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During the last thirty years the theory of Banach spaces branched in many
different directions. Results and techniques from this area were applied in
nonlinear analysis, metric geometry, computer science, theory of operators,
logic, and others. At the same time, there was also an extensive study of the
structure of Banach spaces themselves, especially of separable spaces and, in
particular, those with a Schauder basis. For recent developments in Banach
spaces theory, see the two volumes of the Handbook on the geometry of
Banach spaces, edited by W. B. Johnson and J. Lindenstrauss [23] [24].

A main line of investigation in the structure theory of Banach spaces
is whether any infinite-dimensional space contains an infinite-dimensional
subspace which is isomorphic to a space from a list of spaces with “nice”
properties. The most natural first question was if any X contains an isomor-
phic copy of ¢ or £,, 1 < p < co. All the known classical examples of Banach
spaces do contain an isomorphic copy of ¢ or £,, 1 < p < oco. Additionally,
there exist deep results for embedding copies of ¢35 or £ for an arbitrary
dimension n, due to Dvoretzky and Krivine, respectively. However, the case
of an infinite dimensional subspace turned out to be different. In 1974 Boris
Tsirelson [47], inspired by ideas in logic, constructed a reflexive space with
an unconditional Schauder basis which has no subspace isomorphic to ¢y or
ly,, 1 <p<oo.

Tsirelson inductively defined the unit ball B of his space as follows:

Let K° = {4e, : n € N}. Given K™, m > 0,

1 fie K" i=1,2,...,d, d€N, and
K™ = g™y 3 Zfi : d < minsuppfi; < maxsuppf; < minsuppfo <
i=1 < maxsuppfe < -+ < minsuppfy

Finally, let K =J°_, K™, and the unit ball B is the closed convex hull
of K.

In actuality, what is now referred to as the Tsirelson space T is the con-
struction given by Figiel and Johnson [I3|, and the original space defined by
Tsirelson is its dual T*. The definition of the norm in 7' is given either as
the limit of a sequence of norms, or, equivalently, as the implicit solution of
an equation.

Consider the linear space of finitely supported real-valued sequences cqg.
For any x = ) a,t, € coo, and for any nonempty finite set E of natural
numbers, we define

Exr = Z antn

nek

Here (t,) is the canonical basis of ¢y and (a,) is an arbitrary sequence of
real numbers. We define inductively a sequence of norms (|| - || j);io on cgp as
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follows:

for any x = > ant, € coo, let ||z|o = max, |a,|, and for m >0,

lalls1 = mac { e, $max [ S, |1 Eizl,,|, d €N},

where the inner maximum is taken over all choices of d and all choices of
finite subsets (Ei)le of N as d varies such that

d<minFy <maxF; <minFy <maxFy < ---<minFEy .

Then ||z|| is defined as lim,, . |||, and what is now called the Tsirelson
T is the completion of (cgo, || - ||)-
Figiel and Johnson proved that the norm of 7" satisfies the following im-

plicit equation.
o

Vx:ZantnET,

n=1

d
1
|z|| = max {mﬁmx lan|, §supAZ1 ||sz||} ,
Z:

where the inner supremum is taken over all choices of d and all choices of
finite subsets (F;)"_, of N as d varies such that

d<minFy <maxF; <minFy; <maxFy < ---<minFEj .

Tsirelson space had an enormous impact on the theory of Banach spaces.
Many constructions, similar in spirit, were defined to solve other important
problems. Among those, we mention a construction by Tzafriri [48]. Since
their introduction, the notions of type and cotype (cf. e.g. [33]) played
a major role in the theory of normed spaces and their many applications.
Tzafriri answered a question of Pisier by defining a space which has an equal-
norm type p, but has no type p, for 1 < p < 2. The book of Casazza and
Shura [§] gathered most of the results related to Tsirelson space and its
variations.

The next natural big question was whether every space contained an
unconditional basic sequence, that is, a subspace with an unconditional basis.
A partial result for weakly null sequences was due to Maurey and Rosenthal,
cf. e.g. [32].

In 1990 E. Odell showed, in an unpublished note, that 7" is distortable,
by constructing in every subspace sequences with two different asymptotic
behaviour; this was the first example of a distortable space.



Definition 1. Let A > 1. A Banach space (X, || - ||) is A-distortable if there
exists an equivalent norm | -| on X such that for every infinite dimensional
subspace Y of X,

)
sup{% g €Yyl = il = 1} >

X s arbitrarily distortable if it is A-distortable for every A > 1.

James proved that ¢y and ¢, are not distortable. Currently, there is still
no example of a space which is distortable but not arbitrarily distortable,
although the Tsirelson space T' is a candidate.

Using a similar idea to that of Odell, Th. Schlumprecht [44] constructed
in 1991 the first arbitrarily distortable space S that has an unconditional
basis. Schlumprecht’s space was a launching point for a renewed interest in
Tsirelson type spaces and led to remarkable developments in Banach space
theory.

In 1993, W. T. Gowers and B. Maurey [19], using Schlumprecht’s con-
struction, solved the famous unconditional basic sequence problem by con-
structing a space without such a sequence. Their space has a stronger prop-
erty, namely that it is hereditarily indecomposable.

Definition 2. A Banach space is heriditarily indecomposable (H.I.) if no
subspace can be written as a topological direct sum of two infinite dimensional
closed subspaces.

In 1994, Odell and Schlumprecht [39] solved the distortion problem. In
particular, by transferring sets from S, they showed that the Hilbert space
{5 is arbitrarily distortable. This illustrates the impact of the Tsirelson-type
spaces on the understanding of the classical Banach spaces.

Briefly jumping to the present time in order to note another example,
Baudier, Lancien and Schlumprecht [49] recently used the original Tsirelson
space T™ for solving a problem in metric geometry.

Gowers used the notion of hereditary incomposability to solve several
other long-standing problems. He showed [I5] that the H.I. property is a
consequence of the absence of unconditionality, in the sense that every Ba-
nach space which does not contain any unconditional basic sequences has an
H.I. subspace. Among others, he solved Banach’s hyperplane problem [17]
by constructing a space which is not isomorphic to any of its hyperplanes.
He also [16] proved dichotomies for spaces with a basis and used them for a
partial classification of Banach spaces. In 1998, Gowers was awarded a Fields
medal for his outstanding work (see [18§]).



Further results in this area followed, especially by Argyros and his stu-
dents. Argyros and Deliyanni [4] answered a question of Gowers by con-
structing an asymptotic ¢; herediatry indecomposable space. For that pur-
pose, they first defined a new class of asymptotic ¢; spaces with unconditional
basis, namely the mixed Tsirelson spaces.

Following the properties of 7', Milman and Tomczak-Jaegermann [35] de-
fined asymptotic ¢, spaces with respect to a basis to be those for which, given
any n, all collections of n successive normalized block-vectors supported, say,
after position n of the basis are uniformly equivalent to the unit vector basis
of /7. In the beginning, it was hoped that asymptotic £, spaces might have
nicer local structure, that is to say, nicer finite-dimensional subspaces. That
turned out to be incorrect as it was proved in [54] that some asymptotic ¢;
spaces contain uniform copies of ¢ ’s. The universality of /., implies that
these spaces contain arbitrary finite-dimensional subspaces.

One of the main problems in the isomorphic theory of Banach spaces
is the classification of the basic sequences of a certain type. This question
is formulated in a proper way using the notion of equivalence of basic se-
quences. Recall that a sequence in a Banach space is a basic sequence if it
is a (Schauder) basis of its closed linear span. The most important cate-
gory of sequences in which this classification is studied is that of symmetric
sequences.

Definition 3. A basic sequence is called symmetric if it is equivalent to all
of its permutations.

This class of sequences includes the canonical unit vector basis of the £,
and ¢y spaces. Closely related to symmetry is the notion of subsymmetry.

Definition 4. A basic sequence is said to be subsymmetric if it is uncondi-
tional,and 1s equivalent to all of its subsequences.

The question whether a symmetric basic sequence exists in every Banach
space was a driving force in the development of the theory for many decades.
This question was solved in the negative by the Tsirelson space.

The class of subsymmetric basic sequences is more general. In practice,
the only feature that one needs about symmetric basic sequences in many sit-
uations is their subsymmetry, to the extent that when symmetric bases were
introduced these two concepts were believed to be equivalent until Garling
[14] provided a counterexample that disproved it.

However, subsymmetric bases, far from being just a capricious general-
ization of symmetric bases, played a relevant role by themselves within the
general theory. Indeed, the study of Banach spaces with a subsymmetric but



not symmetric basis led to the solution of major problems in the field. In
example, the space S constructed by Schlumprecht has one such basis. It
follows from the minimality of the Schlumprecht space and the "yardstick"
construction of Kutzarova-Lin [28], which for every natural number n pro-
vides uniform copies of disjointly supported ¢ ’s, that S does not contain
symmetric basic sequences.

If a Banach space has a given special type of structure, it is always an
important question whether that structure is unique. Vice versa, if we know
that a given structure is unique in that Banach space, that leads to the
interesting question what can we say about both the structure and the space
itself.

Albiac, Ansorena and Wallis [3] used Garling-type spaces to provide the
first example of a Banach space with a unique subsymmetric basis which is
not symmetric. However, as shown in [2], that space contains a continuum
of non-equivalent subsymmetric basic sequences.

Altshuler [I] (see also [32]) constructed a nontrivial space in which all
symmetric basic sequences are equivalent to its symmetric basis. It was re-
marked in [27] that a careful look at the paper of Altshuler shows that his
proof works similarly for the more general case of all subsymmetric basic
sequences. In the case of the Altshuler’s space the uniqueness of the subsym-
metric structure implies that it is actually symmetric. This observation led
to the following question, asked first in [27] and restated in [2] :

Question 5. Does there exist a Banach space in which all subsymmetric
basic sequences are equivalent to one basis, and that basis is not symmetric?

Recently, the first example of a Banach space with a subsymmetric basis
with a unique (up to equivalence) subsymmetric basic sequence which is not
symmetric was given in [7]. The space under consideration was Su(7*) [§],
the subsymmetric version of 7%, the original space defined by Tsirelson.

In the dissertation we give more examples of spaces with a unique, up to
equivalence, subsymmetric basic sequence.

In the spirit of the Tsirelson space T', Tzafriri [48] constructed a space
(with a symmetric basis) which is of equal-norm type p, but is not of type p,
for 1 <p<2.

For convenience, we will define the following:

Zﬁjxj =2™" Z

j=1 j=+1

> b;x;

j=1

Averagey .4

The important notions of type and cotype were defined by J. Hoffmann-
Jorgensen in [50].



Definition 6. A Banach space X is said to be of type p for some 1 < p < 2,
and respectively of cotype q for some q > 2, if there exists a constant M < oo
so that for every finite set of vectors (xj);zl i X we have

> x|l <M (Z ||l’j||p>
j=1 j=1

Averagey _

and respectively

> 05,

j=1

Averagey 4y

1
e (z ijuq)
j=1

Any constant M satisfying the first or the second inequality is called a
type p, respectively cotype q, constant of X.

Equal-norm type p, and equal-norm cotype ¢ are defined if the above
inequalities are required only for vectors (:L‘j)?zl in X of equal norm.

The Tirilman space Ti(p,7y), where 1 < p < oo and 0 < 7 < 1, was
introduced and studied by Casazza and Shura [§]. It is a version of the
original space of Tzafriri whose Romanian surname was Tirilman.

We prove that for 1 < p < co and sufficiently small 0 < v < 1, the dual
space T'i*(p, ), whose canonical basis is subsymmetric and not symmetric,
has a unique, up to equivalence, subsymmetric basis sequence. While the
normalized block bases (z;) of the canonical basis of Su(7™), whose ¢, norm
|z;llc tends to 0 as j — oo, are asymptotic cp, the similar block bases in
Ti*(p, ) are asymptotic ¢, basis sequences, where

Theorem 7. Let 1 < p < oo and v > 0 be suffictently small. Every subsym-
metric basic sequence of the dual space Ti*(p,) is equivalent to the subsym-

metric canonical basis (})32, which is not symmetric.

Towards the proof of this main result we also obtain the following state-
ments that are interesting on their own:

Lemma 8. Let (e;) be a 1-unconditional basis of a reflexive Banach space
X which s K-dominated by its normalized block bases, where K > 1. Then
(ef) K-dominates all normalized block bases of (ef) in the dual space X*.

Lemma 9. T7*(p, ) does not contain an isomorphic copy of £, (where %Jr% =

1).



As corollaries we reach the following two results too:

Corollary 10. Let 1 < p < 0o and v > 0 be sufficiently small. Every sub-
symmetric basis of a quotient space of Ti(p,~y) is equivalent to the canonical

basis (€;)3; -

Corollary 11. For 1 < p < oo and sufficiently small 7y, the basis (e;) of
Ti(p,~y) has a continuum many non-equivalent subsymmetric block bases.

An important hereditary property of Banach spaces, first defined by
Rosenthal, is the notion of minimality.

Definition 12. An infinite dimensional Banach space X is called minimal
if every infinite dimensional subspace Y C X contains a further subspace Z
such that Z is isomorphic to X.

Recall that

Definition 13. Two normed spaces X and Z are called isomorphic if there
exists a bounded linear operator T : X — Z that is a bijection and its inverse
T-Y: 7 — X is also a bounded linear operator.

There are only a few examples of minimal spaces. Clearly, ¢y and ¢, for
1 < p < o0, are minimal. In [51] it was proved that 7 is a nontrivial minimal
space. Later, Schlumprecht [52] proved that his space S is minimal. S is also
reflexive but not super-reflexive. However, based on the Schlumprecht space
S, [53] give examples of super-reflexive minimal spaces. They also show that
S* is also minimal. The basis of 7™ is asymptotic ¢, thus, highly non-
symmetric. The bases of S and S* are subsymmetric, but not symmetric.

An important folklore question is whether there exists a nontrivial (not a
subspace of ¢ or ¢,) example of a minimal space with a subsymmetric basis.

As explained later, the symmetrizations of 7% and .S are not minimal. The
quest for such an example is one of the motivations for the consideration of
the symmetrization of S*. The theorem in Chapter ?? leaves the question of
symmetric minimal space open.

The natural symmetrization S(7") of the Tsirelson space T' contains a
subspace isomorphic to ¢;, while the symmetrization S(7™*) of the original
Tsirelson space is reflexive, so it does not have the same property [§]. In
an unpublished note Schlumprecht showed that the symmetric version of his
space S does contain a subspace isomorphic to ¢; (a similar result can be
found in [34]).

In the dissertation we use the "yardstick" construction in Schlumprecht
space S to prove the following theorem.



Theorem 14. In contrast to the case of S(T™), the symmetrization S(S*)
of the dual of the Schlumprecht space does contain a subspace isomorphic to
the space {;.

Using the same type of "yardstick" construction, in the dissertation we
also prove the following theorem.

Theorem 15. Let p and v be such that 1 < p < oo and 0 < v < 377 where
%—i—% = 1. Then ¢ is finitely representable in T'i (p,~) disjointly with respect
to its canonical basis.

This is an extension of a result from [26] for a wider range of parameters.

One of the most natural way to grasp the geometry of a metric space is
to understand in which metric spaces, in particular which Banach spaces, it
does, or it does not, bi-Lipschitzly embed.

Definition 16. Let (X, dx) and (Y, dy) be two metric spaces. A map f: X —
Y s called a bi-Lipschitz embedding if there exist s > 0 and D > 1 such that
forallz,y € X,

s-d(z,y) < dy(f(x), f(y) < D-s-dz,y). (1)

As usual,
cy(X) :=inf{D > 1 | equation (1)) holds for some embedding f}

denotes the Y-distortion of X. If there is no bi-Lipschitz embedding from X
into Y then we set ¢y (X) = 0o. A sequence (Xj)ren of metric spaces is said
to equi-bi-Lipschitzly embed into a metric space Y if sup, oy ¢y (Xi) < 00.

If two normed spaces are uniformly homeomorphic then all finite-dimen-
sional subspaces of one of the spaces are uniformly embeddable in the other
by means of a linear mapping.

Ribe’s rigidity theorem [41], namely that if two normed spaces are uni-
formly homeomorphic then all finite-dimensional subspaces of one of the
spaces are uniformly embeddable in the other by means of a linear map-
ping, suggests that it is reasonable to believe that local geometric properties
of Banach spaces could be characterized in purely metric terms. This result
spawned what later came to be known as "the Ribe programme".

James [21] introduced the important property of super-reflexivity: a Ba-
nach space X is super-reflexive if every Banach space Y which is finitely
representable in X is reflexive. Enflo [12] showed that super-reflexivity of X
is equivalent to X having an equivalent uniformly convex norm.

The first successful step in the Ribe programme was obtained by Bourgain
[6] when he showed that the sequence (By)gen of binary trees of height & is
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a uniformly characterizing sequence for super-reflexivity, i.e. that spaces
which are not super-reflexive as those for which the binary trees B,, of depth
n embed with uniformly bounded distortion.

We refer to [5] and [36] for a thorough description of the Ribe programme
and its successful achievements.

Subsequently, Johnson and Schechtman [25] found two new uniformly
characterizing sequences for super-reflexivity, namely the sequence (D3)ren
of (2-branching) diamond graphs and the sequence (L3 )ien of (2-branching)
Laakso graphs. The best known estimate in the literature for the distortion
of embeddings of D,, into spaces which are not super-reflexive, due to Pisier
[40], is 2+ ¢ for every € > 0, while the best known estimate for the distortion
of embeddings of D,, into L;[0, 1], due to Lee and Rhagavendra [31], is 4/3.

In the dissertation we construct embeddings of £, into arbitrary Banach
spaces which are not super-reflexive space with disortion 2 + ¢.

Theorem 17. Suppose X is not super-reflexive. Then, for each € > 0 and
n > 1, there exists a mapping f,: L, — X such that, for all a,b € L,

5(a,0) — ¢ < | fula) ~ )] < dla,5) (2)

The embeddings of £,, which we define depend on the following charac-
terization of not being super-reflexive. Its negation is the characterization of
super-reflexivity known as .J-convexity.

Theorem 18. [22,[/3] X is not super-reflexive if and only if, for each m > 1
and € > 0, there exist e1,...,e, in the unit ball of X such that, for each
1 <5 <m, we have

ler+--+e —ejr1— - —epl| >m—c. (3)
We then prove a stronger result for X = L]0, 1].

Theorem 19. For each n > 1, there exists a mapping f,: L, — L1]0,1]
such that, for all a,b € L,,

3

1@ b) < [ fula) = fo(O)]1 < d(a,b). (4)

The analogue of Theorem [19| for D,, is proved in [31, Theorem 5.1| with
the same distortion of 4/3. Moreover, it is remarked without proof that 4/3
is the best constant for the distortion of embeddings of D,, as n — oo [31]
p. 359]. In fact, we do not know of any embedding of Ds into L]0, 1] with
distortion smaller than 4/3.

Our next result shows that £ does not embed into L;[0, 1] with distortion
smaller than 9/8.



Figure 1: Diamond graph Ds.
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Figure 2: Laakso graphs £; and £,
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Theorem 20. Let f: Lo — L]0, 1] satisfy

d(a,b) < |f(a) = f(b)[lx < cd(a,b).
Then ¢ > 9/8.

The proof uses the following characterization of isometric embeddability
into L4[0, 1].

Theorem 21. [9, Theorem 6.2.2] Let (M, p) be a finite metric space. Then
(M, p) is isometric to a subset of (3 := (la, |- ||3) if and only if, for all k; € Z
(1 <i<mn)such thaty ;. , k; =0, we have

Z klk]p(thj> S Oa

1<i<j<n
where x4, ...,x, are the distinct elements of M.

In a similar way we can estimate the distortion of metric embeddings of
the diamond graph D, into L4[0, 1].

Theorem 22. Let f: Dy — L]0, 1] satisfy
d(a,b) < [|f(a) = f()1 < cd(a,D).
Then ¢ > 5/4.

We shall remark that embedding into L;[0, 1] and the respective estima-
tions for the distortions provide a very useful tool for a number of problems
in computer science.
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Main contributions

1. We prove Theorem [7} Let 1 < p < oo and v > 0 be sufficiently small.
Every subsymmetric basic sequence in the dual space T*(p, ) is equivalent
to the subsymmetric canonical basis (e7)?2; which is not symmetric. In
other words, these spaces whose canonical basis is subsymmetric have, up to
equivalence, a unique subsymmetric basic sequence which is not symmetric.

Towards the proof of this main result we also obtain the following state-
ments that are interesting on their own:

Lemma |8 Let (e;) be a 1-unconditional basis of a reflexive Banach space
X which is K-dominated by its normalized block bases, where K > 1. Then
(ef) K-dominates all normalized block bases of (ef) in the dual space X*.

Lemma |§|: Ti*(p,v) does not contain an isomorphic copy of ¢, (where
SHo=1).

As applications of the main theorem we get:

Corollary [I0} Let 1 < p < oo and 7 > 0 be sufficiently small. Every sub-
symmetric basis of a quotient space of Ti(p, ) is equivalent to the canonical
basis (e;)32;.

Corollary : For 1 < p < oo and sufficiently small v, the basis (e;) of
Ti(p,~y) has a continuum many non-equivalent subsymmetric block bases.

2. We construct "yardsticks" in Tirilman spaces. More precisely, we prove

Theorem : Let p and v be such that 1 < p < oo and 0 < v < 374 where
%Jr% = 1. Then ¢y is finitely representable in 7% (p, ) disjointly with respect
to its canonical basis. This provides an alternative proof that the canonical
basis of a Tirilman space is not symmetric.

(¢%)>, are universal for all finite dimensional Banach spaces, that is to
say, for every finite dimensional space X there exists an n such that X can

be isometrically embedded in ¢],. Thus, the finite dimensional structure of

Ti(p,y) for 1l <p<oo,vy< 374 is as rich as possible in the sense that every
finite dimensional space is 1 + € embeddable in T'i(p, ) for arbitrary € > 0.
The last follows from the theorem of James that ¢ is not distortable, and its
finite dimensional version.

3. We prove Theorem [[4} The symmetrized version of the dual of Schlum-
precht’s space, S(S*), contains a subspace isomorphic to ¢;.

4. We study bilipschitz embeddings of Laakso graphs into Banach spaces.
We estimate the distortion of such embeddings. More precisely, we prove

13



Theorem [I7} Suppose X is not super-reflexive. Then, for each ¢ > 0 and
n > 1, there exists a mapping f,: £, — X such that, for all a,b € L,,,

Sd(a,b) — = < | fula) ~ )] < dla,B)

We prove a stronger result in the particular case when the Banach space
is L[0,1], namely Theorem [19} For each n > 1, there exists a mapping
fn: L — L1]0,1] such that, for all a,b € L,

3
Zd(a’ b) < ”fn(a) - fn(b)Hl < d(a’ b)
Bilipschitz embedding into L[0, 1] are important in Computer Science.

5. We create a computer program to find a lower bound of the distortion of
embedding Laakso and diamond graphs into L[0, 1]. In this way we obtain:
Theorem 20} Let f: £o — L1[0, 1] satisfy

d(a,b) < [|f(a) = f(O)] < cd(a,b).

Then ¢ > 9/8.
Theorem 22} Let f: Dy — L;[0, 1] satisfy

d(a,b) < |[f(a) = ()|l < cd(a,b).

Then ¢ > 5/4.

Since the proofs of Theorems [20] and [22| used only negative type inequali-
ties, by [9, Theorem 6.2.2] they remain valid if L;[0, 1] is replaced by (2, ||-||3).
This is a stronger result as L;[0, 1] is isometric to a subset of (£3, || - ||2).
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