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Overview

This thesis is devoted to several subje
ts from 
ombinatorial geometry. The goal is to

present new 
hara
terization and stru
ture results for several 
lasses of problems. It summa-

rizes the resear
h by the author in the last de
ade or so. My general impression is that the

author is very well a
quainted with the state of the art and the most re
ent results in the

problems that are in the fo
us of his thesis. All the treated problems are 
onsidered in the

�eld as important theoreti
ally and have gained 
onsiderable attention in the past de
ades.

The author demonstrates deep knowledge of his �eld of resear
h and 
apa
ity to apply his

knowledge to the solution of important problems.

Des
ription of the results

This thesis amounts 148 pages of text and 
onsists of an introdu
tion, six 
hapters, and a

list of referen
es in
luding 128 titles. The �rst 
hapter is introdu
tory. The author des
ribes

the main goals of his thesis, as well as the main obje
ts under investigation. He des
ribes

brielfy the main results and presents a list of publi
ations on whi
h the thesis is based. The

original results are 
ontained in the next six 
hapters numbered 2 through 7.

In Chapter 2 the author deals with the Eu
lidean Steiner tree problem. This amounts to

two problems:

(1) For a �nite set P of points in R
d
�nd a 
onne
ted set St of minimal length 
onne
ting

P .
(2) For a given 
ompa
t set A ⊂ R

d
�nd a set St of minimal length su
h that St ∪ A is


onne
ted.

The main result in this 
hapter is that the set of n-point 
on�gurations for whi
h the

solution to the planar Steiner problem is not unique has Hausdor� dimension at most 2n− 1.
(Theorem 2.1.1) The author studies 
on�gurations of n points in R

d
for whi
h the solution
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is unique. For the se
ond problem the author 
onstru
ts several self-similar inde
omposable

examples.

Chapter 3 deals with the so-
alled Gilbert-Steiner problem whi
h asks for the minimum

of a spe
ial expression

∑

{x,y}∈E

C(|m(x, y)|) · ρ(x, y),


alled the Gilbert fun
tional of the (µ+, µ−)-�ow, for a spe
ial 
ost fun
tion C(x) = xp,
p ∈ (0, 1). The author proves 
onditions on the 
ost fun
tion under whi
h all bran
hing

points in a planar solution have degree 3. Theorem 3.1.2 says that there are no bran
hing

points of degree 4 or more. The main result in this 
hapter is Theorem 3.3.1. A

ording to this

theorem, for any two measures µ+, µ−
with a �nite support and admissible 
ost fun
tion C,

the eixsten
e of a bran
hing point of degree at least 4 in a (µ+, µ−)-�ow implies the existen
e

of a (µ+, µ−) �ow with stri
tly smaller value of the Gilbert fun
tional.

In Chapter 4 the problem of minimizing the maximal distan
e to a given 
ompa
t set is


onsidered. More pre
isely, given a 
ompa
t set M ⊂ R
d
and a 
onstant l > 0, �nd a 
ompa
t

set Σ of length not ex
eeding l that minimzes the maximum distan
e from some point y from

M . This 
hapter is the largest in the thesis and is subdivided in eight se
tions. The main

result is Theorem 4.3.2. whi
h des
ribes the maximal distan
e minimizer for a rather large


lass of 
onvex 
losed 
urves, i.e 
urves with a radius of the 
urvature at least 5r at every

point. In this 
ase an arbitrary minimizer for M is a union of an ar
 of Mr and two segments

tangent to Mr at the end of the ar
 (this �gure is 
alled a horseshoe).

Chapter 5 is devoted to the problem of determining the independen
e number of 
ertain

Johnson-type graphs. These graphs, denoted by J±(d, k, t), have as verti
es all ve
tors from

{0, 1,−1}d with exa
tly k non-zero 
omponents; two verti
es are adja
ent i� their dot produ
t

is 0. Related to this graphs are the graphs K±(d, k, t) with the same vertex set and adja
en
y

between verti
es with dot produ
t at most t.
In this 
hapter the author determines the independen
e number (size of the largest anti-


lique) of J±(d, k, t) for odd negative t and when d is larger than some 
onstant whi
h depends

on k and t.
The main results of this 
hapter are 
ontained in Theorems 5.1.7�5.1.9 from [15℄ and

Theorems 5.1.10�5.1.12 from [23℄.

The �rst group of theorems are exa
t values on the independen
e number α[J±(d, k,−1)],
α[J±(d, k, t)], d - odd, negative, and α[J±(d, k, 0)] for large values of d. Theorem 5.1.7 
laims

that for d > k2k+1
the independen
e number of J±(d, k,−1) is given by the binomial 
oe�
ient

(

d
k

)

. Theorem 5.1.8 generalizes this result repla
ing −1 by an arbitrary odd negative t:

α[J±(d, k, t)] = S(k, |t| − 1)

(

d

k

)

,

where S(d,D) is a 
ertain sum of binomial 
oe�
ients. Finally, Theorem 5.1.9 states that for

d > 9

2
k32k

α[J±(d, k, 0)] = 2

(

d− 1

k − 1

)
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The proofs of these results rely on the so-
alled Katona averaging method.

The se
ond group of results deals with the 
hromati
 number of the graphs J±(d, 2,−1),
J±(d, 3,−1), J±(d, 3,−2). Theorems 5.1.9. and 5.1.10 give the asymptoti
 bounds:

log2 d ≤ χ(J±[d, 2,−1]) ≤ log2 d+

(

1

2
+ o(1)

)

log 2 log2 d,

and

c log2 d ≤ χ(J±[d, 3,−1]) ≤ C log2 d,

where c and C are 
onstants. Theorem 5.1.12 gives a lower and a upper bound on the


hromati
 number of the graphs J±(d, 3,−2):

⌈log2⌈log2 d⌉⌉ ≤ χ(J±[d, 3,−2]) ≤ 4⌈log2⌈log2 d⌉⌉+ 6.

Chapter 6 is devoted to the problem of determining the 
hromati
 number of the 2-

dimensional spheres S2(r). A 
oloring of su
h a sphere is 
onsidered to be proper if there is

no mono
hromati
 pair of points at distan
e 1. The interesting 
ases arise when r > 1/2. It
is relatively easy to see that in this 
ase χ(S2(r)) ≥ 3. To see this one has simply to take a


i
le on 
ir
le of radius r1 < r that is of odd length and that 
onsists of points at distan
e

1. In an earlier paper G. Simmons proved that for r ≥
√
3/3 a better estimate holds, namely

χ(S2(r)) ≥ 4, and 
onje
tured that this is true for all spheres of radius r > 1/2.
The main result in this 
hapter is the proof of Simmons' 
onje
ture: for every 
oloring

of a 2-dimensional sphere of radius > 1/2 in three 
olors there exists a pair of points at

distan
e 1 that are of the same 
olor. The 
hapter 
ontains also the ni
e 
orollary that for

1/2 < r ≤
√

3−
√
33 the 
hromati
 number χ(S2(r)) is exa
tly 4.

In 
hapter 7 the author studies the 
hromati
 numbers of the so-
alled 3-dimensional sli
es

Sli
e(3, 6, ε), where Sli
e(d, k, ε) is de�ned as R
d × [0, ε]k . These 
hromati
 numbers might

be useful in determining the 
hromati
 number of the real d-spa
e be
use of the obvious

inequalities:

χ(Rd) ≤ χ(Sli
e(d, k, ε)) ≤ χ(Rd+k).

The main results here are 
ontained in Theorems 7.1.2 and 7.1.3. In the �rst, it is proved

that there exists a postive ε0 su
h that for every ε < ε0

10 ≤ χ(R3 × [0, ε]6).

The se
ond theorem states that every proper 
oloring of R
d
in a �nite number of 
olors


ontains a point from a regular simplex T ⊂ R
d
with edge length a =

√

2d(d + 1) belonging
to the 
losures of at least d+ 1 
olors.

This 
hapter 
ontains also the interesting 
orollary χε(R
3) ≥ 10, where χε(R

d) for the

minimal number of 
olors for whi
h there is a 
oloring of R
d
without a pair of verti
es at

distan
e whi
h is in the interval [1, 1 + ε].

Remarks and 
omments

I have the following remarks, questions and 
omments related to this thesis:
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(1) The thesis is ni
ely and 
arefully written. The exposition is lu
id and 
lear. The text is

a

ompanied with more than 50 pi
tures that 
larify immensly the argumentation in the

proofs.

(2) The numbering of the statements � Lemmata, Theorems, Propositions, Remarks � is a

bit 
onfusing. For instan
e, in the text we have Lemma 2.4.1, De�nition 2.4.1, Theorem

2.4.1, and Remark 2.4.1. Of 
ourse, this is a matter of taste, but I personally would favor

a uni�ed numbering of the statements within ea
h 
hapter.

(3) It appears to me that the lower bound in Theorem 5.1.10. (p.101) is log2 d. (This

in
onsisten
y is probably due to the 
hange of notation.)

(4) All 
hapters 
lose up with ea list of open problems that mark possible dire
tions for future

resear
h.

All the above remarks are insigni�
ant mathemati
ally and do not 
hange my very good

impression of the deep resear
h 
arried out by the author.

Publi
ations related to the thesis

The results of this thesis are published in 10 papers. Eight of the the papers are published
or a

epted for publi
ation in mathemati
al journals while two of them are submitted and

are expe
ted to appear in near future. Five of the published papers are in journals with an

impa
t fa
tor, two of them are in a journal with an SJR, and one in a journal refereed in ZBl

MATH, as follows:

- Optimization and Cal
ulus of Variations (Q2. IF 1.295) � 1 paper

- Fra
tal and Fra
tional (Q1, IF 5.4) - 1 paper

- Bulletin of the Brazilean Math. So
iety (Q3, IF 0.7) � 1 paper

- Dis
rete and Computational Geometry (Q3, IF 0.8) � 1 paper

- Zapiski Nau
hnyh Seminarov POMI (SJR 0.314, Q3) � 2 papers

- International Mathemati
s Resear
h Noti
es (Q2, IF 1.000) � 1 paper

- St. Petersburg Math. Journal � 1 paper (submitted)

- Pure and Applied Fu
tional Analysis � 1 paper (to appear)

- Serdi
a Math. Journal � 1 paper (submitted)

In one publi
ation Danila Cherkashin is the only author. In six papers he has one 
oauthor,

and in three � three 
oauthors. I a

ept that in all joint publi
ations the 
ontribution of Dr.

Cherkashin is equal to that of the other 
oauthors.
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The 
andidate presents a list of 24 
itations of his results in papers that are published in

refereed journals. I a

ept that his results are well-known and highly valued in the professional


ommunity.

The presented publi
ations and 
itations ex
eed the minimal national requirements as

des
ribed in the 
orresponding do
uments. No plagiarism has been dete
ted in the s
ienti�


papers submitted for the 
ompetetion.

Author's summary

The author's summary is made a

ording to the regulations and re�e
ts properly the main

results and 
ontributions of this thesis.

Con
lusion

This thesis is fo
used on problems from 
ombinatorial geometry. The obtained results

mark a 
onsiderable progress in these �eld of mathemati
s.

I am deeply 
onvin
ed that the presented thesis �Extremal Problems in Eu
lidean Com-

binatrial Geometry� by Danila Dmitrievi
h Cherkashin 
ontains results that are an original


ontribution to the �eld of 
ombinatorial geometry. The 
andidate demonstrates deep knowl-

edge of his �eld and the 
apa
ity to develop it in a new and important way. With this,

he meets the national requirements pres
ribed by the law and the spe
i�
 regulations of the

BAS and the IMI-BAS for the professional �eld 4.5 Mathemati
s. I assess positively the pre-

sented thesis and re
ommend that this panel awards Danila Cherkashin the s
ienti�
 degree

�Do
tor of S
ien
es� in the s
ienti�
 �eld 4. Natural s
ien
es, mathemati
s and informati
s,

professional �eld 4.5 �Mathemati
s�.

So�a, 28.04.2024 Member of the S
ienti�
 Panel:

(Prof. Ivan Landjev)
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