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The paper contains some new formulas involving the Whittaker functions and arising
as the values of some double integrals, which are invariant with respect to the representation
of the group SO(2,1).
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1. Introduction

From the group-theoretical point of view, the special functions are matrix
elements of the representations of the corresponding groups. It is clear that this
definition can not be applied to all special functions, but it is permissible for
quite a wide class of functions arising in problems of mathematical physics.
We can say also, that the special functions are matrix elements of the linear
operators acting in the representation space. This point of view can be extended
in the following direction. We can consider the special functions as the values
of the functionals defined on representation spaces.

In this paper, we derive some formulas involving the Whittaker functions

1
M, (2) = exp (—g) PaERya) <V —p+ 3 2v+1; z) ,
I'(2v)

M N 7
”’V(z)—i_F(,u—i-V—F%)
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These formulas are related to the 3-dimensional special Lorentz group SO(2, 1),
which represents the simplest case of the special pseudo-orthogonal group. On
the other hand, for derivation of all formulas, we use some bilinear functionals,
which are defined on a pair of the representation spaces of the corresponding
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case of group SO(2,1). These functionals satisfy some good properties. First,
these functionals are invariant with respect to all linear operators of the group
representation. Let us note that the functionals, satisfying such condition, play
an important role in the study of the properties of the representation. For
instance, if D(;, n,) be the representation space of the group S L(2,C) and con-
sists of all (ny — 1,my — 1)-homogeneous and infinitely differentiable functions
f(z1, 22), than the invariant bilinear functional

1

B(¢,v) = —i /(21 — )T (21— z0) T d(z1) () dz1 dze dZy, dza,

defined on a pair (D(n, ny): D(nt ng)), can be applied [1] for the investigation of
operator irreducibility of the representation

T(m,nz)(g)[f(zly 29)] = flazy + yz2, Bz1 + 022),

_(a B _
g—(7 5), detg = 1.

The main property of our functionals is that these functionals, defined as
double integrals, do not depend on the integration domain. Using this property,
we can evaluate the corresponding integrals along two different contours, com-
pare the two results and, finally, obtain new formulas containing the Whittaker
functions.

In [7] and [5], we have considered the general case of the group SO(p, q)
and the invariant bilinear functionals of another kind. In particular, in [7], we
have obtained formulas involving the Legendre functions.

where

2. Functionals D; and their properties

P
Let the space RPT is endowed with the quadratic form q(z) := ) 2?7 —
I=1

q
> xf, 41~ The group SO(p,q) preserves this form and divides RPT4 into orbits,
=1

one of which is the cone C: ¢(z) = 0. Let o be an arbitrary complex number.
We introduce the linear space ©, consisting of all functions f, defined on C
and satisfying the following conditions: first, f is smooth, i.e. infinitely differ-
entiable, and, second, f is a o-homogeneous function, i.e., for any o € C, the
equality f(ax) = a” f(x) holds. We define the representation T, in ©, by left
shifts according to the formula T, (g)[f(x)] := f(g'x). It is known that T, is

irreducible, if o is not an integer number [4].
ptq
Let us introduce three contours on C. Let vy := {z : > 27 = 2 (i.e. 1 be
=0
acircle or asphere), vo := {z : x;+x; =1}, € {1,...,p}, j€ {p+1,...,p+q}
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(parabola or paraboloid), and 73 := y3.4+ J73,— with 3.+ = {z : 2; = 1},
le{l,...,p+ ¢} (hyperbola or hyperboloid).

Let H; mean the subgroup, which acts transitively on ;. Let dz be an
H;-invariant measure on ;. According to the definition, H; ~ SO(p) x SO(q),
Hs ~ SO(p—1,q) or H3 ~ SO(p,q—1), and Hy ~ exp[R(e12 + €13 + €31 — e21)],
where {e;; : i,7 € {1,...,p+ q}} be the canonical basis of the linear space of
all real matrices of size (p + q) x (p + q). We denote by dx the H;-invariant

measure on 7;, i.e.
[ #an)da = [ f)da.
Vi Vi

for any g € H;.

For each i € {1,2,3}, we consider the bilinear functionals

Di: D2~ C, (u,0) — //k(x,jc)u(:v)v(a?) dz di.

Yi i
We say that D; is invariant with respect to T, if, for any g € SO(p, q),
Di(T5(g)[ul, T5(g)[v]) = Di(u, v). (1)

Let q be the bilinear form, which is polar for q.

Lemma 1. For the case of SO(2,1), the conditions (1) and

kj(:l/‘?:i) |’y¢><'y¢: Ci[d(maj)]_a_l (2)
are equivalent.

Proof. Since SO(2,1) is generated by subgroup H; ~ SO(2) and an
one-parameter subgroup of hyperbolic rotations in the plane of any pair of axes
[4], then it is sufficient to prove the lemma for these subgroups. The proof of
this lemma for Do is more difficult, than for D; and D3, because of v; and ~3
are invariant with respect to H; and Hjs respectively. Let us prove the lemma
only for the case i = 2. Let H := exp[R(e12 + e21)].

If g(¢) € Hy and = € C, then, from the equality

1 0 0 Lty
gl p)xr=| 0 cos¢ sing 1*292 t=
0 —sing cos¢ y
1—2y2 #
# cosp+ysing |t= IEQQ ¢,
1y COS ¢ + % sin ¢ Y

we have
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tdy
dyZA?g. (3)

If g(r) € H and z € C, then from

chr —shr 0 #
g tr)yxz=| —shr chr 0 1*2?!2 t=
0 01 y
_ 14342
e r+ery2 —;y i
e —e"y? |t= 1—2372 t,
Y y
we obtain the same formula (3).
So,
D2 (1o (g)[ul, T5(9)[v]) =
“+00 +00
L 14+92 1—9% 1422 1—22 y
z
2 ) 2 7y7 2 b 2 )
—00 —O0
t1+7?) t(1 -7 -
u(( 2y)’( 2ykﬁoltlx
3(1 4 52) 3(1— 32
v (s( - ) & - ),§s> ozt dydz =
+00 400
jot+l zo+1y, 1+y* 1—y? y 1422 1—22 L)
2 ) 2 ) ) 2 9 2 )
—00 —00

1+9% 1—9% _ 1+22 1-2% _ di ds
U 2 9 2 73/ % 2 Y 2 7’2 y z?

because of the homogeneity of v and v. This formula yields

k(,2) = 1771 57 k(y, 2). (4)
If g € Hy, then we have implication = € y9 = gz € 7o, therefore, § = = 1. It
means that the kernel k(y, 2), i.e. the restriction k(z,2) |y,x~,, depends on the
difference y — z.
The function [§(y, 2)] "' = [$(y — z)]_a_l depends on the difference
y — z too and satisfies the condition (4). So we can choose k(y, z) as k(y, z) =
—o—1
Gy [y =277
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Now consider D;(u,v) as a value of the regular generalized function at
finite function from the test function space ©s,. From the viewpoint of the
homogeneous generalized functions, we can write k as a linear combination of

the functions [3(y — z)z];o_l and [1(y — 2)?] :0_1, where ([2]

o ¢ x>0, < lz|¢ 2 <0,
10 <0, - 10 z>0.
Since 3(y — 2)% > 0, then k(y, 2) € span{i(y — 2)?}.
Thus, we know k(z,Z) |y,x~, Up to a constant factor. ]

Lemma 1 describes all restrictions of the kernel k to v; x 7;:

R 1 —o—1
b(@.2) booa= K 2) = [5 0= 2P]
E(x,2) |ys 4 xvs. = k(s,t) = C3 4 [cosh(s —t) — 17771
k(x,2) |ys 4 xvs, = k(s,t) = C3,_ [cosh(s — t) + 1]_"_1,
K@) by, xon.s = k(5.8) = G- [eosh(s — 1) + 177,
k(x,2) |5 _xqs_= k(s,t) = C3 4 [cosh(s — 1) — 1771,

where C1,Cy,C3 4, C3 _ are complex numbers.

Let us now consider another invariant property of our functionals, which
is associated with the integration domain.

Lemma 2. Let the condition (1) hold. Then D1 = Dg = Ds.
Proof. If x,2 € v;, then

Dj(u,v) = //k‘(tx, s?)u(tx)v(st)d(tz)d(sz) =
/ (ts)™" "V k(xz,2) (ts)7 u(z) v(2) tdr sdi =
/k(x,a?) u(z) v(z) dz dz = D;(u,v).
Vi

It completes the proof. n
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3. Two series converging to the Whittaker function

In this section, we will obtain two formulas related to the rudimentary
pseudo-orthogonal group SO(2,1). Let us introduce the bases {f, : n € Z},
{fr - XeR}, {fo+ : p€ R} in D, consisting of the functions

fo(x) = 2§ " (21 +ixg)",

fae) = (@o +21)° exp ( iy ) ,

To + 21

ot (@) = (21)T (z0 + x2).

Theorem 1. Let n € {1,2,3,...}, A#0, and —1 <reo < —%. Then,

NE

(N ['B(o—n+1,l1+n—0+1)]" o F1(I—20, n—0; l+n—0+1; —=1) =

[e=]

=

(—1)" 872 (iI\) 27 A7 T2 (=20 — 1) T2(0 + 1) T~ 2(—0) T~} (—nsign A — o)
X B(n -0, n-— U> W—nsign)\,a—&—%(m)“)'

Proof. Let us make the change of variables ¢t := y — z in the integral

+o00 +o00

e ) =2C2 [ [ (=277 (W 1) H (1 i) o dy e
‘We obtain
—+00 —+o00
Dol f) =2Cs [ e [ @i =i ay,

We apply the known formulas

“+oo

/ e dr =T(a)p™®, 0<rep <1, rep =0,
0

6, 2.3.3.1], and

+oo
/ (a—iz) " (b+iz) Ve dy = (5)

—00
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v+p  v+p—1 (b—a)y

2r T Y (W) (a+b)"2 y 2 e 2 Wy i1vu(ay+by), y>0,
2 2
2704 () (a+ )% (—9) 5 T Wi 1y (—ay — by), y <0,
2 2
where re(u + v) > 0, [6, 2.3.6.19].

Further,
21 21
Di(fu, 1) =C1 [ [[L—cos(a—B)]777" (1 +cosf)”
/]

X exp(ina) exp (%) dadp.

We make the change t := a — (3, so

™

Di(fn, fr) =277C4 /Sin_2‘7—2te2int dt x

0
I
2 s ﬂ
idsin

1 7 i —— ] dg.
/( + cos 3)7 exp(inf) exp <1 - cosﬁ) 16}
0

1P
Using the Taylor series for exp (;iiloi’%), we can evaluate I; and I according

to the formula ([3, 3.892.4]):
/eiw‘v sin? x cos? zdx = 4~ W) 1 x
0
u+1)" L BB — B4+ p+ v, 14 B4 p—v) x
oF1 (=20, 0 — p—v; 1+ B4 p—v;—1).
The equality D1(fn, fn) = D2(fn, fo) contains numbers C; and Cs, which
don’t depend of n and A. So let us assume n := 0 and A := 1. Then
% B F2(0'+ 1) Ka-i-%(l) B FQ(O' +1)
G T T K,y (o)

The functionals D; can be applied to the derivation of matrix elements of
the representation 7, and bases transform linear operators. For instance, from
the equality
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Di(fptsfm) = D Cpotn D1(fs fin),

nez
for any 7, we have
21 o
Di(fo, 4> frn) = Z Co+n / (1 — cos t)_”_l eltn q¢ . /ei(ern)ﬁ dg,
ne”Z 0 5

i.e.
Cpin = (—1)" 277272 (20 4+ 1) B(=0 = myn — 0 + 1) Dyl fprts fon)-

In the same way, we have

tam(9) = (=1)" 2777172 2n + 1) 7' B(=0 — n,n — 0 + 1) Di(To(9)[ful, f-m)-

Let us derive the matrix elements ¢y ,,(g) of the subrepresentation T5 to
the subgroup HjHo with respect to the "mixed basis”. In other words, let us
derive the coefficients t) ,(¢g) of the the decomposition

A= tanl9) f
nez

Since D; is invariant with respect to Ty, then, for any g(¢) € Hy and g*(b) € Ha,

Di(To(9(6)g™ (B) 2], fu) = DilTo (g™ (W)L, To (g™ (0))ful) =
Di(T5 (9" (0] To (9(=)) [ fn])-

If i =2 and A > 0, then

Da(To (" (0) /3], T (g(~0)) [ful) = 26 x

+o00 +o00

/ / 2072 (1 4iz)7T (1 — i) "M dy dz =

—0o0 —O0

9=+l 5 ((¢n—bA)i yot3 (_a _ ;) %

I Yo+ H—0—-n)W

TL)\,U-‘r% (2)‘)

If ¢ =1, then
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21 21

DNTAQTMMhLTAM—¢DUM)=em¢/:/ﬂ—wwda—ﬁﬂﬂplx
0

(sina — beos o — b)iA

(cosa+1)7 ex " dadp =

cosa+ 1
2 ()it a2el? (—20 — 1) ! B(—0,n — 0 — 1) x
l

>y Z>< iAD)! (1) () (20 4 k- 1)

Blo-—n+l,o04+n+l—1+1)F(l—k—20,n—0c—1;0+n+1—k; —1).

Consequently,

$° 3 (2) ot tlos

=0 k=0
Blo—n+l,04+n+l-14+1)sFi(l—k—-20,n—0c—1;0+n+1—k —1)=

H)i (20 +k—1)""

. 1
9=0-24n—lr—3 o~ibA \ot3 (=20 —1)T <—0’ - 2> Yo+ 1T -0 —n)x

Bl (~on—0c-1)W,, o1 (2N
4. Some linear combinations of Whittaker functions
Lemma 3. Let —1 <reo < —%. Then
o— 1 = fo' 1 o' 1
Da(fx, fo+) = C2-27 A (—0’ — 2) X
I Yo+ 1)B(o+1+ip,0+1—ip) M_ip7a+%(2i>\).
Proof. Let us make the change ¢t := y — z in the integral
+oco 1
Dol s fyut) 4@// 272 (1) (L) dy d

We obtain
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+oo 1
Da(fx, fo+) =2Co / t72972 cos At dt /(1 — )77 (1 4 2)7 P TN g,
0 “1

Let us apply the formulas

+0o0o
/ 2t cos? M brda = 2721 /(20 + 1) x
0

_ ay . (1—a\ < (2n—2k+ 1)
by er (<)t
" (2) ( 2 >k_0 fen—kenr O

where 0 < rea < 1, [6, 2.5.4.14], and

a
/ 2*(a—2)" e dr = B(a, )TN Fi(as a4 B —ap), (7
0
where rea,re § > 0, [6, 2.3.6.1]. n

Lemma 4. Let —1 <reoc < —%. Then

Ds(fx, fo+) =T(c+1—ip)T(c +1+1ip) [03’4_ 2279 %
1
2 cosh(mp) I’ (—O’ - 2> r-! <O’ + 2) B(—o —ip,—0o +1ip) X

M 2i\) + C3 _ - 27T (IN)7 T'(20 + 2) x

7iﬂ,70’7% (

[r(—a —ip) W, 1 (2iN) + (—=1)° T(=0 + ip) Wipﬁ%(—ziA)H .

ipo+3

Proof. Making the change t := 252 in the integral

“+00 +00

Ds(fx, fo+) = Cs.4+ / /[COSh(P —q)—1]77 ! x
iAsinhp :
h 1)° —— ) e
(coshp +1)7 exp <coshp+ 1) e’ dpdg+
+00 00 N\ sinh
Cs,— / / [cosh(p — q) +1]77 " (coshp — 1)7 exp <ct)s}sll;1—pl> e dpdgq,

—00 —O0



SO(2,1)-Invariant Double Integral Transforms 251
we obtain
+oo
Ds(fx, fot) = Cs4 - 27711 / sinh™2772 ¢ cos 2qt dt x
0
I3
b i) sinh
iAsinhp : o1
h 1) ———— ) ePdp+C5_ - 277 x
/(cos p+1)7 exp <coshp+1> ePdp +Cs,
—o0
Iy
7 i i) sinh
/cosh_Q"_Qt cos 2¢qt dt - / (coshp —1)7 exp JASIRP ) iop dp.
coshp —1
0 —00
Is Is
For I3, we apply
+oo 1 b
0
inh~! brdr = —= cosh —— x
/ sin ax cosbrdx NG cosh o
0

v 1—v ib 1-v
r'it——<-)r — | T
< 2) ( 2 2a) ( 2
where rev > 0, re[(v — 1)a] < —|imb|, [6, 2.5.47.15].

For I, we make the change u := tanh g + 1 and apply (7).
For Iy, we apply

+oo
cos bx dx V=2 v ib v ib
= ' -=—— )0 =+—],
cosh”cx  cI'(v) 2 2 2 2
0
where re(vc) > |[imb|, [6, 2.5.47.6].
For Ig, we make the change u := cothg and apply

+00
0

_ i
2a )’

sy)+

1-7)s" " TDa+7-1)1F(1—7;2—a—T1; sy),

where rea > 0, |argy| < 7w, res =0, re(a +7) < 2, [6, 2.3.2.3].
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Applying the formulas

1
M, (2)=2"2e"21Fy <I/—,u+ o 2v + 1, z) ,
(=2) 772 My u(—2) = 27472 My (),
8, 8.3.4.2], and
I'(—2p) L'(2p)
Wi u(2) = ——"—c )+ —— _u(z
NM() F(A—H-i-%) A,u() F()\_’_M_’_%) A u()

8, 8.3.4.4], we have

B(—o +ip,20+1) M

+ip,—o—3 (:':2i)\) + F(_QU - 1) M:I:ipp—f—% (:|:2ip) =

1
2
IN(—o+ip)T'(20 +1) )
= M:l:lp,—o’—%(ZFZI)\)—i_

I(o0+1+ip)
I(—o £ip)T(—20 — 1) o
[(—o +ip) M, 001 (F2ip) =
F(_O' + ip) Wiip,o‘+% (:':2ip)
This completes the proof. ]

Lemmas 3 and 4 immediately yield the following:

Theorem 2. Let —1 <rec < —%. Then

1 3
I'(20 +2) |:02’+ 2 T2 cosh(mp) T’ <—0’ — 2> r-! (a + 2) X

B(—o —ip,—o+ip) M_, , 1(2I\) + Ca—- 29T (M) T'(20 + 2) x

1

[F(—U —ip) W 4001 (200) + (-1)7 D(=0 +ip) Wp’o+%(—2i)\)ﬂ -

1
Cy-27071 a5 o-lr <—O‘ — 2) I to+1) M_ip’g+%(2i)\),
where
G A1 G- Ay
Cy Ao’ Cy Ao
and
Ag =24 T(—0)T(20 +2)T <—a - ;) B(—0,—0) x
. ol .
[I—a—%(l) [Ka+%(_‘) + (=)7K, () -
Loy (50) Ky @0+ (17 K,y (9]
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Ay i=2mi 7! <cr - 2) sin~! Ka + g) 77] ['(—0o) x

L () [Kpn (5 + (D)7 K, ()] -

Loy (1) [Kpp s () + ()72 K, ()]

Ay =201 2§01 (a + g) sin~! [(a + 3) 77} X

r (—0’ — ;) B(—0,—0) I Yo+ 1) I (20 + 2) x

L)1,y (-]

|:I—O'—%(i) Io-i—%(_i) o Ia-i-

Proof. Since Cz,C34,C3_ do not depend of A and p, we can use the
"initial conditions” (A1, p1) := (1,0) and (Ag, p2) := (—1,0), i.e. we can solve

the corresponding system of linear equations with respect to Cg; and CCB;’; . =

Lemma 5. Let —1 <reoc < —%. Then

1
Da(fa, fo) = Co- 27 1wz i771 27T <—a - 2) o +1)x

2B(c+1+ip,0+1—1ip) Mip7o+%(2i)\) + (=1)" [[(o +1+1ip) e 2 x

Wipos 1 (200) +T(0 + 1 —ip) 2 W, s (—2i)\)H .

Proof. In order to evaluate

+oo —1
Dalfas fo) = 2 / / (y— 2)7272 (1= 2)710 (14 2)7+ 0= 4y dot

— 00 —O0

“+00 400
/ / (y _ Z)—20—2 (1 _ Z)O’—ip (1 + Z)cr—l—ip ei)\z dydz| ,
—oo 1

we make the change t :=y — z. So,
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“+oo
Fo(fa, fo—) =2Cs / t72972 cos At dt X
0

17
—+o00 “+o00
. \o—ip o+ip ,—iAz o—ip _ \o+ip idz
(1—-2) (1+2) e "dz+ [ (1+2) (1-=2) e dz
1 1
L Ig Iy .

For I7, we apply (6). For Is and Fy, we make the change ¢ := 1 — z and apply
the formula
+oo

/ 2 (@ — )’ e dr = T(8) a® T e W(B, o + B ap),

a
where rea,re 3 > 0, [6, 2.3.6.6]. Let us replace the ¥-function by the linear
combination of 1 F; confluent hypergeometric functions. Each 1 F} function can
be replaced by Whittaker function. ]

Lemma 6. Let —1 <reo < —%. Then

1
Ds(fx, fo—)=T(0+1—ip) [(o+1+ip) [C54 -277 72 cosh(mp) T’ <—O‘—2> X

_ 3 . . . .
rt <a + 2) B(—o —ip,—o +ip) [['(—0o — ip) W_ip,a+%(21)\)+
(1) D(=0 +ip) Wiy 0 ys (—m)} +Cs 2T NTT 20 +2) My, s (m)] .
Proof. Let us make the change ¢t := 254 in
+00 400
Ds(fx, fp—) = C3— / / [cosh(p — q) + 1]_‘7_1 (coshp +1)7 x
idsinhp g
———— ) edpd
<coshp+1) e dpdat
+00 +00 A\ sinh
g — 111! 1) AASIAD - ipg
Cs+ / / [cosh(p — q) — 1] (coshp —1)7 exp <coshp — 1) e dpdg.

—00 —O0
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‘We obtain
+oo
F3(fr, fom) = C3_ - 27711 / cosh™2772 ¢ cos 2qt dt x
0
I1o
i i\ sinh
i\sinhp . ot
hp+1)° ) ePPdp4+Cs - 27T x
/(COS p+1)7 exp (Coshp+1> e dp+Cs
— 00
111
7 o iAsinh
/Sinh_%_Qt cos2qt dt - /(coshp—l)" exp JASIAD. PP dp .
coshp — 1
0 —00
I12 [‘1,3

The formulas for evaluating of the integrals I1q, I11, 12, I13 have been described
in the proofs of the previous lemmas. [

Lemmas 5 and 6 yield the following

Theorem 3. Let —1 <reoc < —%. Then

1
Cy-27o tri—o-lr <—a—2> I o+1) [2B(J+1+ip,a—|—1—ip)MiPU 1 (2iN)
2

(=1 [F(U—l—l—l—ip)e_zi)‘Wipm_é(Zi)\)+ T(o+1—ip) e? W_ipﬂ%(—m)ﬂ

=I(c+1—ip)T(c+1+1ip) [Cs34 277 cosh(mp)T <—0’ — ;) r-! (0 + ;)

x B(—0 — ip, —o + ip) [r(—a —ip) W, 01 (200)

+(=1)°T(=o +ip) W.p’g%(—Qi)\)} +C5 - 277 (1IN D(20+2) Mﬁipﬁ%(zix)] .

1
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