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Using the generalized confluent hypergeometric function [6] some new integral trans-
forms are introduced. They are generalizations of some classical integral transforms, such as
the Laplace, Stieltjes, Widder-potential, Glasser etc. integral transforms. The basic proper-
ties of these generalized integral transforms and their inversion formulas are obtained. Some
examples are also given.
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1. Introduction

The important role of the method of integral transforms is well known
in applied mathematics [4, 5, 1, 3], in solving some boundary value problems of
mathematical physics, astronomy, in the theory of the differential and integral
equations, etc.

Let us recall the definitions if some classical integral transforms [3]:

the Laplace transform: -
L@y} = [ e (@) d (1)

the Widder-potential transform:
P{f@)iv) = |

the generalized Stieltjes’ transform:

S = [ L e ®)

> xf(x)



258 N. Virchenko

We define the new generalized transforms by means of the (7, 3) — gen-
eralized confluent hypergeometric function 1<I>I”6 (a;¢; 2), see [6]:

1 laf cC—a— (C;T)
Bae—a O | (00

where Rec > Rea >0, {r,0} CR; 7> 0; 77— < 1; B(...) is the classic

1977 (a5¢;2) =

th] dt,  (4)

beta-function, and 1W¥[...] is a special case of the generalized hypergeometric
Wright function ([4]):
(ai; i)t I(a; + nay) 2"
¥y E — )
[ (b],ﬁj) lq 1 T(bj +np;) n! (5)

with z € C, a;,b; € C, {«a, 55} C R{—oo,+oo},

q p
(i, b #03i=1,2,...,p;j=1,2,...,q), 1+ > B =Y a; > 0.
- <

2. The generalized integral transforms and their properties
Some definitions:

1) The generalized Laplace integral transforms:

Loy i f(2);y} = /000 a2~ (W)™ f(zx)dz, (6)
LoycacdF @iy = [ a7 @107 (o s —bla ) ™) f (@) do = a(w). (7

where z > 0,y € C, v > 0,7 >0,b>0; f(x) =0asx < 0; 272f(x) <
Me*o=™ M > 0 and sq are consts as z > 0.

Let us note that when v9 =0, v3 = 1, b = 0, the transform (7) coincides
with the transform (1).

2) The generalized Stieltjes integral tranforms:
~ I'(c)
PY12:73,74 u);z} =P )l =
1 {f( ) } 1{f( ) } ( 1)I‘(a2)

*  u”f(u) (a1;7); (a2;7) ut N
X /0 @+ un ) oWy [ (c;lﬁ) 2 ’ —b (a:’Yl —|—u“fl) 1 du = g1(x),

PPN )i} = Paf )i} = o
0 uf(u) (a1;7); (az;7) ™ _
J, @w+wmw2%l<am _bQﬂ+uW>]du”@%(%

where Rea; >0, Reaz >0, Rec>0,7 >0,:=1,4 {r,8} CR; 7 > 0;
— [ <1;b>0, 2% is the function of the form (5).
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Let us notice that as b =0, v3 = 1, 79 = 0, 3 = p, the transforms (8),
(9) coincide with the Stieltjes integral transform (3).
For the transform (7) the following properties are valid:
i) Linearity:

f/'n 2yY {Z cifi(z } Z cigi(y (10)

i=1

(¢; = const, i=1,4).
ii) Similarity:

~ 1 ~
Ly oy {f(az);y} = Wlwmm {f($>§ z} g (11)

(a = const > 0).

iii) If the functions f(z) € L(0;+00), g(x) € L(0;4+00), then the following
equality is valid:

[e.9]

|0 LA @i udgty du = [T 62 Ly oo oyt f 0 dt, (12)
0 0

under the absolute convergence of integrals.
iv) Under conditions of existing and convergence of integrals (6)-(9), the
relations are valid:

Do {Fnmntot o) = 10 (D) B 5 gy, a9

Do Upenloizdind = 10 (D) P55 gy,
|7 Pils@iatg@)de = [ @ Pofg(t)sa) (@) da, (15)
0 0

/Ooo 22 Ly o {h(y); 2} L{g(u); x} dz

:;p(wgl) /0 R P gy dy. (16)

(15), (16) are equalities of Parseval type.

Let us give some examples of the transform (7).
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Example 1.
1 as x>0,
f(:p)—n(x)—{o as 1z <0.
; LI g [ (@) (5557)
L An(x);yt = — =2y 2T U N m —bl.
71,’727%{77( )iy} " F(a)y 2¥1 [ (c: B)
Example 2.
fla) = 2",
P LI ey [ (@) (2555)
L iyl = ———= 2=l R —bl.
SRR EA ) " I‘(a)y oW1 (c: )
Example 3.
f([E) - _klﬁla
~ kY 1 T'(e) Jo+1
ka1, _ 71
L’Yl,’Y2,’Y {e ’y} - " F(a) (y + k) "
e (2 tl. 72 v
X oWy (a’ T)’ ( e ,’7) —-b Y .
() yrth

3. The inversion formulae

Theorem 1. Under the conditions of existing of the integral transform
PUYRAL (1) y} the following inversion formula is valid:

~_ _ F a9
f)=Ioh, {Lw{w,@_l { fyl )gl<z>;x} ;y} , (17)
where g1(z) = PPV f(u); 2} va =, 3 = ag.

Proof. Let us consider the equality

o0
/ :U”’laz_ly”e_(y““ﬁ)w1Q>1(a; c: —blxy)"M) dx
0

1 I(o) Yy \111[ (a;7); (az;7) ‘_b((W)Y]' (18)

1 D(ay) (ym + 27n)ez 2 (c; 8)
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Setting in (8) 74 =, 73 = a2 and taking into account (18), we obtain:

PP f(y); 2} = g1(2)

['(c) <y f(y) (a;7); (az;7) B yi’ﬂ v
= (e <zw+w>a22%[ ‘ b(< N ’

(c;3) Y+ zm
1 oo o0
= F(ag) /O f(y) </O x71a2—1y’yze_(y"f1+z“/1)ﬁ1 1<I>1(a; e —b(:L", y)v“ﬂ) d$> dy
g

@L%%@—l {Lwﬁz,v{f(y); z}; z} ,
from where we get (17).

N Under the conditions of existing of the integral transform
Ly vy 4 {f(x);y} the following inversion formula is valid:

o) = 255w [ ) gk () do

Theorem 2.

(19)

where

1 o+100 S
K(z) / s,

:277” o—1i00 (3)
90) = Epone F @) c@):m[ Ej};;;(i”) ’—b].

The proof of the theorem follows by using of the Mellin integral transform.
Corollary.

Under the conditions of existing and absolute convergence
of integrals, the following equality is valid:

/ x“ilimm_lﬂ{e*mg(t);:E}dm
0

1 T'(c) (a;7); (5 m-l-p_ (0.
:mr(a)ﬂl[ (e 5) (i) ‘—b]L{t g(t);ul, (20)

where L is the transform (1).

4. Some applications of the generalized integral transforms

Let us give some applications of the generalized integral transforms for
evaluation of some integrals, in the theory of differential equations.

Example 1. Let g(t) = e—atv+u—m.
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Then taking into account formula [3]:
L {tmflf“g(t); u} =L {t”flefat; u} =T (u+a)™",
(Reu>—Rea)
we have:

/OO x“ilfjm,m_lﬂ {twr“*me*(wr“)t; x} dz

0
1 ()l (v) (1) (5 |l vy v
m  I'(a) 2\1’1[ (¢; B) ‘ b]( +a)™".

Example 2. Let g(t) = t* " sin«t - sin (t.
Then taking into account formula [3]:

2 2
L P R e C I ae))
Lt sinat - sin St} = 277 In mm

(Reu>|Im (£a+ B)|)

we get

0o ~
/ :t:“ilem_l,AY {t”fmeft“ sin at sin [t; :L‘} dx
0

Remark. Noticing that

Indf@)ih = LS (Y2557},

we obtain the inversion formula for L, {f(x);y}:
1 c+i00 m
f(z) = LY F(s); 2} = T/ oF (R/5) " ds, (21)
Tl Jc—ico
where

F($) = Ll (05} = [~ 71" f(t) .

Example 3. Let us consider the following problem:

0?u ou o1 0%
—m)— — 2l m 22
t +(1—m) 5 t 522 t"x, (x,t>0), (22)

ot?
u(x,0) =0; u(0,t) =1, u,(x,0)=0. (23)
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Rewrite the differential equation (22):

9%u T
2
5m(u(x,t)) - 81‘2 = tmil’

where

1 d 1 d?
2m—1 g + £22m=2 J§2°

62 = (1—m)

m

Let us apply to (24) the generalized integral Laplace transform L,

obtain

r(t
Ulp(z,8) — m*s*"U(z, s) = (m)x?

ms
where U(z, s) = Ly {u(z,t), s}.

The solution of the differential equation is:
. W T(H)
U(z,s) =C1e™ + Coe™™* —_—

Taking into account (23) we have:

1
Ci=0, Cy=

ms™m’

from where

1
1 e L (m)
U(.ﬁU,S) = msme msT — Wﬂj
Applying the inversion formula for this integral transform (21) we get
1

u(z,t) = = /UJ—HOO lle_msr <E)

m
. — T et ds.
278 Jo—ico | S m2s2tm
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