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Definitions and notations

Definition

Let A= @ A’ be a finitely generated graded algebra over C such that
i>0
A% = C or A° = 0. The Hilbert series of A is the formal power series

H(A t) =) (dim A))t'.

i>0

v

The Hilbert series H(A, t) gives information about the lowest degree of the
generators in a minimal generating set of A and the maximal number of
generators in each degree.
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Definitions and notations

o Let A\=(A\1 >--->\,) € (Np)” be a non-negative integer partition.
By V) we denote the irreducible GL(n)-module with highest weight A.
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We consider the following class of algebras:

o Let A= @Ai be a finitely generated graded algebra such that each
i>0
homogeneous component A’ is a polynomial GL(n)-module.
@ A general class of examples is given by T(W)/I, where T(W) is the
tensor algebra of W and [ is a GL(n)-invariant ideal.
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Definitions and notations

o Let A\=(A\1 >--->\,) € (Np)” be a non-negative integer partition.
By V) we denote the irreducible GL(n)-module with highest weight A.
@ A finite dimensional GL(n)-module W is called polynomial if

W = B k(M) Va.
A

We consider the following class of algebras:

o Let A= @Ai be a finitely generated graded algebra such that each
i>0
homogeneous component A’ is a polynomial GL(n)-module.
@ A general class of examples is given by T(W)/I, where T(W) is the
tensor algebra of W and [ is a GL(n)-invariant ideal.

Determine H(A®,t) for G being one of SL(n), O(n), SO(n), or Sp(2d) (in
the case n = 2d).
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Hilbert series and multiplicity series

Let A have the following decomposition as a GL(n)-module:

A:@Ai :@@m;()\)%\.

i>0 i>0 A

Following a work of Benanti, Boumova, Drensky, Genov, and Koev for
S(W), we introduce the following Hilbert series of A:

H(A x1, ..., Xn, t) = ZXAI(X]_, LX)t =
i>0

> (Z mi(\)Sx(x1, - .- 7X,,)) t!,

i>0 A

where x4i(x1,. .., ) is the character of the GL(n)-module A" and
Sx(x1,-..,xpn) is the Schur polynomial corresponding to \.
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Hilbert series and multiplicity series

The Hilbert series of A

H(A, x1, ..., Xn, t) Z (Z m;(A)Sa( X1,...,Xn)> t

i>0
€ Zl[x1, - - -, xa]]>[[t]],

where S, denotes the symmetric group in n variables. Following BBDGK,
we introduce the multiplicity series of A by

M(A, x1, ..., Xn, t) —Z<Zm, )\) ) t

i>0

By a change of variables vi = x1, vo = x1x2, ..., V4, = X1 - - - X, One can
rewrite the above series as

/ Y An—1=An_ Ap i
M (A vi, ..., vy, t) Z(Zm, 2oevi ™y vn>t'.

i>0
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The algebra A® for G = SL(n), O(n), SO(n), or Sp(2d)

Theorem (BBDGK)

For the Hilbert series of ASY(") we obtain

H(ASM™, £) = M'(A,0,...,0,1,1).

Let n = 2d. For the Hilbert series of ASP(29) we obtain

H(ASPQ‘/)7 t) = M/(A, 0,1,0,1,...,0,1,¢t).
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The algebra A® for G = SL(n), O(n), SO(n), or Sp(2d)

For the Hilbert series of AO(") we obtain
H(AS(™ ) = M,(t),
where
Mi(x2, ...y Xn, t) =
% (M(A, =1, x2,...,xn, t) + M(A,1,x2,...,Xn, t)),
Ma(x3, ..., Xn, t) = %(Ml(—].,X3, coy Xny £) + Mi(1,x3, ... Xn, t)),

Mo (t) = %(M,,_l(—l, £) + My_1(1, ).
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The algebra A® for G = SL(n), O(n), SO(n), or Sp(2d)

For the Hilbert series of ASO(") we obtain

H(ASO) £) = M (t),
where

Mi(va, ..., va, t) =

1
E(M,(A’ —1Lvo, ooV t) + M(A L va, ... v, t)),

1
My(va, ...\ Va, t) = E(Mi(_l’ V3, ..oy Vi, t) + Mi(1,v3, ..., vy, t)),
/ 1 / /
n—l(Vna t) = E( n—2(_1a Vn, t) + Mn—2(17 Vn, t))v
M (t) = M, _1(1, t).
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Applications: Computing H(A(W)®, t)

o Let A=A(W) =D, N (W), where W is a p-dimensional polynomial

GL(n)-module. Let oy = (a11,...,1n), ..., 0p = (Qp1,. .., pn)
denote the weights of W (with possible repetitions). Then, for each i
XAi(W)(X1>"'7Xn): Z (Xﬁsll...xgsl”)...(xfsil...X’?{si”)'

1<s51<--<5i<n
Therefore,
HINW), X1, X t) = ) Xaiwy (X, - - xa)t =

i>0

(147 - xp7t).

—

j=1
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GL(n)-module. Let oy = (a11,...,1n), ..., 0p = (Qp1,. .., pn)
denote the weights of W (with possible repetitions). Then, for each i
XAi(W)(X1>"'7Xn): Z (Xﬁsll...xgsl”)...(xfsil...X’?{si”)'

1<s51<--<5i<n
Therefore,
HINW), X1, X t) = ) Xaiwy (X, - - xa)t =

i>0

(147 - xp7t).

zu

j=1
o Let W = SKV, where V = C" is the natural GL(n)-module. Then

HMS V), x1s o, ) = H (14 x/t).
i in=k
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Applications: Computing H(A(W)®, t)

A generalization of a lemma of Berele.

Lemma

Let X = {x1,...,xn} and let H(A, X, t) denote the Hilbert series of A. Let

g(X,t) = HA X, ) [T(xi = %) = D (D ailris- o) - xan)t,

i<j i>0 ;>0
for some «j(riy, ..., ri,) € C. Then the multiplicity series of A is given by

M(A; x1, ..., Xp, t) =

1 ri r 1
. » - 1 DY f !
Xn_IXn_2'~X2 e E :( E : al(rllv"‘7rln)xl Xn")t,
1 2 n—27n=1 ;>q >
where the sum is over all ri = (rj,, ..., r;) such that ri, > ry, >--->r;.
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Applications: Computing H(A(W)®, t)

Table : Hilbert series for n = 2

H(A(S* V)P, 1)

1+t2+t2

1+t

1+ 2 +t*+1°

1+ 3+ t*+t7

1+ 24+ t*+t0+1¢8

1+t + 2+ 19

1+ t2+2t* + 2t + 18 4 ¢10

1+ 4+t +t7T+ 8411

==
ElBlo|oNo|o s~ w|x

1+ t2 4+ 2% + 3% + 268 + ¢10 4 ¢12

—
N

14 2t% +2t° + 2¢8 + 219 4 ¢13

—
w

1+ t2 4+ 2t% + 410 + 448 4 2410 4 ¢12 4 14

H
o

1+ 63+ 2t +4t7 + 4% + 2411 12 4 15
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Applications: Computing H(A(W)®, t)

Table : Hilbert series for n =3

H(A(S*V)SLB) 1)

1+ t34+t7 4+t

1+ t6 + t9 + t15

1—{—t3—{—t6—{—t9—{—t12—|—t15+t18—|—t21

T+t2 42t +t7 + 8 +61° + 7t10 + 641 + 8112 + 13113 4 16¢14+
13615 + 8110 + 6117 + 7118 + 6119 + 20 4 21 4+ 2622 4 123 + 128

OB W X

Example (Hilbert series for n = 4 and n = 5)

H(A(S3 V)SL(4), t) =1+ t4 + t8 + t12 + t16 + t20;

HINS3V)SEO) 1) = 1 4 5 4 30 + ¢35,
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Applications: Computing H(A(W)®, t)

o HIN(SPV)SEB) t) =1 + 3 4 7 + 10,
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Applications: Computing H(A(W)®, t)

o HIN(SPV)SEB) t) =1 + 3 4 7 + 10,

o A(S3V)SL(3) is generated by a pair {v,*v}, where v € A3(53V) and
v is the Hodge dual of v, i.e., the unique element in A7(S3V) such
that

v Asxv = (v, v)vol.
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Applications: Computing H(A(W)®, t)

o HN(SPV)SLG) t) = 14 3 + t7 4 t10.

o A(S3V)SL(3) is generated by a pair {v,*v}, where v € A3(53V) and
v is the Hodge dual of v, i.e., the unique element in A7(S3V) such
that

v Asxv = (v, v)vol.

o Let {e1, &, e3} denote the standard basis for V = C3. A basis for
S3V is given by:
al = efa a2 = ega as = egv d4q = e%e27 as = 6]2_63,

2 2 2 2
dp = €,€3, ar = €16y, dag = €163, a9 = €63, dip0 — €1€2€3.
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Applications: Computing H(A(W)®, t)
Then A(S3V)SEB) is generated by

v=aiAaANa3—3az3NasANay—3a1ANag/N\ag+ 3ax A as A\ ag+
6ay A ag A ajg — 6as A ag A aig + 6as A ag A a1+
3a5 A ay A ag + 3az A ag N ag.

1
*v:a4/\a5/\36/\a7/\ag/\ag/\alo—gal/\ag/\a5/\aﬁ/\ag/\ag/\alo—

1
—522A23/\a4/\a5/\a7/\88/\310—531/\33/\24/\25/\37/\89/\810—

1
—§alAaZ/\a3/\a4/\35/\aﬁ/\ag+631/\32/\33/\35/\36/\37/\38—

1
_531/\32/\33/\34/\37/\38/\89_631/\32/\33/\84/\36A88/\310+

1
+§alAaz/\a3/\a5/\a7/\ag/\alo.
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Applications: Hilbert series for some relatively free algebras

o Let V =C" and let
A=TV)/([u,v],w]: forall u,v,w e T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the Grassmann algebra.

Elitza Hristova Hilbert series 15 / 20



Applications: Hilbert series for some relatively free algebras

o Let V =C" and let
A=TV)/([u,v],w]: forall u,v,w e T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the Grassmann algebra.
e Decomposition of A as a GL(n)-module: Let

P = {all partitions A € Nj : A = (k,1,...,1,0,...,0), k,s, t > 0}.
S—— —
s t

Hence, P contains all partitions A with Young diagram consisting of
one long row and one long column. Then

A%EBGB V.

i>0 AeP
IAI=i
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e Decomposition of A as a GL(n)-module: Let

P = {all partitions A € Nj : A = (k,1,...,1,0,...,0), k,s, t > 0}.
S—— —
s t

Hence, P contains all partitions A with Young diagram consisting of
one long row and one long column. Then

A%EB@ V.

i>0 AeP
IAI=i

e Hence, M(A,x1,...,%Xn, t) = Z(Z xlAl . -x,i‘")t’..

i>0 \eP
A[=i
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(ASM" t) and H(ASP(29) 1) we obtain:
H(ASMM) ¢) =1 4 ¢";

HASPCD 6y =14 62+ ¢* + ... 429 where n = 2d.
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o For the Hilbert series H(ASM" t) and H(ASP(29) 1) we obtain:
H(ASMM) ¢) =1 4 ¢";
HASPCD 6y =14 62+ ¢* + ... 429 where n = 2d.
o Let {x1,...,xn} be a basis for V = C".

The algebra ASH" is generated by the standard polynomial of degree
n

f=Sta(x1,...,%n) = Z sign (o)X, (1) @« @ Xo(p)-
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(ASM" t) and H(ASP(29) 1) we obtain:
H(ASMM) ¢) =1 4 ¢";
HASPCD 6y =14 62+ ¢* + ... 429 where n = 2d.
o Let {x1,...,xn} be a basis for V = C".

The algebra ASH" is generated by the standard polynomial of degree
n

f=Sta(x1,...,%n) = Z sign (o)X, (1) @« @ Xo(p)-
o€S,
o The algebra ASP(29) is generated by

f = [x1, Xg+1] + [*x2, Xd42] + - - - + [Xd, X24].
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(A®(" t) and H(ASO(") t) we obtain:

Elitza Hristova
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Applications: Hilbert series for some relatively free algebras

o For the Hilbert series H(A®(" t) and H(ASO(") t) we obtain:

HAW, 1) =

14t"
H(ASO(n)’ t) = 1 j t2°

o The algebra AP(" is generated by f = x; @ X1 + - - - + Xp @ Xp.

o The algebra ASO(" is generated by the elements f; and f, where

A=x1®x1 4+ + Xp® Xpn,

f2 = Stn(Xl7 .

ey Xn)-
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Applications: Hilbert series for some relatively free algebras

o Let V = C" with basis {x1,...,x,} and let
A=T(V)/([u1, 2] ®[u3,ua] : forall ug,...,us € T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the algebra of 2 x 2 upper triangular matrices.
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Applications: Hilbert series for some relatively free algebras

o Let V = C" with basis {x1,...,x,} and let
A=T(V)/([u1, 2] ®[u3,ua] : forall ug,...,us € T(V)).

A is called the relatively free algebra of rank n in the variety
generated by the algebra of 2 x 2 upper triangular matrices.
o The Hilbert series of ASP(29) js

H(ASCD ¢y — 1

1—1t2°

o ASP(29) js not finitely generated. A set of generators can be defined
inductively by

fi =[x, xa 1] + Do, Xg2] + -+ + [xa, x2d] = Y [xi, xaril,

fn+1 = Zx,@f ® Xdti — Xd+i @ fm®@ x5, m=1,2,...
i=1
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Applications: Hilbert series for some relatively free algebras

@ The Hilbert series of A9(") s

, 1—2t2 + 2t
H(AC™ 1) = Ta-2)p

ASO(n) \we obtain

@ For the Hilbert series of
(i) If n=2, then

1—t2 42t

S0(2) 4y 1t 2t

H(A . t) a_ayp

(i) If n=3, then

_1-28 4834+ 211

H(ASO(?’)a t) (1 — t2)3

(iii) If n> 3, then
H(ASCM ) = H(AC(™ ¢).

o The algebras A°(" and ASO(" are not finitely generated.

Elitza Hristova Hilbert series 19 /20



Thank you for your attention! )
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