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In this paper a method for obtaining exact solutions of the multidimensional heat
equations with nonlocal boundary value conditions in a finite space domain with time-nonlocal
initial condition is developed. Onme half of the space conditions are local, and the other are
nonlocal. Extensions of Duhamel principle are obtained. In the case when the initial value
condition is a local one i.e. of the form u(z1,...,2n,0) = f(x1,...,2n) the problem reduces to
n one-dimensional cases. In the Duhamel representations of the solution are used multidimen-
sional non-classical convolutions. This explicit representation may be used both for theoretical
study, and for numerical calculation of the solution.
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0. Introduction

In Gutterman [1], direct operational calculi of Mikusinski’s type for func-
tions of several real variables are proposed. These calculi are applicable only to
Cauchy problems, but not to mixed initial-boundary value problems. According
to Gutterman, such problems need new ideas and approaches. Here we propose
direct operational calculi connected with linear nonlocal boundary value prob-
lems for a large class of heat equations with several space variables and one time
variable in finite space domain. Our starting point is the class of linear nonlocal
boundary value problems for PDEs of the form:

Ut — Ugygy — oo — Ugpz, = F(T1,..,20,1), 0<t, 0<uz;<ay, (1)
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determined by a time-nonlocal initial condition of the form

Xr{u(zy, ..., zn, 7))} = f(z1, .00y 1), (2)

with a given non-zero linear functional x on C[0, c0), and n space-local boundary
value conditions of the form

u(xl, ceey .Tj_l, O,$j+1, ceey $n,t) = gj(xl, ceey .Tj_l,ltj_H, ...,xn,t) (3)

and n space-nonlocal boundary value conditions of the form

<I>j7€{u(3:1, ~-';$j—17§7$j+17 ceey xn,t)} = hj(l‘l, ...,xj_1,$j+1, ...,ZL‘n,t), (4)

j = 1,..,n, where ®; are given non-zero linear functionals on C'[0,a;]. Here
the given functions F(x1,...,zn,t), f(x1,...,2n), gj(T1,.0sTj—1,Tjs1, ..., Tn, 1)
and hj(z1,...,2j-1,j41,...,Tn,t) are supposed to have corresponding degree
of smoothness. We assume that each of the carriers of the functionals ®;,
j =1,...,n, contains at least one point, different from 0. This is the reason to
name the corresponding BVCs nonlocal. In the next considerations we suppose
also that x and ®; satisfy the normalizing restrictions:

x{1} =1, @;{¢t=1, j=1,..,n. (5)

These restrictions are made for the sake of simplification and could be ousted
by some unessential technical involvements.

1. Weak solutions of BVP (1) - (4)

It is natural to look for a classical solution of the BVP (1)-(4), but, in
general, the sufficient conditions for the existence of such solutions may happen
to be too restrictive. That’s why we introduce the notion of a weak solution of
(1)-(4). In order to give an exact meaning of this notion, we introduce some

0
auxiliary notations. We introduce the right inverse operator [ of —:

ot
t T
lu(xl,...,a:n,t):/ w(x1y ooy Ty T)AT — X7 {/ u($1,...,xn,a)da}
0 0

in C =C(D)=C(]0,a1] X ... x [0,ay] x [0,00)).
2
Analogically, we introduce the right inverse operators L; of —:

5
8xj

Zj
LjU(l‘l, ooy Ly t) = / (.’E] - g)u(xla cLj—1, 67 Ljt1y -5 T,y t)dg
0



Exact Solutions of Nonlocal BVPs for ... 91

3
—xjPj¢ {/0 (& —nu(xr, ...Zj—1,1, Tj41, o Tn, t)dn} ,

j=1,..,nin C =C(D) =C([0,a1] X ... x [0,a,] x [0,00)).
Applying the product operator [Lj...L,, to differential equation (1) and
using initial and boundary value conditions (2)-(4) we get

n
Ly..Lpu—Y 1L1..Li 1Ljs1..Lou (6)
j=1
=1L1...LpF (21, ..cyp,t) + Ly..Ly f (21, ..., 2p)
n
—I—Z(ZEJ(I)J{l} - 1)ZL1...LjflL]Li»l...Lngj(xl’ "'$j717$j+13 ..‘,{L‘n,t)
j=1

n
*Z leLl...LjfleJrl...thj(xl, L1, SCj+1, ceey Ly t)‘
7j=1

Of course, here for consistence of the notations, we are to assume that under
Ly11 one should understand the identity operator L,4+1 = 1.

Definition 1. A function u(z1, ..., ,,t) € C*(D) is said to be a weak
solution of problem (1)-(4), iff it satisfies the integral relation (6).

It is easy to show that each classical solution of (1)-(4) is a weak solution
too. If it happens u € C?(D), then the converse is also true. Nevertheless, if u

is only a weak solution but not necessarily classical, we can prove that it always
satisfies the BVCs (2)-(4).

Lemma 1. Letu € CY(D) satisfies (6). Then u satisfies BVCs (2)-(4).

Proof. Assume that u is a solution of (6) (weak, or classical). Applying
the functional x to (6), we find Ly...Lyx-{u(x1, ... @, T)} = L1...Lp f(x1, ..., Tp).
Hence x{u(z1,...,2n,7)} = f(21,...,2y). For ; = 0 we find

—lLl...Lj_le+1...Lnu($1, sy Tj—1, 0, Ljdly ey T,y t)

= —lLl...Lj_le+1...Lngj (1'1, i1, Lj1y ey Ty t),

and hence w(z1,...2j-1,0,Zj41, ..., Zn,t) = gj(z1,..Tj-1,Tj41,..., Tn,t). Next,
applying ®; to (6), we get

—lL1...Lj_le_,_l...LnCI)j’{{u(ml, <1, f, Ljdly -y T,y t)}
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= _lL]_...Ljfle+1...thj(:I:17 < Lj—1, Lj4ly -5 Ty t).

It remains to appl 0 o o & o
remain —_—— .. ,
PPY 5y Ozt Ox3 | OxF,, T Oxl

we get

<I>j7§{u(x1, ce i1, g, Ljdly ey T,y t)} = hj(acl, L1y Ljply eees Ty t).

In a similar way, one can verify the fulfillment of all others BVCs. [

Lemma 2. Assume that u is a solution of (6) with continuous partial
derivatives ug, Ug,qz;, j = 1,...,n. Then u is a classical solution of (2)-(4).
Proof. Applying the operator 28—2 8—2 to (6), we get uy — u -
' ot 02" 0x2 ’ o
o — Uy, 2, = F(x1,...,2p,t). The fulfilment of the initial and boundary value
conditions (2)-(4) follows from Lemma 1. [

Our final aim is to reduce the solution of BVP (1)-(4) in the case x,{f(7)}
= f(0), to the following n nonlocal one-dimensional BVPs:

81)j 82vj
o o = O uil@,0) = filw), vi(0,8) =0, Pie{vi(€,0)} =0, (7)
J
j=1,..,n.

Lemma 3.  Let vj(z;,t) € C1([0,a;] x [0,00)), j = 1,...,n be weak
solutions of problems (7). Then u(xy,...,xpn,t) = vi(x1,t)..05(xn,t) € C(D) is
a weak solution of the problem

Ut — Ugyazq — +oo — Ugpz, = 0, U(ZL‘l, <oy Ty 0) = fl(wl)fn(xn)a (8)

U(l’l, sy Lj—1, 0, Lj+1s 09 Ly t) =0, (I)j,f{u(mla cy Lj—1, 57 Ljt1s -0y Ty t)} =0,
in the sense of Definition 1.

Remark 1. If vj(z;,t), j = 1,...,n, are classical solutions of (7), then
we may assert that u(xq,...,xn,t) = v1(x1,t)...vn(zp, t) is a classical solution of
(8) too.

Proof. For the simplicity sake, we consider only the case n = 2. Con-
sider the two-dimensional problem

U = Uge + Uy, w(@,9,0) = f(z)9(y), 0<z<a, 0<y<b 0<t (9)

u(07 Y, t) =0, @5{u(§, Y, t)} =0,
u(x, Oat) = 07 an{u(xv 777t)} = 0:
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and the one-dimensional problems

Vg = Vg, v(x,0) = f(x),0(0,t) =0, Pe{v(&,t)} =0, 0<xz<a, 0<t, (10)
and

wy = wyy, w(y,0) =g(y),w(0,t) =0, V,{w(n,t)} =0, 0<y<b, 0<t. (11)

Assume that v = u(z,t) and v = v(y,t) are weak solutions of (10) and (11).
Then
Lyv=1lv+ Lyf(x), Lyw=Iw+ Lyg(y), (12)

and we are to prove that:
LyLyvw — ILyvw — [ Lyvw = Ly Ly, f(2)g(y). (13)

Using (12) for the left side, we find
L,Lyvw — [Lyvw — [ Lyvw

= (lv)(lw) = l(v(lw)) = H(w(lv)) + (La () (Lyg(y))-

In order to prove the assertion of Lemma 3, it remains to show that (lv)(lw) —
l(v(lw)) — l(w(lv)) = 0. Indeed,

(W) (lw) — L(o(lw)) — (w(w)) = (/Otv(x,r)dT)(/otw(y,T)dT)

—/;v(x,ﬂ(/;w(y,@)d@)ah—/Otw(y,T)(/OTv(x,Q)dQ)dT:0.

a b
Bxample. Let c(/(6)} = = [ f(€)d and W, (o)} = ; [ atwin
The weak solutions V = V(z,t) and W = W (y,t) of (10) and (11) for

f@) = Lol = (5 - Zaglehy)= & 42
and
o) = Loy = (L - Lw )= L - 20

are (see Dimovski [2]):

71€27\’2 3 2 Qk 2 2k
(R

NE

k3w krw a k272 a

DO | =

V(z,t)=—

B
Il

1
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and

(e B o)
respectively. Then, according to Lemma 3,
U(z,y,t) =V(x,t)W(y,t) (16)
is a weak solution of BVP (9)

2. Convolutions

2.1. One-dimensional convolutions

Definition 2. (Dimovski [2], p.52; [3]) For ¢, ¢ € C[0,00) define

wiow=x{[ ol ilo)ia | a7)

where the subscript 7 to x means that x acts to the variable 7 only.

Theorem 1.  (Dimovski [2], p.52; [3]) The operation (¢ & P)(t) is
bilinear, commutative and associative in C[0,00), and such that lo = {1} % o(t),
ie. 1= {1} .

Definition 3. (Dimovski [2], p.119) Let f,g € C[0, a;]. Then
) 1~
(7 % g)(as) = 3¢ (23,8} (18)

where ;¢ = ®, ¢ ol with Ly f(x5) = /0 ’ f(o)do and

n
B, /fﬁvﬁn 9 de— [ Fln—z;—Dgllel) sgn E(n—az; — E)de.

Theorem 2. (Dimovski [2], p.119) The operation (f ¥ 9)(z;) s
bilinear, commutative and associative in C[0,a;], and such that L; f = {x;} ¥ 7,

. Lj
i.e. Ly ={x;} #
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2.2. Higher dimensional convolutions

Important for applications to BVPs (1)-(4) with n space variables x1, ..., zy,
and a time variable ¢ are the following k-dimensional convolutions %" in

C([0,a1] x ... x [0,ax]), k = 2,3,...,n. We are looking for a bilinear, com-

mutative and associative operation in C([0,a;] X ... x [0,ag]) such that for
T1,.. Tk

u = fi(x1)fa(z2)...fx(z) and v = g1(x1)g2(x2)...gk(xk), to have u % = v =
(F1% g)(f2 ¥ g2)--.(fi % g).
Also we use (k + 1)-dimensional convolutions ™ C([0,a1] x ... x

[0, ar] x[0,00)), k =1,2,3,...,n. Here we are looking for a bilinear, commutative

and associative operation in C([0,a;] X ... x [0,ax] X [0,00)) such that if u =
T1yee 5Tt

fi(xy) fo(x2)... fr(xp)(t) and v = g1 (z1)g2(22)...9k (k)Y (t), then u %~ v =
T T T t
(fr* g0)(f2 % g2)(fe * gi) (0 ).
Inductively, we define such higher-dimensional convolutions =" in the

spaces C([0,a1] x ... x [0,ax]), k = 2,3,...,n and then T C([0,a4] x

... X [0,ax] x [0,00)). For the whole space of the continuous functions in D =

oot
[0,a1] X ... X [0,a,] x [0,00) we denote the corresponding convolution Tyt

simply by .

Definition 4. For u,v € C[0,a1] take the convolution product u * v
as it is defined by (18). Let u,v € C([0,a1] x ... x [0,ax]), k =2,...,n. Then

L1y Th

1-
u(Ty, .y p)  x V(X1 Tg) = _E(I’k,f{hk—l(wb o T, &) } (19)
with

3 X1y Th—1
hk—l(xla"kaaé-) :/ U($1a---a$k—1,f+$k_77) * U(ajl)"')xk—lan)dn—

T

3 Tl Th—1
/ u(xla"'axk—lvmimk*?ﬂ) * v(xlv"'axk—1,|77|> sgn 77(5*13k*77)d77

—xp

Theorem 3. The operation u(xy,...,xx) *  v(xy,...,x), defined by
(19) is bilinear, commutative and associative in C([0,a1] X ... X [0, ax]), and such
that

Ly, ...Lyu(xr, .oy xg) = {z1...08 } T (@, e, ). (20)
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Definition 5. Let u,v € C([0,a1] x ... X [0,ax] x [0,00)). Then

T15ees Tt
*

V(1 ey Tpy ) = (21)

(u
Tl Tk

t
ZXT{/ u(wy, ., Tt T —0) % “(xl’“"xk’(f)da}’
T

k=1,2,...n.

oot
Theorem 4. Operation u(x1, ..., Tk, t) Tt (X1, .oy g, t), defined by

(21) s bilinear, commutative and associative in C([0,a1] x ... x [0, ag] x [0, 00)),
and such that

T1,s Tt

lLl...Lku(xl,...,xk) = {l’ll‘k} * ’LL(CCl,...,CCk,t). (22)

Outline of the proofs (of Theorem 3 and 4). They are to
be verified, first, for product functions and then one should use approximation
argument, based on the multi-dimensional Stone-Weierstrass theorem [5].

3. Multipliers of (C, x)

Further, we introduce the ring of the multipliers of the convolution alge-
bra (C, *).

Definition 6. [7] A linear operator M : C' — C is said to be a multiplier
of the algebra (C, *), iff the relation

M(u * v) = (Mu) * v (23)

holds for all u,v € C.

Important for the next consideration are the so-called partial numerical
multipliers. Let F' = F(x1, ..., % -1, Zj41, ..., Tn,t) € C([0,a1] X ... x [0,aj_1] X
[0, aj41]...x[0, an] x [0, 00)) be a function of the variables 1, ..., £;—1, Zj41, ..., Tn, t
only and G = G(z1, ...,x,) € C([0,a1] X...x[0,a,]) be a function of the variables
1, ..., ¥, only, but both considered as functions of C(D). The operators [F],;

1,y TG— 15T 5415 Tnst

and [G]; defined by [F|;,u = F * vwand [Glyu = G Ty are
said to be partial numerical operators with respect to x; and ¢, correspondingly.

The set of all multipliers of the convolution algebra (C,x) is a commu-
tative ring 9 (see [7]). As a rule, in 9 there are elements, which are divisors
of zero. Nevertheless, in 9 surely there are elements, which are non-divisors
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o
of zero. Such elements are e.g. the multipliers {x;} >|<J, i.e. the operators L;,

t
j=1,...,n and also {1} * i.e. the operator .
Denote by 91 the set of the non-zero non-divisors of zero on 9. The set
I is a multiplicative subset on 9, i.e. such that p,q € N implies p ¢ € N.

Further, we consider the multiplier fractions of the form — with M € 9t

and N € 9. They are introduced in a standard manner, using the well-known
method of ”localization” from the general algebra [6]. The set of all multiplier

fractions of (C,*), denoted by M = M1, is a commutative ring. Basic for
1

our construction are the algebraic inverses S; = I and s = 7 of the multipliers
J

L; and [ in M, correspondingly. If u € C?(D), then, in general S;ju and su are

different from Ugz; and ug, but they are connected with them.

Theorem 5. Let u € C be such that it has continuous partial derivatives
ug and ug ., in C(D). Then
0%u
922 = Sju + Sj{(l’jq)j{l} — Du(xq, ..., Tj—1,0,2541, 0y Tnys t)} (24)
J
_[q)],f{u(xla vy L1, ga Ljtly ey Ty t)ijv
and 9
U
Frink e X~ {u(z1, ..., xn, 7) }He. (25)

The verification of (24) and (25) is straightforward by application of the
operators L; to (24) and [ to (25)

4. Algebraization and formal solution of (1)-(4)

Let us consider problem (1)-(4). The equation (1) together with the
initial and boundary conditions (2)-(4) can be reduced to a single algebraic
equation for w in M. Indeed, by Theorem 5, using (2)-(4), we get:

2'LL
Z:sz = Sju+ Sj{(z;®;{1} = Dgj} = [hyle;, (26)
ou
Frinkl [f]e- (27)

Then, BVP (1)-(4) reduces to the following algebraic equation in M:

(5= 81— o = Sp)u=F+ [flo + > (Si{(2;9;{1} = Dg;} = [hyla;) - (28)
j=1



98 I. Dimovski, Y. Tsankov

If s — 51 —...— S, is an non-divisor of zero in M, then equation (28) has the
following solution in M:

= (P11 + 22 (55500} = s} = ) ). (@)

It may be called a formal solution of BVP (1)-(4). In order to obtain
exact solution (weak, or classical) of the BVP (1)-(4) we need to interpret (29)
as a function of C'(D).

5. Interpretation of the formal solution as a function

Our next task is to interpret (29) as a function of C'(D). To this end,
we consider (1)-(4) for f(x1,....,xn) = Li{z1}...Lp{zn}, F(x1,...;2n,t) = 0,
hj(xl, s Lj—1,Lj41y -5 Ty t) = 0, gj(.Tl, s Lj—1, Lj41y -oo5 Ty t) = O, j = 1, ceey T
We denote its weak solution, if it exists, by Q = Q(x1,...,2,,t). We have the
following algebraic representation of this formal solution:

1
=1z S —..— 5, (Lt Lot} (30)
1 1
= L3..L% = .
§—8] —..— 8, 1M T 82 §2(s— S —...—S,)

Next, without any loss of generality we propose

gj(xl, ey Lj—1, Tjt1, ey Ty, t) = 0.
The formal solution (29) for arbitrary F(x1,...,2n,t), f(x1,...,

zp) and hj(@1, ..., Tj—1, Tjt1, e, Tnyt), j = 1,..,n can by represented in the
form:
u=5%..5; ! F (31)
1onl 82..82(s — 81 — ... — S,)
1 n 1
hjla
+812...S%(8 51— ... — Sn)[f]t 2(5% Sa(s =81 — .. — Sn)[ d J)>

As a function it, takes the form

1 4 F T 2% n L1y 1,L 41005 Tmsb
" 0 0 <Q*F+Q ey f_Z<Q L= 1,41 hj)), (32)
J=1

== 74.-.74
ox{ Oxj

provided the functions F, f and h; are sufficiently smooth.



Exact Solutions of Nonlocal BVPs for ... 99

6. Reducing of the solution of BVP (1)-(4) for x{f} = f(0) to
the one-dimensional case

In the case x{f} = f(0), the solution (32) can be represented by the
product of solutions of one-dimensional BVPs. Next, for the simplicity sake we
consider only the following BVP:

Up — Ug gy — oo — Ugpz, =0, w(T1,.0, Tpn, 0) = fx1, .0y 2p), (33)

u(:L'l, PN :L'jfl, 0, l‘j+1, veey Ly t) = 0, @M{u(ml, ceny l’jfl, 5, l‘j+1, ceey Ty t)} = 0,
j=1..n.

Consider the representation of the solution of BVP (33) in the form (32).
Denote the weak solution of BVP (33) for f(z1,...,2n)=Li{z1}...Lp{zy}, if it
exists by U = U(xq, ..., pn,t). We have the following algebraic representation of
this solution in M:

1 1

U= Li{ai}eLo{za )}l = .
55 = —g, iz Latandls S2..52(s— 81— .. — Sy)

(34)
Analogically, we denote by U; = Uj(z;,t), j = 1,...,n the weak solutions
of the problems

a’Uj 821)j

o o2 =0, wj(x;,0) = f;(z;), (35)

’Uj(O,t) = 0, ijg{vj(é,t)} = 07 j = 1, NI

for fj(z;) = Lj{x;}, if they exist. The algebraic representations of these solu-

tions are
1 1

Uj = S_isj[Lj{xj}]t = m

1
Theorem 6. Assume that U; = m, j =1,...,n, are weak
solutions of BVPs (35) for fij(x;) = Lj{z;}. Then
U ! ﬁU( )
e — (.,
S2.52(s—S1— ... — Syp) e AR

where H denotes the ordinary product, is a weak solution of (33) for f(z1,...,xy)
j=1
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The proof follows immediately from Lemma 3.

Now, using the general representation (32) we can write the explicit so-
lution of problem (33) for arbitrary f(z1, ..., ), in the following "nested” form

u = ;;...;;% <U Tt f> (36)
e (0% (2% (1% (0% ) ).

If f(x1,...,2n) = fi(21)... fu(xy), then the solution of the problem (33) simplifies
to the product

u—ﬁax?(Ujﬁffj). (37)

Example. Solve the boundary value problem (a two-dimensional gener-
alization of Tonkin’s problem [4] ):

Up = Uy T Uyy, 0<z<a, 0<y<b 0<t, (38)
u(z,y,0) = f(z,y),

u(0,,) = 0, /0 (€, y, t)dE =0,

b
u(z,0,t) =0, / u(z,m,t)dn = 0.
0

Theorem 8. Let f € C(D) be such that f, and f, are continuous,
a b
F0.9) = £2.0) =0 and [ f6.9)d¢ = [ Flamyin = 0. Then

u:;);;;(vi(wif)), (39)

is a weak solution of (38). Here V.=V (z,t) and W = W (y,t) are the solutions
(14) and (15) of the corresponding one-dimensional Ionkin’s problems. If suppose
additionally that f has continuous second derivative fry, fyy, then (39) is a
classical solution of (38).
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In the special case f(x,y) = fi(z)f2(y), then the solution of (38) is

u= (v ) T (W) (40)

ox*

=a2b2</f1 (0o — €, 1)de - fl(lé“\) w(la— o — €], 1)de

+2/ f{(é)Vx(w—&t)d§>

b
><</yf()W(b+y 0, t)dn — /fg W, ([b —y — 1], £)dn+

+2/ Sa(mWy(y —n, )d77>,

where V,, = 88 V and W, = 8—yW
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