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We consider permutations of {1,...,n}, for some n € N,.

A permutation of rank n is a bijective map on {1, ..., n}.

We may consider a permutation = € S, as a word of length n:
T = T2 ...Tp,

where 7r; = 7 (/).
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Permutation patterns

c=01...00 €5y T=T71...T1 € Sp ¢ <n

o is a pattern of 7 (or 7 involves o), in symbols, o < 7,
if there exists a scattered subword 7, ... 7;, of 7 (i} < o < --- < i) that
is order-isomorphic to oy . .. gy.

Example

5132674

- N W s~ 00 N
°
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Permutation patterns

c=01...00 €5y T=T71...T1 € Sp ¢ <n

o is a pattern of 7 (or 7 involves o), in symbols, o < 7,
if there exists a scattered subword 7, ... 7;, of 7 (i} < o < --- < i) that
is order-isomorphic to oy . .. gy.

Example
5132674 ol .
5 264 ) .
2 °
1 4 5 7
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Permutation patterns

c=01...00 €5y T=T71...T1 € Sp ¢ <n

o is a pattern of 7 (or 7 involves o), in symbols, o < 7,
if there exists a scattered subword 7, ... 7;, of 7 (i} < o < --- < i) that
is order-isomorphic to oy . .. gy.

Example
5132674 N )
5 264 , .
3 14 2
1 °
1 2 3 4
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Permutation patterns

c=01...00 €5y T=T71...T1 € Sp ¢ <n

o is a pattern of 7 (or 7 involves o), in symbols, o < 7,
if there exists a scattered subword 7, ... 7;, of 7 (i} < o < --- < i) that
is order-isomorphic to oy . .. gy.

Example
5132674 N )
5 26 4 , .
3 142
3142 < 5132674 ! *
1 2 3 4
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Permutation patterns

c=01...00 €5y T=T71...T1 € Sp ¢ <n

o is a pattern of 7 (or 7 involves o), in symbols, o < 7,
if there exists a scattered subword 7, ... 7;, of 7 (i} < o < --- < i) that
is order-isomorphic to oy . .. gy.

Tavoids o if o £ 7.
The pattern involvement relation < is a partial order on the set

P :=Up>1 Sn of all finite permutations. Downward closed subsets of I’
under < are called permutation classes.
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Permutation patterns

1234 1243 1324 1342 1423 1432
2134 2143 2314 2341 2413 2431
3124 3142 3214 3241 3412 3421
4123 4132 4213 4231 4312 4321
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Permutation patterns

\ 5 /
5\ D/

s\ / Pat T = Pat7 =

TeT
{oeS|IreT:0<71}

1234 1243 1324 1342 1423 1432
2134 2143 2314 2341 2413 2431
3124 3142 3214 3241 3412 3421
4123 4132 4213 4231 4312 4321
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Permutation patterns

\ /
A\ (G Jfeneis-

{reS,|Pat) + C S}

s\ \(Cs) /) PatT = | Patl 7 —

TeT
/ {oceS|IreT:0<71}

1234 1243 1324 1342 1423 1432
2134 2143 2314 2341 2413 2431
3124 3142 3214 3241 3412 3421
4123 4132 4213 4231 4312 4321
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Galois connection

The operators Pat(*) and Comp(") constitute a monotone Galois
connection between P(Sy) and P(S).

This is in fact the monotone Galois connection induced by the pattern
avoidance relation £ between S, and Sp,.

SCS, TCS,(¢<n)
Comp S:={re S, |PatdrCSt={reS,|VoeS\S:0o£r}
Pat) T:= | J Pat®) =S \{oeS|¥reT:agtr}

reT
Closures and kernels:
Pat(®) Comp" S C S,
T C Comp™ Pat®) T,
Comp" S = Comp(™ Pat(®) Comp(™ S,
Patl® T = Pat(®) Comp(™ Pat(®) T.
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Galois connection

The operators Comp(”, Pat(¥) have a “transitive” property.
Forte<m<n, SCS),, TCS,:

Comp(” Comp™ S = Comp(” S
Pat(®) Pat(™ T = pat() T
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Formalism

For any I € Py(n), let h;: [¢] — I be the unique order-isomorphism from
([4], <) to (1, ).

For r € Sy, define 7: [¢] — [¢] as
T = hr_(1l) oToh.

The patterns of = are precisely the permutations of the form 7, for
some () # / C [n].
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Crucial lemma

For any m,7 € Sp and () # | C [n], we have (77); = 7.y o 7). J

(7_‘_7_)/ _ h(_ﬂLT)(/)OWOTOhI = h;(1T(l))o7Toh7_(l) oh;(1/)o7'0h/ = Tr(1)OTI- D}
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Groups and Comp™ S

If S is a subgroup of S;, then Comp'™ S is a subgroup of S,.

y

Sketch of a proof.

Assume that S < S,. Let 7, 7 € Comp(™ S.
Thus Pat() , Pat®) + C S.
It holds that

Pat) n=1 = (Pat) 7)~" .= {671 | o € Pat¥ nr},
Pat() 77 C (Pat®) 7)(Patl) 7) = {60’ | o € Patl¥) 7, o’ € Patl®) 7}.
Since S is a group, it contains the inverses and products of its

members. Consequently, 7—! and 7+ also belong to Comp!” S. Thus
Comp(™ S'is a group. O

4
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Groups and Comp™ S, continued

The converse of the Proposition does not hold.

There even exist subgroups H < S, which are of the form Comp(”) S
for some S C S, but there is no subgroup G < S, such that
H = Comp!") G.

However, for £ < 3 and n > ¢, it holds that for every S C S;, Comp(” S
is a subgroup of S, if and only if S is a subgroup of S,.
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Groups and Comp™ S, continued

Recall the Galois connection Inv—Aut between permutations of

{1,...,n} and relationson {1,...,n}:
InvT :={p €Relp|Vr € T: 71 p} TCSy,
AutR:={re S, |Vpe R: > p} R C Rel,.
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Groups and Comp™ S, continued

Proposition

Let H < S, and assume that H = Comp™ S for some subset S C S,.
Then H is determined by its (-ary invariant relations:

H = AutInv H = Aut Inv() H.

In particular, the ¢-orbits are enough to characterize the group:

H = Aut{(h)" | I € Py(n)}.

a" .= {o(a)| o € H} = {(o(a4),...,0(a)) | o € H}
The order-isomorphism h;: [¢] — lis an ¢-tuple: h; € [n]ﬁé.
(h)H is called an ¢-orbit of H.
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Groups and Comp™ S, continued

Let H < S,, and consider the (-orbits p; := (h))" for all I € P,(n). Then
H is of the form H = Comp'") S for some S C S, if and only if
Q@ H=Aut{p| I € Py(n)},

© the p, satisfy the following property: for every x [n]%. we have

(Y1 € Pe(n)3J € Pe(n): red(x[]]) € red(py))
— Ve ’Pz(ﬂ): X[/] € pJ-
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Groups and Comp™ S, continued

Let H < S,. Then H is of the form H = Comp™ G for some G < S, if

and only if H = Aut p for some k-ary (k < ¢) irreflexive relation p
satisfying p = p¥".

p” = {h'(r) | rep, ImrC1ePyn)},
o" :={hy(s)|seco, JePin)}.
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Groups and Comp™ S, continued

Further details on the Galois connection Comp{”—Pat() and the related
Galois connection between the subgroup lattices of Sy and S, in

E. LEHTONEN, R. POSCHEL,
Permutation groups, pattern involvement, and Galois connections,
Acta Sci. Math. (Szeged) 83 (2017) 355-375.
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Group classes

M. D. ATKINSON, R. BEALS,

Permuting mechanisms and closed classes of permutations,

in: C. S. Calude, M. J. Dinneen (eds.), Combinatorics, Computation & Logic,
Proc. DMTCS ’99 and CATS ’99 (Auckland), Aust. Comput. Sci. Commun.,
21, No. 3, Springer, Singapore, 1999, pp. 117—-127.

M. D. ATKINSON, R. BEALS,
Permutation involvement and groups,
Q. J. Math. 52 (2001) 415-421.

E. Lehtonen (Univ. Nova de Lisboa) Permutation groups and permutation patterns 5 Nov. 2021 19/38



Group classes

Theorem (Atkinson, Beals)

If C is a permutation class in which
every level C\" is a permutation group,
then the level sequence C1"),C®), . ..
eventually coincides with one of the
following stable families of groups:

@ the groups Sﬁ’b for some fixed
a,beN,,

the natural cyclic groups Z,
the full symmetric groups Sy,

the groups (Gp, 6p), where
(Gn)nen is one of the above
families (with a = b in (1)).

© 066
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Group classes

Theorem (Atkinson, Beals)

If C is a permutation class in which
every level C\" is a permutation group,
then the level sequence C1"),C®), . ..
eventually coincides with one of the
following stable families of groups:

@ the groups Sﬁ’b for some fixed
a,beN,,

the natural cyclic groups Z,
the full symmetric groups Sy,

the groups (Gp, 6p), where
(Gn)nen is one of the above
families (with a = b in (1)).

© 066

n—b+1

s3b
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Group classes

Theorem (Atkinson, Beals)

If C is a permutation class in which
every level C\" is a permutation group, (h=(12---n)
then the level sequence C1"),C®), . ..
eventually coincides with one of the

following stable families of groups: "

@ the groups Sﬁ’b for some fixed
a,beN,,

the natural cyclic groups Z,
the full symmetric groups Sy,

the groups (Gp, 6p), where
(Gn)nen is one of the above
families (with a = b in (1)).

© 066
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Group classes

Theorem (Atkinson, Beals)

If C is a permutation class in which
every level C\" is a permutation group, Sn=n(n—1)...1
then the level sequence C1"),C®), . ..
eventually coincides with one of the

following stable families of groups: "

@ the groups Sﬁ’b for some fixed
a,beN,,

the natural cyclic groups Z,
the full symmetric groups Sy,

the groups (Gp, 6p), where
(Gn)nen is one of the above
families (with a = b in (1)).

© 066
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Group classes

Theorem (Atkinson, Beals)

Let C be a permutation class

in which every level C(") s a
transitive group. Then, with the
exception of at most two levels, one of
the following holds.

@ c\" = s, foralln € Ny.

@ ForsomeM € N, ¢(" = S, for1 < n < M,
and C\") = D, forn > M.

@ rorsomem, N e NwithM < N, ¢ = s,
for1 < n< M, C\" = D, for
M+1<n<N,andC" = Z, forn> N.

The exceptions, if any, may occur in the second and

third cases and are of the following two possible types:

0 cM+) — Ay 4 and cM+2) js an
anomalous group that is neither Dy nor
42, OF

cM+1) js 5 proper overgroup of Zy.4 but is
not Dpy4.

SM+3®
S
"
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Group classes

Theorem (Atkinson, Beals)

Let C be a permutation class

in which every level C(") s a

transitive group. Then, with the
exception of at most two levels, one of
the following holds.

@ c™=s,frainen,. s \ /
M+3
@ ForsomeM € N, ¢(" = S, for1 < n < M,
and ¢ = D, forn > M. SM+2\ /

@ rorsomem, N e NwithM < N, ¢ = s,

for1 < n< M, = D, for Sw+1
M+1<n<N,andC" = Z, forn > N.
The exceptions, if any, may occur in the second and Swu
third cases and are of the following two possible types:

0 cM+) — Ay 4 and cM+2) js an
anomalous group that is neither Dy nor
Zpp42, O

CcM+1) s a proper overgroup of Zy. 1 butis
not Dy 1 -
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Theorem (Atkinson, Beals)

Let C be a permutation class

in which every level C(") s a
transitive group. Then, with the
exception of at most two levels, one of
the following holds.

@ c\" = s, foralln € Ny.

@ ForsomeM € N, ¢(" = S, for1 < n < M,
and C\") = D, forn > M.

@ rorsomem, N e NwithM < N, ¢ = s,
for1 < n< M, C\" = D, for
M+1<n<N,andC" = Z, forn> N.

The exceptions, if any, may occur in the second and

third cases and are of the following two possible types:
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Group classes

Theorem (Atkinson, Beals)

Let C be a permutation class

in which every level C(") s a
transitive group. Then, with the
exception of at most two levels, one of
the following holds.

@ c\" = s, foralln € Ny.

@ ForsomeM € N, ¢(" = S, for1 < n < M,
and C\") = D, forn > M.

@ rorsomem, N e NwithM < N, ¢ = s,
for1 < n< M, C\" = D, for
M+1<n<N,andC" = Z, forn> N.

The exceptions, if any, may occur in the second and

third cases and are of the following two possible types:

0 cM+) — Ay 4 and cM+2) js an
anomalous group that is neither Dy nor
Zpp42, O

CcM+1) s a proper overgroup of Zy. 1 butis
not Dy 1 -

Sisa \ /
Swiz\ /
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Group classes

Theorem (Atkinson, Beals)

Let C be a permutation class

in which every level C(") s a
transitive group. Then, with the
exception of at most two levels, one of
the following holds.

@ c\" = s, foralln € Ny.

@ ForsomeM € N, ¢(" = S, for1 < n < M,
and C\") = D, forn > M.

@ rorsomem, N e NwithM < N, ¢ = s,
for1 < n< M, C\" = D, for
M+1<n<N,andC" = Z, forn> N.

The exceptions, if any, may occur in the second and

third cases and are of the following two possible types:

0 cM+) — Ay 4 and cM+2) js an
anomalous group that is neither Dy nor
42, OF

cM+1) js 5 proper overgroup of Zy.4 but is
not Dpy4.

E. Lehtonen (Univ. Nova de Lisboa)
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Sm1
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Theorem (Atkinson, Beals)

Let C be a permutation class

in which every level C(") s a

transitive group. Then, with the
exception of at most two levels, one of
the following holds.

@ c™=s,frainen,. s \ /
M+3
@ ForsomeM € N, ¢(" = S, for1 < n < M,
and ¢ = D, forn > M. SM+2\ /

@ rorsomem, N e NwithM < N, ¢ = s,
for1 < n< M, C\" = D, for
M+1<n<N,andC" = Z, forn > N.

The exceptions, if any, may occur in the second and
third cases and are of the following two possible types:

0 cM+) — Ay 4 and cM+2) js an
anomalous group that is neither Dy nor
Zpp42, O

CcM+1) s a proper overgroup of Zy. 1 butis
not Dy 1 -
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Group classes

Theorem (Atkinson, Beals) \ _ /

Let C be a permutation class
in which every level C(") s a \ v /

transitive group. Then, with the Su \ < _ow > /

exception of at most two levels, one of \ = /

the following holds.
@ c\" = s, foralln € Ny. s \ /
M+3

@ ForsomeM € N, ¢(" = S, for1 < n < M,
and ¢ = D, forn > M. SM+2\ /

@ rorsomem, N e NwithM < N, ¢ = s,
for1 < n< M, C\" = D, for
M+1<n<N,andC" = Z, forn > N.

The exceptions, if any, may occur in the second and
third cases and are of the following two possible types:

cM+) — Ay 4 and cM+2) js an
anomalous group that is neither Dy nor
42, OF

cM+1) js 5 proper overgroup of Zy.4 but is
not Dpy4.
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Permutation groups arising from pattern avoidance

Sn+1\ / Starting from G < S,

S, \@/ describe the sequence
G, Comp(™™) G, Comp("2) G, ...
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@ Sy, (p), trivial

obp=n(n—1)...1 =12 ---n
on n=n(n—1) 6= )
° Cn E G and n . n .
An £ G " .'
° (¢ G T .
e intransitive . .
e transitive: , T, N .
@ imprimitive ; . 1 n
@ primitive
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Simple observations

Lemma

Letn,me N, withn< m. Let G < S,. Then 6, € Comp™ G if and
only if6p, € G.

Lemma

LetG < S.
@ The following statements are equivalent.
Q@ zZ<aG
@ Z1 < Comp™ G
@ Comp™") G contains a permutation 7 € Zpi1 \ {tns1}.
@ The following statements are equivalent.
@ D, <G
@ Dpy1 < Comp™ G.
@ Comp™" G contains a permutation m € Dy1 \ (Zns1 U {6ni11}).
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Symmetric, trivial, . ..

Theorem

The following statements hold for all n € N..
@ Comp™"S,=35,,.

@ Ifn> 2, then Comp™") {1} = {141}
@ Ifn> 3, then Comp™") (5,) = (6,11).

M
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Let N be a partition of [n].

Sn:={reS,|vBel: n(B)=B}
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Alternating groups

(E , — partition of [n] into odd and even numbers
S, — permutations preserving blocks of (Ep,
W, — permutations interchanging blocks of CE,,
An — even permutations

Op — odd permutations

En = (S(En N An) U (WCEn N On)

Theorem

Comp™ Ay ==, 4

(Ops2), fn=0 (mod 4),
Dpio, ifn=1 (mod 4),
{tny2}, ifn=2 (mod 4),
Zyio, ifn=3 (mod 4).

Comp("t2) A, =
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Groups containing the natural cycle

Theorem

Let G < Sp, and assume that G contains the natural cycle (.
@ IfD, < GandG ¢ {Sp, An}, then Comp(™") G = D, 4.
@ IfD, £ G, then Comp™") G = Z,.;.
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Intransitive groups

Let G < S;, be an intransitive group.
Let Orb G be the set of orbits of G.
Then G < SOrb G-

Moreover, Orb G is the finest partition Il such that G < Sp.
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Intransitive groups

Let 1 be a partiion of 1]
Define the partition I’ of [n+1]as N ={{1,2,3,7,8,9,10},
follows. {4,5,6,12,13,14},
Let In be the coarsest interval parti- s
tion that refines I. Ih ={{1,2,3},
{4757 6}7
1 {7,8,9,10},
In={B+1|Beh,1¢B}U {11},
{((1/lh)+1)u{1}} {12,13,14}}
It .= {B|Bel,n¢ B}U N ={{1,2,3},
41, {5,6}
hu{n s (4).(5.6),
/ot (7). {8.9,10},
M = iAo {11},
{12},{13,14,15}}
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Intransitive groups

Let 1 be a partition of [n].
Q@ Ifé, ¢ Sn, then Comp(™") Sy = Spy..

@ 118, € Sn, then Comp(™™) Sy = Sy U 6py1 S = (S, 1)
moreover, " = §,.1(17).

Theorem

Let 1 be a partition of [n].

@ [V is an interval partition with no consecutive non-trivial blocks.

@ IfN is an interval partition with no consecutive non-trivial blocks

and N = 6§,(MN), then Comp ™" (Sp,6,) = (Shv, 6n1),; Moreover,
I_Il = 6,—,_,_1(”’).

A
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Intransitive groups

Theorem

Let G < S, be an intransitive group, and let I := Orb G. Let a and b be
the largest numbers o and 3, respectively, such that S,?"ﬁ < G. Then
for all £ > My (1), it holds that Comp(™* G = S2F, or

Comp(™) G = (S3Y), Gnse)-

M(N) .= max({|B| : Be I} U {1})
Mz p(N) := max(M(N),[1/In| —a+1,|n/Ilr| —b+1)
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Let N be a partition of [n].

Autl:={m € S, |VBeN: n(B) € N}
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Imprimitive groups

Let N be a partition of [n] with no trivial blocks. Then

<S|-|/,E|'|>, ifén géAutﬂ,

Comp™M Aut N = )
<S|'|/,Eﬂ,5n+‘|>, If(Sn EAutn,
where Ep is the set of permutations satisfying the following conditions:

@ If[1,¢] N for some ¢ with1 < ¢ < n, then y§”+1) € En.

(n+1)

@ If[m, n] < T for some m with1 < m < n, then A\, "\

@ If[1,n] N, then {ny1 € En.

@ Ep does not contain any other elements than the ones implied by
the previous conditions.

1€Er|.

A
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Primitive groups

Assume that G < S, is a primitive group such that ¢, ¢ G and A, £ G.

Q@ @ n=s¢

G Comp™" G

(1234),(34586)) {1234567, 2154376, 6734512, 7654321}
(1234),(23456))  {1234567, 1276543, 1543276, 1567234}
(12345),(3456))  {1234567,2165437, 4561237, 5432167}

(12345),(134)(256)) @)
((23456),(125)(346)) Oy
@ n+#6
G Comp™" G ‘ G Comp™" G

Dunn<G WMD) Dpq<G (M)

n—1

Din-z<G iy D < G NG

@ Otherwise Comp™" G < (6p41).
@ Comp™*? G < (5n.2).
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In a nutshell

Corollary

Let G < S, and let m be the smallest number i such that Comp("*) G
belongs to one of the stable families of groups.

@ If Gis intransitive, thenm < n— 1.

Q If G is imprimitive and (, ¢ G, then m < p, where p is the largest
proper divisor of n.

© Otherwise m < 2.
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Thank you for your attention.
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