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Introduction

In the current work, approaches for optimization and parallelization of
algorithms related to coding theory are considered. One of the main issues
addressed here is related to the choice of a parallelization method depending on
the task. The tasks that are solved are important both in theoretical and practical
aspects. In practical terms, coding theory is related to communication and
computer technologies related to information protection, compression, archiving,
authentication and data storage, hashing, blockchain and others [12, 13, 26].

A large part of the problems that are studied in coding theory, require the use
of parallel computing to solve them [4, 5, 18, 35]. For this purpose, a good knowledge
of the di�erent technologies and interfaces used for parallel computing is necessary
in order to ensure their optimal use. Modern computing technologies are developing
in many directions. One of the main ones is the development of multiprocessor and
multicore architectures that allow calculations to be performed simultaneously.
Another direction for the development of computing technology is the integration
of architectures designed for speci�c tasks into general purpose computing systems.
Such are accelerators, which are characterized by a large number of computing
units [24, 29]. Systems that, in addition to a central processor with a standard
architecture, also use an accelerator are called heterogeneous. As a result of this
development, parallel computing systems are becoming increasingly accessible.
In recent decades, computer architectures have evolved by adding more cores
(computational units) to a single processor and more processors to a given system.
Extended vector registers are also added to each computing core of the central
processors. Each of the presented characteristics of parallel architectures is the
subject of independent and extensive study. In the current work, a speci�c approach
to parallelization that uses these extended registers will be discussed in more detail.
Such an approach is called vectorization. The main idea is to perform operations
on a set of elements simultaneously. Registers of various lengths, multiples of 128,
have been developed, and additional instructions for the central processors have
been created to work with them. Vectorization using extended registers can be
performed automatically by the compiler or using special functions developed for
the C/C++ languages. These functions, together with newly de�ned data types,
are included in libraries and allow easy use of extended registers without explicit
knowledge of assembly instructions. This approach also allows the use of other
parallel interfaces in combination with vectorization, thus providing additional
acceleration.

The achieved speedup with vectorization depends on the following main

1



factors:

� used instructions - CPU instructions can be considered as light (bitwise
operations, comparison, addition, etc.) and heavy (blending, permutations,
etc.). Light instructions are executed approximately as fast as a standard
instruction (often they are executed in one CPU clock cycle), unlike heavy
ones. This categorization depends on the hardware implementation.

� vectorization factor - indicates the maximum number of coordinates of a given
vector that can be stored in a given register [2]. This factor depends on the
size of the register and the way the elements are represented in memory.

� utilization factor - shows how much of the register is used in the calculations.
Its value is between 0 and 1, with 1 using the entire register, 1/2 using half of
it, and 0 using no register. This factor depends on the representation of the
elements and the length of the code for which the calculations are performed.

These parameters are used in analysing the e�ectiveness of the implementation of
the presented algorithms.

The current dissertation presents vectorization of algorithms used in the
study of linear codes. Solving the main problems in coding theory involves
many di�erent algorithmic problems, such as �nding weight invariants (weight
spectrum, codewords with �xed-weight , etc.) of a linear code. The main goal
of the dissertation is to develop optimized algorithms for calculating weight
invariants of linear codes, which are based on the weight distribution of the code.
They are part of many algorithms for solving code generation and classi�cation
problems. For this purpose, an optimized library LinCodeWeightInv has been
developed, using vectorization. The library includes an interface part, a testing and
veri�cation module, and a full description of the included functionalities. Some
of the algorithms are also included in the QExtNewEdition software package.
These software packages have been used to study families of codes related to binary
linear codes reaching the Grey-Rankin bound.

The current work considers the following main goals, objectives and ways to
solve them:

� Vectorized implementation of algorithms for calculation of the weight
spectrum of a linear code over �elds with q elements, where q ≤ 64. Two
main types of algorithms have been developed for the implementation -
optimized high-level algorithms that describe the approach for generating
a new codeword and vectorized low-level algorithms that implement the
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operations of vector addition and calculating the weight of a vector. The
main optimization in the high-level algorithms consists in generating only
nonproportional codewords, with each new codeword being obtained solely
by vector addition. Low-level algorithms include various implementations
of functions for vector addition and calculation of the weight of a vector,
using special instructions and extended vector registers. The developed
functions di�er depending on the number of elements in the �eld and the
selected set of extended instructions for the central processor. The e�ciency
of the implemented algorithms in x86 architectures has been analysed,
using registers with a length of 128 and 256 bits and the corresponding
instructions designed to work with them. The implementations are compared
with functions for calculation of the weight distribution in the widely used
computer algebra packages Magma and GAP. The impact of the compiler
when using direct vectorization is also analysed.

� Extension of the basic low-level algorithms for working with prime �elds with
less than 128 elements is developed. A representation of the �eld elements
in memory using an unsigned data type with a size of 8 bits is considered.
This representation allows calculations to be performed over larger prime
�elds without going out of the range of the values for the given data type.
This is possible since we use only vector addition. Its implementation uses
a special instructions with saturation. The saturation functions for the
extended vector registers allow a valid value to be written when going out
of the range of the given data type (the minimum or maximum for the
given type depending on the result) instead of truncating part of the value
or misinterpreting the bitwise representation of the result. The developed
algorithms are implemented using the extended instruction sets SSE4.1
and AVX512 for x86 architectures and the NEON instruction set for ARM
architectures. To implement the algorithms, the main characteristics of
AVX512 and NEON instructions have been studied. The e�ciency of the
di�erent implementations has been analysed, using an algorithm for �nding
the weight spectrum of a linear code.

� The relationships between families of codes with two and three weights,
related to self-complementary codes that reach the Grey-Rankin bound, have
been analysed. For this purpose, four families of codes with two weights
and two families of codes with three weights are de�ned. The relationships
between the de�ned families are described and constructions for obtaining
codes from di�erent families are presented for a given code from any of the
other families of codes. Their relationships with self-complementary codes
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that reach the Grey-Rankin bound are also described. Constructions for
generating codes with two weights from the described families with dimension
k + 2 are presented for a given code from a corresponding family with
dimension k. These relationships between the codes are used to construct
self-complementary codes with parameters [120, 9; {56, 64, 120}].

� An optimized and portable library for calculation of weighted invariants of
linear codes over �elds Fq, where q ≤ 64, has been developed. The library
includes six main interface functions, for which three di�erent ways to input
data have been developed. Two main modules have been created for using
the library - an interface module and a module for testing and veri�cation.
The developed library works for x86 and ARM architectures and di�erent
sets of registers. For the implementation of the library, various platforms
have been studied, which are used for creating software and preparing full
documentation.

Chapter 1

This chapter presents some basic de�nitions and theorems in coding theory, as
well as architectures and approaches for parallelization of algorithms. The exposition
follows the monographs [25, 30, 32]. Let Fq be the �nite �eld with q elements, and
Fn
q be the n-dimensional vector space over the �eld. The Hamming distance between

two vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) is the number of coordinates in
which they di�er. It is denoted by d(x, y) = |{i|xi ̸= yi}|. The Hamming weight of
a vector x = (x1, . . . , xn) is the number of nonzero coordinates of the vector. It is
denoted by wt(x) = |{i|xi ̸= 0}|.

A linear code of length n, dimension k over a �nite �eld with q elements
is called any k-dimensional subspace of the n-dimensional vector space Fn

q . The
elements of the code are called codewords, and the parameters n and k are called
the length and dimensionality of the code, respectively. A matrix with k rows and n
columns, whose rows form a basis of the code C, is called a generator matrix for the
code. A code is projective if it does not contain zero and proportional coordinates.

A fundamental parameter of a linear code is itsminimum distance d(C), which
is the smallest of all distances between two di�erent codewords. The minimum
weight of a linear code is called the smallest of all nonzero weights in the code. For
a linear code C, the minimum weight and the minimum distance coincide. A linear
code C of length n, dimension k, and minimum distance d is denoted by [n, k, d].

4



The residual code of a given code C with respect to a codeword x ∈ C is called the
code Res(C, x), which is obtained by restricting C to the zero coordinates of the
codeword x. The sequence (A0, A1, . . . , An), where Ai is the number of codewords
with weight i, is called the weight spectrum of the linear code. For every linear
[n, k, d] code, A0 = 1 and A1 = A2 = · · · = Ad−1 = 0. It can also be seen that
A0+A1+· · ·+An = qk. Two linear [n, k, d] codes over a �eld Fq are called equivalent
if all codewords of one code can be obtained from the codewords of the other by a
sequence of the following transformations:

� permutation of coordinates;

� multiplication of elements in a given coordinate by a nonzero element of Fq;

� application of an automorphism of the �eld to elements in all coordinate
positions.

The equivalence relation divides the set of all codes with given parameters into
equivalence classes. The classi�cation problem for linear codes consists of �nding a
representative of each equivalence class.

Some of the methods and algorithms for generation and classi�cation of linear
codes use the entire or partial weight spectrum of the code. Equivalent codes have
equal minimum distances and weight spectra, since the allowed transformations
preserve the Hamming weight. This makes the problem of �nding the weight
spectrum of a linear code fundamental in coding theory. The problem has been
shown to be NP-complete. [3].

The problems of construction, classi�cation, �nding a weight spectrum for
linear codes generally require a large computational resource. Then the optimization
and parallelization of algorithms are important for solving the given problem in a
reasonable time. More about the optimization of C/C++ program code and some
popular parallelization techniques can be found in[20, 21, 31, 33, 34, 36].

Vectorization is among the most suitable approaches for parallelization of
algorithms related to the study of linear codes, since the main calculations are
related to operations on vectors. Vectorization in modern processors is based on
the use of extended registers, the length of which is a multiple of the length of a
computer word. The achieved speedup with vectorization depends on the following
main factors:

� the used instructions (light or heavy);

� vectorization factor [2];
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� utilization factor.

These parameters are used in analysing the e�ectiveness of the implementation of
the presented algorithms.

Additional data types and instructions have been developed to work with
extended registers. The instructions for 128-bit registers on x86-based CPUs are
known as Streaming SIMD Extensions (SSE). Other instructions exist for di�erent
architectures (e.g. NEON instructions for ARM architectures). The instructions
for 256-bit registers are called Advanced Vector Extensions (AVX), while the
instructions for 512-bit registers are known collectively as AVX512.

One basic function available on most modern CPUs is a function for �nding
the number of non-zero bits in a computer word, popcnt. This function is used in
algorithms for �nding the weight of a vector.

Chapter 2

This chapter discusses two main types of algorithms used to calculate the
weight spectrum of a linear code - high-level algorithms, which present the approach
to generating a new codeword, and low-level algorithms, which perform the basic
calculations. The high-level algorithms are based on the approach using emulation
of nested loop presented in[9].

High-level algorithms

The generation of only non-proportional codewords is performed by skipping
linear combinations whose �rst non-zero coe�cient is di�erent from 1. For this
purpose, a temporary matrix is used, which in row i contains a codeword obtained
as a linear combination of i rows of the generator matrix.

The main optimization of the presented algorithm consists of replacing the
vector multiplication operation, which is computationally heavy, with a vector
addition operation. When working over prime �elds, this is easily achievable, since
the elements of a prime �eld are residues modulo p. The addition and multiplication
operations are performed modulo p. Then, multiplication by an element of the �eld
can be replaced by adding the same row of the generator matrix to the current
linear combination.
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The basic idea of the optimization can be described as follows: if the current
row of the generator matrix is added to a linear combination of i rows with a
coe�cient 1 (it is added for the �rst time to some linear combination of the i−1 row),
then it is added to row (i− 1) of the temporary matrix. Thus, a linear combination
of i rows is obtained. Otherwise (the current row of G is added with a coe�cient ̸=
1 in the linear combination), the row is added to an existing linear combination of
i rows. For the �elds F2 and F3, the description of the algorithm can be simpli�ed.

The elements of a composite �eld Fq, where q = pm, can be represented
as polynomials with coe�cients over the �nite �eld Fp and degree less than
m. The elements of the �eld can also be represented as vectors in the prime
�eld. Then the addition of vectors over the �eld is easy to implement. For
optimization, the presented algorithm uses preliminary calculations, which are
performed once before starting the main calculations. The set of generator
matrices M = {G, xG, . . . , xm−1G} is generated in advance. A primitive generator
polynomial is used and therefore for the primitive element we have α = x. In the
presence of a set M , the multiplication of a row of the generator matrix by an
element of the �eld can be replaced by using the corresponding row of a suitable
matrix from M . To select a matrix from M , the transition sequence of a p-ary
Gray code is used.

Low-level algorithms

This section presents approaches to implementing low-level algorithms for
vector addition and calculation of the weight of a vector. The implementations
are di�erent depending on the values of q. The basis of these algorithms is in
the appropriate representation of the elements of the �eld in a register. Two main
representations of the elements of the �eld in memory are considered - bitwise and
bytewise.

The use of bitwise representation of the elements and bitwise operations can
be considered as the most natural approach to parallelization. For �elds with 2,
3 and 4 elements, di�erent bitwise representations and approaches to performing
operations have been developed [1, 8, 15, 23, 28].

Vectors over a �eld with two elements have a natural binary representation
- each bit can correspond to one coordinate of the vector. An interesting case is
the n-dimensional vector space, where n ≤ 64. In this case, more than half of the
bits of the register do not carry information. To generate the codewords of a code
C with length n ≤ 64, one can use the [n, k − 1] subcode C ′ with a generator
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matrix G′, obtained from G by removing the last row gk. We also consider the
coset gk + C ′ = {gk + c|c ∈ C ′}. Then the original code C can be represented
as the set C ′ ∪ (gk + C ′). By appropriately writing the generator matrix and the
temporary matrix, codewords of C ′ and (gk +C ′) are generated simultaneously. To
perform the operation of calculation of the weight of a vector, a 128-bit register
can be considered as an array of two 64-bit computer words. The weights of two
generated codewords are calculated using the popcnt instruction. For n > 64, the
same instruction is used to calculate the weight, summing the obtained values.

For �nite �elds with three elements, there are di�erent approaches to bitwise
representation of the elements of the �eld [1, 8, 15, 23, 28]. One such representation
allows for the storage of an element of the �eld in two bits, with the addition of
the elements being performed by six bitwise operations [15]. This representation is
used in low-level algorithms for �elds with three elements. It is expressed by the
following representation Π : F3 → F2

2, where

Π(0) = (1, 1)

Π(1) = (1, 0)

Π(2) = (0, 1)

The mapping Π can be extended for vectors over the �nite �eld to the mapping
π : Fn

3 → F2n
2 , where

π(v) = (α1, α2, . . . , αn, β1, β2, . . . , βn),

v = (v1, v2, . . . , vn) ∈ Fn
3 ,Π(vi) = (αi, βi).

Using these representations, the operation of vector addition over F3 can
be implemented in 5 register operations. The representation π also allows easy
calculation of the number of nonzero elements of a given vector. Since the element
0 is mapped to (1, 1), for the calculation of the weight of a vector v using the
representation

π(v) = (α1, α2, . . . , αn, β1, β2, . . . , βn),

a XOR operation is used for the α and β parts of π(v). Afterwards, a popcnt function
is executed.

The elements of the prime �eld Fp can be represented as integers in the
interval [0, p− 1]. Therefore, in cases where p ̸= 2, 3, 8-bit integers can be used for
p < 128. The presented algorithm for vector addition over a prime �eld uses three
extended register instructions - addition, subtraction and blending. The operation
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is performed for �elds with up to 64 elements, because a memory representation
using character data types is used. For performing the blending instruction, it is
important whether the result of the subtraction is a negative number.

Two main approaches have been considered for �nding the weight of a vector
over a prime �eld. The �rst approach �nds the number of zero bytes and uses several
calls to the heavy function popcnt. The number of calls depends on the length of the
register. The second approach �nds the number of zero coordinates using a mask,
bitwise operations, and a single call to the popcnt function.

The vectors in Fn
pm are represented as vectors in Fmn

p . Then the operation
vectors addition reduces to its implementation over the prime �eld. Finding the
weight of a vector again is reduced to performing the operations over the prime �eld,
using additional bitwise operations. The number and type of additional operations
depends on p.

Performance analysis

To analyse the e�ciency of the developed algorithms, comparisons were made
with the computer algebra systems Magma and GAP. Also, comparisons were made
between the running time of the implementations with 128- and 256-bit registers,
as well as a comparison between the running time of the implementation with
256-bit registers and the implementation without vectorization of the algorithms.
Experimental results show that when using bitwise representation (F2,F4, F3,F9,
F27) the 256-bit version is comparable to the 128-bit version. For composite �elds,
the execution time with AVX2 is between 10% and 30% less compared to SSE4.1.
In the case of bytewise representation (F5, F25), the 256-bit version is between 1.2
and 1.7 times faster than the 128-bit version.

For the prime �elds F2, F3 and F5, between 1.4 and 2.5 times faster calculations
are observed compared to the Magma system, with the speedup increasing with
increasing code length. For composite �elds, the presented vectorized version is
between 1.9 (F4, n = 500) and 43.4 (F27, n = 500) times faster than Magma. When
compared to GAP, the experimental results present a speedup between 3.3 times
(F2) and 1480 times (F27). Here again, larger speedups are observed for composite
�elds.

When compared to a non-vectorized version of the algorithm, speedups
between 7.8 (F25) and 58.9 (F2) times are observed. This is due to the high
vectorization factor. In bitwise representation, the vectorization factor for a 128-bit
register is between 21 and 128 depending on the �eld. Then, when compared to a
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non-vectorized version using addition and multiplication tables for operations with
elements over the �eld, a large speedup is naturally obtained.

Vectorization and compiler e�ciency

It is known that the choice of compiler can also a�ect the speed of algorithms
[2, 6]. For this, a comparison was made between three widely used compilers for the
C/C++ languages - gcc(mingw for Windows operating system), clang and msvc.
Experimental results were obtained for the Windows and Ubuntu operating systems,
with only the �rst two compilers considered for Ubuntu. The calculations were
performed for binary �elds and 128- and 256-bit registers. The experimental results
show that the execution times of a function for calculation of the weight spectrum of
linear code when compiled with the three selected compilers are close. It is observed
that the functions compiled with gcc are more suitable for use with 256-bit registers.
The functions compiled with clang and msvc give better execution times for 128-bit
registers.

Chapter 3

Chapter 3 describes the main features of vectorizing algorithms with the
AVX512 and Neon extended instructions. The AVX512 instruction family is divided
into various subcategories. Some of the features of the AVX512 instructions, which
are available on some modern x86-type architectures, are as follows:

� masking registers (opmask) - used for e�cient merging and conditional writing
to the result registers.

� AVX512Foundation - basic operations for working with registers (arithmetic
operations, logical operations, bitwise operations, functions for writing data
to memory, etc.).

� AVX512VPOPCNTDQ - functions that allow �nding the weight of integer
elements written to a register. The functions of this subcategory are
fundamental for the e�ciency of the developed algorithms.

� AVX512BW (Byte and Word Instructions) - extends the basic functionalities
de�ned in AVX512Foundation by adding functions for 8 and 16-bit integers.
Such functions are used to implement algorithms for vector addition over
prime �elds with bytewise representation.
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Some of the main features of NEON instructions for ARM architectures are
as follows:

� Vectorization by writing elements of the same type in 64- or 128-bit registers.

� A di�erent syntax that describes the type of data that will be written to
the register, its size, and the number of elements that will be written to the
register. For example, int8x16_t contains 16 integer elements with a size of 8
bits.

� Availability of all comparison operations (<,>,=,≤,≥)

� The functions for �nding the number of non-zero bits are developed by �nding
their number for each byte written to the register. To �nd the weight of an
entire vector register, it is necessary to add the resulting values, which is
possible with a single function.

Unsigned data types and saturation functions

The extended vector instructions for the x86 and ARM architectures have
saturation functions. When a function is executed using saturation, the result of
the operation is equal to the result of the standard execution of the operation,
provided that the range of the given data type is not exceeded. If the result of the
operation is outside the range of the data type stored in the register for a given
element, then a variable containing only zero bits is written to the output register
for the corresponding element when the value is less than the lower limit for valid
value of the given data type. When the result is greater than the upper limit for
valid values, a variable of the appropriate length containing only non-zero bits is
written to the register at the corresponding position.

The functions implemented by saturation allow vector addition algorithms
to be implemented for vectors over prime �nite �elds with q < 128 elements and
a large vectorization factor. This allows computations to be performed on larger
�elds using the same representation and resources used to implement the low-level
algorithms. To do this, the elements of the �eld are written in unsigned data types.

When implementing the vector addition operation using unsigned data
types and saturation functions, 7 lightweight operations (arithmetic, comparison
operations, and bitwise operations) are used for the SSE, AVX, and NEON
instructions. When implemented with AVX512, the operation is implemented using
4 instructions, thanks to the masking registers. When implemented with AVX512,

11



the function for calculation of the weight of a is implemented using 2 functions - a
comparison and a popcnt instruction for the resulting 64-bit register.

Experimental results

The e�ciency of AVX512 and NEON instructions is analysed, using the
algorithm for calculation of the spectrum of a linear code implemented using
unsigned data types and saturation instructions. The execution time using
AVX512 is between 1.5 and 4.5 times faster than when using SSE instructions.
The execution time using NEON is between 1.3 and 2.9 times faster than when
using SSE instructions. When implementing the low-level algorithms using bitwise
representation and n ≤ 500, the implementations using AVX512 and NEON
instructions have similar execution times. Experimental results also show that at a
utilization factor less than 1/2, it is appropriate to use registers with a length of
128 bits.

Chapter 4

A binary linear [n, k] code C is called self-complementary if for every codeword
x ∈ C, its complement x, where x + x = 1, is also a codeword (x ∈ C). For any
length n and minimal distance d, the Grey�Rankin bound is an upper bound for
the cardinality of a binary self-complementary code C. It states that:

|C| ≤ 8d(n− d)

n− (n− 2d)2
. (1)

provided that the right-hand side is positive. The bound also holds for nonlinear
codes, but we consider only linear codes here. The parameters of linear codes that
reach the Grey-Rankin bound are:

[22m−1 − 2m−1, 2m + 1, 22m−2 − 2m−1],

[22m−1 + 2m−1, 2m + 1, 22m−2].
(2)

Self-complementary codes that reach the Grey-Rankin bound have been
widely studied. Of particular interest are their subcodes, due to their connections
to strongly regular graphs [10, 11, 16], quasi-symmetric SDP designs [22, 27], bent
[14, 17] and vectorial bent funtions [19] and others. It is proven that inequivalent
codes yield nonisomorphic SDP designs and the number of inequivalent codes
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and its associated SDP design coincide. Jungnickel and Tonchev showed that
the numbers of nonisomorphic quasisymmetric SDP designs and inequivalent
self-complementary codes with parameters shown in (2) grow exponentially with
m from an argument by Kantor [27].

Projective Complementary Codes and Self-Complementary

Equivalence

De�nition 1. Let C be a projective [n, k] code with generator matrix G. Lets reorder
the columns in the generator matrix Sk of the simplex code such that the obtained
matrix is S ′

k = (G|G). The matrix S ′
k generate a simplex code (more precisely,

the matrices Sk and S ′
k generate equivalent codes, and we call them both simplex

codes). Then the matrix G generates a code of length 2k−1−n called the projective
complementary code of C and denoted by C.

Lets consider the following construction for a given even integer n:

� If C is an [n, k−1] linear code that is not self-complementary, Ĉ = C∪(1+C).

This means that if G is a generator matrix of C, the matrix Ĝ =

(
1 . . . 1

G

)
is a generator matrix of Ĉ.

� If C ′ is an [n − 1, k − 1] linear code that is not self-complementary, Ĉ ′ =
(0|C ′) ∪ (1|1 + C ′). This means that if G′ is a generator matrix of C ′, the

matrix Ĝ′ =

(
1 . . . 1

G′ 0

)
is a generator matrix of Ĉ ′.

We can now introduce an equivalence relation as follows:

De�nition 2 (Self-Complementary Equivalence). Lets consider binary liner codes
C1 and C2 that foes not contain the vector 1.

� Let C1 and C2 be [n, k − 1] codes. They are called self-complementary

equivalent if the codes Ĉ1 and Ĉ2 are equivalent self-complementary codes
with length n.

� Let C1 and C2 codes with parameters [n− 1, k− 1] and [n, k− 1], respectively.

They are called self-complementary equivalent if the codes Ĉ ′
1 and Ĉ2 are

equivalent self-complementary codes with length n. Analogously, if C1 and C2

are codes with parameters [n, k−1] and [n−1, k−1], respectively, they are self-
complementary equivalent codes, if their respective self-complementary codes
with length n are equivalent.
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� Let C1 and C2 be [n − 1, k − 1] codes. They are called self-complementary

equivalent if the codes Ĉ ′
1 and Ĉ ′

2 are equivalent self-complementary codes
with length n.

With this equivalence relation in mind we have that for the self-complementary
code C all subcodes, not containing the all-ones vector, de�ne a self-complementary
equivalence class (SCE). Thus, if we have a representative from the class we know
all codes of the class up to equivalence.

Families of codes with two and three weights

Let C be a self-complementary binary projective code with dimension k + 1
that meets the Grey-Rankin bound. Using the following notations, where k = 2m:

tk = 2k−2, tk± = tk ± 2m−1,

Tk± = 2k−1 ± 2m−1

we de�ne:

� four families of two-weight linear codes with the following parameters:

� Φk− : [Tk− , k, {tk− , tk}]

� Φk+ : [Tk+ , k, {tk; tk+}]

� Φ′
k− : [Tk− − 1, k, {tk− , tk}]

� Φ′
k+ : [Tk+ − 1, k, {tk; tk+}]

� two families of three-weight codes with the following parameters:

� Ψk: [2k, k + 1, {Tk− ; 2k−1;Tk+}]

� Ψ′
k: [2k − 1, k + 1, {Tk− ; 2k−1;Tk+}]

The main relations between these six families are the following:

� Codes from the following pairs of families are projective complementary codes:
Φk+ and Φ′

k− ; Φk− and Φ′
k+ ; Ψk and Ψ′

k.

� From a code in one of the families Φk− , Φk+ , Φ′
k− , Φ′

k+ one can construct codes
from the other three families.

� From a code from the family Ψk one can construct a code in Ψ′
k and vice

versa.
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� If C is a code in from the family Φk± (or Φ′
k±) then its residual code with

respect to a codeword of weight tk± belongs to the family Ψk (resp. Ψ′
k).

� Let ΨSk
and Ψ′

Sk
be codes from the families Ψk and Ψ′

k, respectively, such
that they contain the simplex code as a subcode. If C ∈ ΨSk

(resp. C ∈ Ψ′
Sk
)

and v ∈ C has weight Tk± then Res(C, v) ∈ Φk∓ (resp. Φ′
k∓).

Construction of codes from Φk+2 using codes with dimension

k

For code in Φk we consider the following constructions for generation of codes
with dimension k + 2. These constructions are named self-complementary lifting
(SCL).

Theorem 1. Let A ∈ Φk± be a code with a generator matrix GA and B be the code
generated by the matrix

GB =

 GA GA GA GA

1 . . . 1 1 . . . 1 0 . . . 0 0 . . . 0
0 . . . 0 1 . . . 1 1 . . . 1 0 . . . 0

 .

Then B ∈ Φ′
(k+2)±.

Theorem 2. Let A ∈ Φ′
k± has generator matrix GA and B has generator matrix GA 0 GA 0 GA 0 GA

1 . . . 1 1 . . . 1 0 . . . 0 0 . . . 0
0 . . . 0 1 . . . 1 1 . . . 1 0 . . . 0

 .

Then B ∈ Φ(k+2)±.

Theorem 3. From any code C ∈ Φk codes in Φk+2 for all integers l ≥ 1 can be
constructed.

Computational results

The following computational results are obtained using theGeneration module
of the package QextNewEdition[7]. The following is a summary of the obtained
computational results:

� 322039 inequivalent [63, 7; {28, 32, 36}] codes have been constructed from 7
inequivalent [35, 6; {16, 20}] codes.
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� 91337 inequivalent [119, 8; {56, 64}] codes have been constructed from 4
inequivalent [63, 7; {28, 32, 36}] codes.

� 2946 inequivalent self-complementary [120, 9; {56, 64, 120}] code have been
constructed from [119, 8; {56, 64}] codes. We obtain the following inequivalent
subcodes:

� 175213 subcodes with length 120 and dimension 8;

� 156763 subcodes with length 119 and dimension 8.

� Using the self-complementary lifting construction on 80 inequivalent
[119, 8; {56, 64}] code we obtain:

� 80 inequivalent [496, 10; {240, 256}];

� 80 inequivalent [2015, 12; {992, 1024}.

Chapter 5

The developed algorithms are included in a library for calculation of some
weight invariants of linear codes LinCodeWeightInv over a �nite �eld Fq, where
q ≤ 64. These algorithms are implemented using di�erent instruction sets and can
be executed on central processors with ARM and x86 architectures. The library
includes the following six main functions:

� Calculation of the weight spectrum of a linear code.

� Calculation of the minimal distance of a linear code.

� Calculation of the number of codewords with weight equal for given value w.

� Calculation of the number of codewords with weight less than a given valu w.

� Determining whether codewords with a given weight w exist.

� Determining whether codewords with weight less than a given value w exist.

The main data required for the calculations are the parameters n, k and q
and a generator matrix of the code. The following data entry approaches have been
created for each of the interface functions:

� Reading input data from a �le. The results are written to an output �le with
an appropriate name for the interface function.
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� Generating pseudo-random code based on given values of k, n, q. The function
accepts values for k, n, q as parameters and a generator matrix is constructed
for the given values.

� Calculation for a generator matrix stored in memory as a two-dimensional
array. The function receives as parameters a dynamic two-dimensional array
of type int, the code parameters n, k, q and a boolean variable indicating
whether the elements of the �eld in the generator matrix are stored in additive
or multiplicative form (the variable has the value true if multiplicative form
is used).

The main functionalities of the developed library are based on the calculation
of the weight spectrum of the code. For the operation of the main functions, over 36
implementations of basic functions necessary for performing the calculations have
been developed. Two additional modules have been developed for working with
the library - an interface program, which aims to facilitate the use of the library,
and a module for testing and veri�cation. This module allows the testing of all
functionalities for correctness of the calculations and the execution time. For this
purpose, an input �le is prepared beforehand. It contains linear codes for all �nite
�elds Fq, q ≤ 64 and the corresponding weight spectra in the form {Ai}, where
i = 0, . . . , n, generated with di�erent software. The average time for performing the
calculations for each �nite �eld when obtaining a correct result is recorded in the
output �le Results.

The CMake and Doxygen systems were used to create portable software and
a detailed user guide. CMake is a product that allows you to create a C/C++
project. This software controls the basic parameters for compiling the library. A
detailed guide for using the library has been created, which includes a description
of its main components and how to compile, install and test it. For this purpose, the
Doxygen system was used, which creates a detailed description (in our case, over
50 pages) using standardized comments in the program code. In this chapter the
main features of these systems that were used in creating the library are described.
The overall structure of the library, how to compile it and how to install it using
CMake are also described.

Scienti�c and applied contributions

� Development of an algorithm for generating nonproportionate codewords that
works for composite �elds by using only vector addition.

17



� Development of an algorithm for vector addition using SSE, AVX and AVX512
instructions using bitwise representation of the elements of the �elds F2, F4

and the �elds with characteristic 3.

� Development of an algorithm for vector addition using SSE, AVX and AVX512
instructions and bitewise representation for prime and composite �elds with
q elements, where q ≤ 64, and calculation of the the weight of a vector using
a single call of the popcnt instruction.

� Analysis of the performance of di�erent compilers with SSE and AVX
instructions with vectorization.

� Studying the characteristics of the AVX512 and NEON instruction sets and
analysing their e�ciency.

� Analysing the e�ciency of di�erent instruction sets in x86 architectures.

� Development of an algorithm for vector addition using SSE, AVX and
AVX512 when representing the elements of �elds with up to 128 elements
using unsigned integers.

� De�nition of families of two- and three-weight codes related to codes reaching
the Grey-Rankin bound and description of the relationships between the
individual families.

� Development of a construction for generation of codes from a given family of
dimension k + 2 using codes from a corresponding family of dimension k.

� Development of mathematical software (LinCodeWeightInv library) for
calculation of some weight invariants of linear codes over �elds with q
elements, where q ≤ 64, using SSE4.1, AVX2 and AVX512 instructions for
x86 architectures and NEON instructions for ARM architectures.

� Presentation of features and main accents in the creation of open source
mathematical software.

Approbation of the results

The results included in the dissertation were obtained independently [P2, P3] and
in co-authorship with:

� Bouyukliev [P1, P5, P6]

� Bouyukliev and Bouyuklieva [P4]
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