)-ar

Ai = 0 for all i 6≡ −j (mod q) in PG(k − 1, q) ai = 0 for all

j ∈ {0, 1, . . . , t} i 6≡ n+ j (mod q)

⋄ Griesmer ars: ars assoiated with odes meeting the Griesmer bound

� National Colloquium, Institute of Mathematis and Informatis, BAS, 14.11.2023 � 8



2. (t mod q)-Ars

De�nition. Let t < q be a non-negative integer.

An ar K in PG(r, q) is alled a (t mod q)-ar if every subspae S of positive

dimension has multipliity K(S) ≡ t (mod q).

If in addition, every point P has multipliity at most t, i.e. K(P ) ≤ t; the K is

alled a strong (t mod q)-ar.

Remark. It is enough to require the ongruene in the de�nition only for the the

subspaes of dimension 1 (i.e. for the lines).
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⋄ K - (n,w)-ar in Σ = PG(r, q)

⋄ for every hyperplane H , we have K(H) ≡ n, n+1, . . . , n+ t (mod q) where

0 < t < q is an integer onstant, i.e. K is t-quasidivisible modulo q.

⋄ De�ne an ar K̃ in the dual spae Σ̃

(⋆) K̃ :

{
H → N0,

H → K̃(H) := n+ t−K(H) (mod q).

where H is the set of all hyperplanes of Σ.

E.g. maximal hyperplanes beome 0-points.
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Theorem A.(Landjev,Rousseva,2016) Let K be an (n,w)-ar in Σ = PG(r, q)

whih is t-quasidivisible modulo q. Then the ar K̃ is a strong (t mod q)-ar.

Theorem B.(Landjev,Rousseva,2016) Let K be an (n,w)-ar in Σ = PG(r, q)

whih is t-quasidivisible modulo q, t < q. Assume

K̃ =
c∑

i=1

χ
H̃i

+ K̃′

for some ar K̃′

and c not neessarily di�erent hyperplanes H̃1, . . . , H̃c. Then

K is c-extendable. In partiular, if K̃ ontains a hyperplane in its support then K

is extendable.
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Theorem C. (Landjev,Rousseva,2016) Let t1 < q and t2 < q be positive

integers. The sum of a (t1 mod q)-ar and a (t2 mod q)-ar in PG(r, q) is a

(t mod q)-ar with t = t1 + t2 (mod q).

In partiular, the sum of t hyperplanes in PG(r, q) is a strong (t mod q)-ar.
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Theorem D. (Landjev,Rousseva,2016) Let K0 be a (t mod q)-ar in a hyper-

plane H ∼= PG(r − 1, q). of Σ = PG(r, q). For a �xed point P ∈ Σ \ H ,

de�ne an ar K in Σ as follows:

� K(P ) = t;

� for eah point Q 6= P : K(Q) = K0(R) where R = 〈P,Q〉 ∩H .

Then the ar K is a (t mod q)-ar in PG(r, q) of size q|K0|+ t.

De�nition. (t mod q)-ars obtained by Theorem D are alled lifted ars.
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P K(P ) = t

R

QK(Q) = K0(R)

H ∼= PG(r − 1, q)

K0
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Theorem E. (Landjev,Rousseva,2016) A strong (t mod q)-ar K in PG(2, q)

of ardinality mq+ t exists if and only if there exists an ((m− t)q+m,m− t)-

bloking set B with line multipliities ontained in {m− t,m− t+ 1, . . . ,m}.
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(1 mod q) PG(r, q) a hyperplane

(2 mod q) PG(2, q) lifted from a 2, q + 2, or 2q + 2-line, or

an oval + a tangent +2×the internal points

(T. Maruta, 2004, S.Kurz, 2021)

PG(r, q), r ≥ 3 lifted from a (2 mod q)-ar in PG(r, q)

(I. Landjev, A. Rousseva, 2019)

(3 mod 5) PG(2, 5) 185 ars

PG(3, 5) lifted and three sporadi (3 mod 5)-ars

of sizes 128, 143, and 168
(S. Kurz, I. Landjev, A. Rousseva, 2023)

PG(r, 5), r ≥ 4 lifted and ???

� National Colloquium, Institute of Mathematis and Informatis, BAS, 14.11.2023 � 16



3. Strong (3 mod 5)-Ars in PG(2, 5)

|K| BS # ars |K| BS # ars

18 (3, 0) 4 48 (39, 6) 49
23 (9, 1) 1 53 (45, 7) 17
28 (15, 2) 1 58 (51, 8) 11
33 (21, 3) 10 63 (57, 9) 9
38 (27, 4) 23 68 (63, 10) 6
43 (33, 5) 53 93 (93, 15) 1

• Ivan Landjev & Assia Rousseva (omputerfree)

• Sasha Kurz (omputer searh)
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(18, {3, 8, 13, 18})-ars
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(23, {3, 8})-ar in PG(2, 5)
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(28, {3, 8})-ar in PG(2, 5)
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(33, {3, 8})-ar in PG(2, 5)
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4. Strong (3 mod 5)-Ars in PG(3, 5)

Theorem F. (S. Kurz, I. Landjev, A. Rousseva, 2023) Let K be a strong (3
mod 5)-ar in PG(3, 5) that is neither lifted nor ontains a full hyperplane in its

support. Then |K| ∈ {128, 143, 168} and in eah ase the orresponding ar is

unique up to isomorphism.
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Remark.

The nonexistene of (104, 22)-ars in PG(3, 5), or, equivalently, the nonexistene

of [104, 4, 82]5-odes
d gq(k, d) nq(k, d) d gq(k, d) nq(k, d)

.
.
.

.
.
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.
.
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.
.
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.
.
.

.
.
.

81 103 103�104 161 203 203�204
82 104 104�105 162 204 204�205
83 105 106 163 205 206
84 106 107 164 206 207
85 107 108 165 207 208

.
.
.

.
.
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.
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(104, 22)-ar:

Cardinality of a plane: 18 13 8 3

22 17 12 7 2 −→ 0

21 16 11 6 1 −→ 1

20 15 10 5 0 −→ 2

19 14 9 4 −→ 3

Maximal number of

points on a line:

in suh plane: 5 4 3 2 1
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The 128-Ar in PG(3, 5)

V. Abatangelo, G. Korhmáros, B Larato, 1996

There exist two 20-aps in PG(3, 5) that do not extend to the ellipti quadri.

We denote these two aps by K1 and K2.

The ollineation group G of K1 is a semidiret produt of an elementary abelean

group of order 16 and a group isomorphi to S5. Hene |G| = 16 · 120 = 1920.

The ollineation group G of K2 is isomorphi to S5.
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Lemma. Let K be a strong (3 mod 5)-ar in PG(3, 5) of ardinality 128. Let

ϕ be the projetion from an arbitrary 0-point in PG(3, 5). Then the ar Kϕ

is

unique up to isomorphism and has the struture desribed below.

• A 0-point is inident only with 3- and 8-lines.

• An 8-line with a 0-point is of type (3, 3, 1, 1, 0, 0) or (3, 2, 2, 1, 0, 0).
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Projetion of a 128-ar from a 0-point

(3, 3, 1, 1, 0, 0)

(3, 2, 2, 1, 0, 0)

(3, 0, 0, 0, 0, 0)

(2, 1, 0, 0, 0, 0)

(1, 1, 1, 0, 0, 0)
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Eah 0-point is inident with:

three 8-lines of type (3, 3, 1, 1, 0, 0),

four 8-lines of type (3, 2, 2, 1, 0, 0),

six 3-lines of type (3, 0, 0, 0, 0, 0),

twelve 3-lines of type (2, 1, 0, 0, 0, 0),

six 3-lines of type (1, 1, 1, 0, 0, 0)

This implies that

λ3 = 16, λ2 = 20, λ1 = 40, λ0 = 80.

a33 = 40, a28 = 16, a23 = 80, a18 = 20.

Here λi denotes the number of i-points.
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The 2-points form a 20-ap C with spetrum:

a6(C) = 40, a4(C) = 80, a3(C) = 20, a0(C) = 16.

This ap is not extendable to the ellipti quadri. In suh ase it would have (at

least 20) tangent planes, but a1(C) = 0, a ontradition.

Hene the 20-ap on the 2-points in PG(3, 5) is isomorphi to one of the two

maximal 20-aps found by Abatangelo, Korhmaros and Larato.

This turns out that this is the ap K1, sine K2 has a di�erent spetrum.

The ation of G on PG(3, 5) gives four orbits on points, denoted OP
1 , . . . , O

P
4

and six orbit on lines, denoted OL
1 , . . . , O

L
6 .
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The respetive sizes of these orbits are

|OP
1 | = 40, |OP

2 | = 80, |OP
3 | = 20, |OP

4 | = 16;

|OL
1 | = 160, |OL

2 | = 240, |OL
3 | = 30, |OL

4 | = 160, |OL
5 | = 120, |OL

6 | = 96.

The point-by-line orbit matrix A = (aij)4×6, where aij is the number of the

points from the i-th point orbit inident with any line from the j-th line orbit is

the following

A =




3 1 4 1 2 0
3 4 0 2 2 5
0 1 2 2 0 0
0 0 0 1 2 1


 .
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Let wi be the multipliity of any point from OP
i and let w = (w1, w2, w3, w4).

In order to get a (3 mod 5)-ar we should have

wA ≡ 3j (mod 5),

where j is the all-one vetor, and wi ≤ 3 for all i = 1, 2, 3.
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The set of all solutions is given by

w = {(w1, w2, w3, w4) | wi ∈ {0, . . . 4},

w2 ≡ 1− w1 (mod 5), w3 ≡ 4− 2w1 (mod 5), w4 = 3}. (1)

Solutions: w = (3, 3, 3, 3) and w = (1, 0, 2, 3).

The seond solution gives the desired 128-ar.
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The 143- and 168-Ar

Two strong non-lifted (3 mod 5)-ars in PG(3, 5) were onstruted by omputer

searh. The respetive spetra are:

|F1| = 143, a18(F1) = 26, a28(F1) = 65, a33(F1) = 65;

λ0(F1) = 65, λ1(F1) = 65, λ2(F1) = 0, λ3(F1) = 26,

|Aut(F1)| = 62400.

|F2| = 168, a28(F2) = 60, a33(F2) = 60, a43(F2) = 36;

λ0(F2) = 60, λ1(F2) = 60, λ2(F2) = 0, λ3(F2) = 36.

|Aut(F2)| = 57600.
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There exist two quadris in PG(3, 5).

E3 = {P (X0, X1, X2,X3) | X
2
0 + 2X2

1 +X2X3 = 0, } (2)

H3 = {P (X0, X1, X2,X3) | X0X1 +X2X3 = 0, } (3)
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• F1: for a point P (x0, x1, x2, x3) set

F1(P ) =





3 if P ∈ E3,
1 if x2

0 + 2x2
1 + x2x3 is a square in F5,

0 if x2
0 + 2x2

1 + x2x3 is a non-square in F5.

(4)

• F2: for a point P (x0, x1, x2, x3) set
F2(P ) =





3 if P ∈ H3,

1 if x0x1 + x2x3 is a square in F5,

0 if x0x1 + x2x3 is a non-square in F5.

(5)
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More generally:

Q � quadri in PG(r, q), q � odd prime power

F (x0, x1, . . . , xr) � the quadrati form de�ning Q

• r � even

Pr = V (x2
0 + x1x2 + . . .+ xr−1xr) � paraboli

• r � odd

Hr = V (x0x1 + x2x3 + . . .+ xr−1xr) � hyperboli

Pr = V (f(x0, x1) + x2x3 + . . .+ xr−1xr) � ellipti

(f is irreduible over Fq.)
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For r = 2s:

|P2s| =
q2s − 1

q − 1
.

For r = 2s− 1:

|H2s−1| =
(qs−1 + 1)(qs + 1)

q − 1
.

|E2s−1| =
(qs + 1)(qs−1 − 1)

q − 1
.
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The points outside Q split into two lasses:

Q1 = {P (x0, . . . , xr) | F (x0, x1, . . . , xr) is a square },

Q2 = {P (x0, . . . , xr) | F (x0, x1, . . . , xr) is a non-square }.

For a point P of PG(r, q) set F1(P ) =





q+1
2 if P ∈ Q,

1 if P ∈ Q1,

0 if P ∈ Q2.

For a point P of PG(r, q) set F2(P ) =





q+1
2 if P ∈ Q,

0 if P ∈ Q1,

1 if P ∈ Q2.
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Theorem H. (S. Kurz, I. Landjev, F. Pavese, A. Rousseva, 2023)

Let F1 and F2 be de�ned as above. Then Fi, i = 1, 2, is a

(
q + 1

2
mod q

)

ar in PG(r, q). Moreover if Q is non-degenerate, then both ars are not lifted.

De�nition. An ar obained by this onstrution is alled a quadrati (t
mod q)-ar.
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Theorem I. (L&R, 2023, unpublished) Assume that every strong (3 mod 5)-

ar in PG(r, 5), whih does not ontain a hyperplane in its support is lifted or

obtained from a quadri. Then every strong (3 mod 5)-ar in PG(r + 1, 5), is

also lifted or a quadrati ar.

Theorem J. (L&R, 2023, unpublished) Every strong (3 mod 5)-ar in

PG(4, 5), whih does not ontain a hyperplane in its support is lifted or a

quadrati ar.

Corollary. (L&R, 2023, unpublished) Every strong (3 mod 5)-ar in PG(r, 5),

r ≥ 4, whih does not ontain a hyperplane in its support is lifted or a quadrati

ar.
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