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@ Diagonal and Pseudo-Plactic Algebra

@ Krob and Thibon conjecture

@ Peter-Weyl Theorem for C[GLq( V)]

@ C[GL4(V)] via Schur functors

@ Pre-Plactic algebra

@ Proof of the Krob and Thibon conjecture
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Diagonal versus Pseudo-Plactic algebra

Definition
The quantum diagonal algebra C4[T] is the subalgebra of the
quantum matrix algebra C[GL4( V)] generated by the diagonal

elements x}, x2,..., x2.
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Diagonal versus Pseudo-Plactic algebra

Definition

The quantum diagonal algebra C4[T] is the subalgebra of the

quantum matrix algebra C[GL4( V)] generated by the diagonal

elements x}, x2,..., x2.

Definition
The pseudo-plactic algebra is the quotient

PBg(T) := C(T)/(£4(T))

of the free associative algebra C(T) by the cubic ideal (£4(T))

£4(T)}% = [[x” il with i <y <ia
,Sq(T)gH = [[ xlz]’ ,1]q2 with i1 < ip
Ly(T))2 = [x,.’: X[, X21] e with it <
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Krob and Thibon Conjecture

q is generic, g # 0, gV # 1

Cq[T] = C[GLqg(V)]* = C[GLg(V)]|x
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Krob and Thibon Conjecture

q is generic, g # 0, gV # 1
CqlT] = C[GLg(V)]* = C[GLq(V)]Ix
Motivation: Theory of characters of C[GL4(V)]-comodules
1
qdet = qugn(a)x;1...xgn:1 [ [ s Xn_ 1]q27-~7x11]q2

oe€Sy
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Krob and Thibon Conjecture

q is generic, g # 0, gV # 1

Cq[T] = C[GLqg(V)]* = C[GLg(V)]|x

Motivation: Theory of characters of C[GL4(V)]-comodules

- 1 _
gdet = > 9"l . x] = [ X5 X0 g - XA g2

oc€Sp

O'n_1_qn

The diagonal algebra is isomorphic to the pseudo-plactic
algebra

CQ[T] = fﬂB‘Bq(T) :

KROB, Daniel; THIBON, Jean-Yves. Noncommutative
symmetric functions 1V: Journal of Algebraic Combinatorics,
1997
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The Hecke algebra #,(q)

a deformation of the group algebra C[&/]

TsiTsi+1TSi — Tsi+1TsiTsi+1 I:1,,r—1
Ts,-Tsé' = Tszs,- ‘i_j| =2 - (1)
Té = f+(q-qg")Ts, i=1,...,r—1
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The Hecke algebra #,(q)

a deformation of the group algebra C[&/]

Tsi Tsi+1 Tsi — Tsi+1 Ts,. Tsi+1 I: 1', .o ,I’—1
Ts,-Tsé' = T5T i—jl=2 - (1)
Té = f+(q-qg")Ts, i=1,...,r—1

P~

| X ~
S G G
§= +(q—q1)H7
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Drinfeld-dimbo R-matrix
R=>qgiewe+(q-q") Y eoé el e gi(V).
ijel ijeli<j
Hecke algebra #,(q) Representation ‘
7(Ts,) = (Rg)iis1 = id®U=1) @ Ry ® ig®(r—=1)
Braid (Yang-Baxter) relation
ﬁ*’12ﬁ"23i\?12 = '67’23,/?12@23

Hecke relation A A
RR=t1+(qg-qg "R
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Quantum Group C[GL4( V)]

Faddeev-Reshetikhin-Takhtajan W = x} ek = End(V)

RWoW=WeWR R € End(V®V)
Coordinate ring C[GLq4( V)]

x{;x,; = qx,;x,; xj"xk = gx/xf J>i
x{xk = xkx/ +(9-q° )x,x/ X x| = x,x{( j>i I>k
C[GLg(V)] = C(W)/(RW & W — W ® WR) )
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Hecke algebra projectors g2y and e

g-(anti)-Symmetrizers o) = e-1jand g2y = eB

1 _ 1
9(2) = @ (q 111 + Ts1> 9(12) = @ (q11 — Ts1)

Schur functor: maps #z(q)-module to left Uggl(V))-module
Se)(V) = V62 = V2 ©y5(q) Ha(@)E(2) = V* @21() Si2)

8(12)(V) = V®26(12) = V®2®7{2(q)7{2(q)e(12) = V®2®H2(q) 5(12)

Orthogonality = Factorization of the Hecke relation

9(2)6(12) =0= (q B TS1)(q_1 + TS1)
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Functorial form of C[GL4( V)] ideal

W=End(V)= Vg V*

. A hi (W) = epy W®?e;2

he(W) := RWeW-WgWR @{ a @ (1%)

q( ) hq (W) = 9(12) W®26(2)
Semi-group relations hy(W) := hg (W) + hy (W)

h§ (W) == V**2 24,9 <e<z) ® e(12>) Da(q) V

e (W) = Sy(VF) @ ST(V)

hg (W) := Spyz)(V*) ® SE(V)
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Peter-Weyl theorem for C[GL4( V)]

left and right Uggl(V'))-modules decomposition

C[GLg(V)]r = (W)@ = (V*)® @3y () V'

(Ve a0 (VENs 2 @D SNV @) SAV)  ABel .
AFr

left Schur Uygl(V))-module
Sa(V*) = (V)" @3,q) Hr(@)ex(T) = (V)" @3,(q) S
Orthogonal idempotents

GA(T)GM(T/) = e,\(T)dAM(STT,

Y. Y el) =T

ARr sh(T)=X
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Schur-Weyl duality

(

aq

B

H(q) = [ He(a)

r>0

Hr(q) = Hr(q) ®Hr(q) %r(Q)

Sy =Hi(q)ex(T) S =ex(T)H(q)

#H:(9) = D S En,(q) S*
AFr

1:(9)3 = P S D) S)

Ar

ar\ _ [ a1 ... ar 1 ... r
5,)‘(1 oo )@\ g B

TS =T, 1 @y q) Ts = (Tg)H@
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Polarization of the ideal hy(W)

XExi —x{x2=(q-qg "x3x2  xixf=x2x}
T -T5=(q-q "HT? RE=T4 (3)
TiE =1 Qppq) 1 =] [®spq)| |=

21 12 J J \/
Tol = T2 @mata) Tt = Tor Ora(a) Tor = X D) 7<= O

Tat = T2 ©uq) Tot = M Gauy(q) Tsr =| ®H2(q>H=/Q

These relations have the pictorial representation

e [roeenld L

4
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Hecke relation is equivalent to g2y ®4y,(q) €(12) = 0

(q_1 | \+>\’) Dua(q) (@] |-5<) =0

] ]
_ I+ —Y=0
S

Dressing €(2) @14,(q) €(12) With (V*)®2 and V*? yields

(V*)*2e(2) @215(q) €(12) V% = 0

Lemma (O. Ogievetsky)

ha(W) i= S(12)(V*) @14,(0) SPV) = Sz (V*) @24yq) STU(V)

ClGLa(V)] = C(W) /(hg( W)



Functorial pseudo-plactic relations £4(T)

central idempotent £(") in #3(q) attached to A = (2,1) =,

E@Y —et(gq)+e(q) e"(q)e (q) =

g-Eulerian idempotent e*(q) (with Jean-Louis Loday)
left and right Uggl( V)-modules by the Schur functors

Spy (V) =V BeH(q)  SEV(V) = e*(q)V*

Pseudo-plactic relations stem from the restriction to the
diagonal of a Uggl(V)-bimodule £5 (W) = e (q)W*3e~(q)

£4(T) = 8% 1y(V*) ®sa(q) S& (V) -
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Pre-plactic algebra 3%,

[[x,.’j,x,.";],x,";] € £4(T)  when it <ip<I3

1 331 %21 — xIx3x2 — x3x7x2 — x2x] x3 1 x2x3x]
[[X1, X351, X351 = Xy X3 X5 — X3 Xy X5 — Xg X1 X5 + X5 X3 Xy

The pre-plactic algebra PR, is the factor of the #(q)-module
(H(q) ® H(q))? and the #(q)-submodule ideal (£,)

PP, = (H(Q)@H(9))? /(L)
Lq=13]2] :=T}% - T35 — Tars + Taa1 -
HA(q) = PP,

symmetric braidings 71~ = T*® T, = T,-1 ® T, € HA(Q)
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Pictorial Proof

a1 ap a3\ [ a1 o2 a3 ® 1 2 3
a1 an Qg - 1 2 3 Hr(q) a4 az a3

/
g = TBeTE = Tael = | O
4
LY
123 _
T3E = TIBOTE = Taus ®Tas, (/
Y
12 — —
B - THOTE - TweTa = | O
//
%
TH = TReTE = el = O
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Reducing £,

EOE AN Sy
T132—T312—T213+T231 | r 7 + 14 _ _
132 312 213 231 ‘ H H ‘ ‘ \/ \/\/ ‘

SN

< X

We can reduce braids resolving the bubbles
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£4 and braid relations

Terms with bubbles cancel hence
132 312 213 231 ‘ /H N /‘
Ti35— T35 — T513+ T531 = —w X=X =0

where w:= (g —q ")

<X

‘ H — WH ‘:wTS1T32Ts1_WT32TS1T32'
AR

[13]2] :=Lg=w

;gq ~ e+(q) ®H3(q) ef(CI) — O — OJTS1 T32 TS1 - (UTSZ TS1 T32
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Pre-plactic algebra and Krob-Thibon conjecture

[[13]2]4 ~ WTS1SQS1 - WT5231 So — £-‘/q & 11
1[[24]3] ~ (JJTSQSgSg - UJT83SQS3 =1 & Sq .
LA ®Lq® L TSfSi+1Si — T

Si+1SiSj+1

HA(q) = PP,

C[GLq(V)]* = Cq[T] = PP4(T).

By functoriality £4(T) := S(’;J)(V*) ®24(q) S(_2’1)(V)|T*

(he)® = (Lq) = (hg(W))® = (£4(T))
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Snake’s numbers

Definition
An alternating permutation or snake is a permutation ¢ whose
word satisfies

01 >02<03>....

alternating permutations are counted by Désiré André

Xn
y(x):= Z Enﬁ = sec X + tan X
n>0 ’

Bernoulli-Euler numbers E, (V.I. Arnold)

n|l0o 123
En‘1112
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dim PRy(n) = Epy+

> dimPPa(n) T = D Envt’

n>0 n=0

The snake numbers satisfy the identity

. X _ =L (4)
Z n+1m—eXPZ nqﬁ-
n>0 n>1
2y’:y2_|_1 y(0)=1, y(x) =secx +tanx (5)
y'=yy' or  (ny)=y
X
y/(x) = exp /0 y(t)dt (6)
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Hopf algebras ‘BB, and LB, (T)

n>0 n>1

Opp, (X) =D dim PP( ) = exp (de Prim(SpB,(n ))Xn) ,

PBW-basis of ‘P, (T) with primitives generators Prim(‘BB,4(n))

dimV

7En— dim V
ey = T[ (1 - ey & 05) %
n=1
Polarization of T(V) = @5, V" = U(Lie(V)) is
S = @nzo Gn
gs(x) = —anf—expln —expz _1)|
n>0 k>1

(8)
(k —1)! = dim Lie(k) of primitive Lie elements Lie(k) C C[S]
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