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1 Plan

• Derivation of Zh and Dh-reduced nonlinear evolution equations:
Derivative NLS-type equations (DNLS)
MKDV-type equations
2-dimensional Toda �eld theories (TFT).

• Reductions and Kac-Moody algebras

• Hamiltonian properties and complete integrability

The Equations

• Derivative NLS

iψk,t+γcotg
πk

N
·∂

2ψk

∂x2
+iγ

N−1∑
p=1

∂

∂x
(ψpψk−p) = 0, k = 1, 2, . . . , N−1,
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γ = const ; the index k − p should be understood modulo h = N ;
ψ0 = ψN = 0. Additional involutions: from Zh → Dh

ψk = −ψ∗
k, γ = −γ∗,

ψk = ψ∗
N−k, γ = γ∗,

(1)

Particular cases with N = 3 reported by Fordy and Gibbons (1981)
and Mikhailov (1981).

Basic tools:
simple Lie algebras sl(N) ≃ AN−1

Kac-Moody algebras A
(1)
N−1 and A

(2)
N−1.

The group of reductions � A. V. Mikhailov (1981)

• 2-dimensional Toda �eld theory

2
∂qk
∂x∂t

= eqk+1−qk − eqk−qk−1 , (2)

• modi�ed KdV eqs.
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The general construction of Kac - Moody algebras: an

example

• Choose a simple Lie algebras g and pick up its Coxeter automorphism
Ch = 11. For sl(N) the Coxeter number h = N .

• Introduce a grading in g induced by C

g =
h−1
⊕
k=0

g(k), Cg(k)C−1 = ω−kg(k), ω = exp(2πi/h),

[g(k), g(m)] ∈ g(k+m), k +m mod (h).

• Use the grading to construct KM algebras as:

X(λ) =
∑
p

λpXp, Xp ∈ g(p).

Then the potentials of L and M can be viewed as elements of KM
algebras.
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Example: g ≃ sl(6), h = 6 and

C = diag (1, ω, ω2, ω3, ω4, ω5), ω = exp(2πi/6),

g(0) ≃


∗ 0 0 0 0 0
0 ∗ 0 0 0 0
0 0 ∗ 0 0 0
0 0 0 ∗ 0 0
0 0 0 0 ∗ 0
0 0 0 0 0 ∗

 , g(1) ≃


0 ∗ 0 0 0 0
0 0 ∗ 0 0 0
0 0 0 ∗ 0 0
0 0 0 0 ∗ 0
0 0 0 0 0 ∗
∗ 0 0 0 0 0

 , g(2) ≃


0 0 ∗ 0 0 0
0 0 0 ∗ 0 0
0 0 0 0 ∗ 0
0 0 0 0 0 ∗
∗ 0 0 0 0 0
0 ∗ 0 0 0 0

 ,

g(3) ≃


0 0 0 ∗ 0 0
0 0 0 0 ∗ 0
0 0 0 0 0 ∗
∗ 0 0 0 0 0
0 ∗ 0 0 0 0
0 0 ∗ 0 0 0

 , g(4) ≃


0 0 0 0 ∗ 0
0 0 0 0 0 ∗
∗ 0 0 0 0 0
0 ∗ 0 0 0 0
0 0 ∗ 0 0 0
0 0 0 ∗ 0 0

 , g(5) ≃


0 0 0 0 0 ∗
∗ 0 0 0 0 0
0 ∗ 0 0 0 0
0 0 ∗ 0 0 0
0 0 0 ∗ 0 0
0 0 0 0 ∗ 0

 .
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An alternative grading:

g =
h−1
⊕
k=0

g̃(k), C̃g̃(k)C̃−1 = ω−kg̃(k), ω = exp(2πi/h),

[g̃(k), g̃(m)] ∈ g̃(k+m), k +m mod (h).

C̃ =


0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0


obtained from the previous one by a similarity transformation.
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Lax representation and Zh reductions
Let us consider a Lax pair of the form:

Lχ(x, t, λ) ≡
(
i
d

dx
+ U(x, t, λ)

)
χ(x, t, λ) = 0,

Mnχ(x, t, λ) ≡
(
i
d

dt
+ V (n)(x, t, λ)

)
χ(x, t, λ)− λnχ(x, t, λ)Cn = 0,

where

U(x, t, λ) = U0(x, t)− λC,

V (2)(x, t, λ) = V0(x, t) + λV1(x, t)− λ2C2, DNLS

V (3)(x, t, λ) = V0(x, t) + λV1(x, t) + λ2V2(x, t)− λ3C3, mKdV

V (−1)(x, t, λ) = V0(x, t)−
1

λ
V−1(x, t), 2-dim TFT

The Lax pair allows one additional involution:

U†(x, t, λ) = −S1U(x, t, ϵλ∗)S1, (3)
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or

U∗(x, t, λ) = S1U(x, t, ϵλ∗)S1, S1 =

N−1∑
j=0

Ej,N−j+1

and analogously for V (x, t, λ).

The direct and inverse scattering problem

The direct and the inverse scattering problems for L reduces to RHP
Mikhailov (1981). The continuous spectrum Γ of L �lls up N lines in the
complex λ-plane:

Γ : arg λ =
2πk

N
, k = 1, 2, . . . , N.

The direct scattering problems for L: introduce the Jost solutions by:

lim
x→∞

ψ(x, t, λ)eλU1x = lim
x→−∞

ϕ(x, t, λ)eλU1x = 11,
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Jost solutions satisfy Volterra-type integral equations. Then determine
the transfer matrix

T (λ, t) = ψ−1(x, t, λ)ϕ(x, t, λ); λ ∈ Γ.

The inverse scattering problem for L is equivalent to Riemann-Hilbert
problem which allows one to calculate the re�ectionless potentials of L
and then �nd the corresponding soliton solutions. It is enough to know
that T (λ, t) depends on t by:

i
dT

dλ
− λ2[C2, T (λ, t)] = 0 for DNLS

i
dT

dλ
− λ3[C3, T (λ, t)] = 0 for MKDV

i
dT̃

dλ
− 1

λ
[C̃, T̃ (λ, t)] = 0 for 2-dim TFT

(4)

The reductions imply also symmetries between the discrete eigenvalues:
if λ1 is a d.e. of L then so are λ1ω

j for all j = 1, . . . , N − 1.
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λl3

l1

l11

l9

l7

l5

l2

l0

l10l8

l6

l4

Ω0

Ω1

Ω2Ω3

Ω4

Ω5

Ω6

Ω7

Ω8 Ω9

Ω10

Ω11

Ôèãóðà 1: The contour for the RHP of L with Z6-symmetry.
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ISP and RHP

Fundamental analytic solutions of L χν(x, t, λ) and solutions to the RHP:

mν(x, t, λ) = χ(x, t, λ)eiJλx, lim
λ→∞

λmν(x, t, λ) = 11.

The rays lν are de�ned by:

Imλα(J) = 0, ⇔ α ∈ δν ⇔ gν ⊂ g.

Important: all gνsl(2)⊕ sl(2)⊕ · · · . The RHP is:

mν+1(x, λ) = mν(x, λ)e
−iJλxgν(λ)e

iJλx, ν = 0, 1, . . . , 2N

gν(λ) = Ŝ−
ν (λ)S+

ν (λ) = D̂−
ν (λ)T̂

+
ν (λ)T−

ν (λ)D+
ν (λ).

Here S±
ν (λ), T±

ν (λ), D±
ν (λ) are de�ned by the asymptotic of m±

ν (x, λ)
when x→ ±∞:

S±
ν (λ) = lim

x→−∞

(
eiλJxmν(x, λe

±i0)e−iλJx
)
, λ ∈ lν

T∓
ν (λ)D±

ν (λ) = lim
x→∞

(
eiλJxmν(x, λe

±i0)e−iλJx
)
, λ ∈ lν .
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One could write S±
ν , T

±
ν , D

±
ν also into the form

S±
ν (λ) = exp

∑
α∈δ+ν

s±ν,α(λ)E±α, T±
ν (λ) = exp

∑
α∈δ+ν

t±ν,α(λ)E±α

D±
ν,α(λ) = exp(±

∑
α∈πν

d±ν,α(λ)Hα).

In other words S±
ν , T

±
ν , D

±
ν belong to the subgroup Gν with Lie algebra

gν . The minimal sets of scattering data that determine uniquely T (λ)
and U0(x, t) are

TS =

1∪
ν=0

{s±ν,α(λ) : α ∈ δ+ν , λ ∈ lν}, TT =

1∪
ν=0

{t±ν,α(λ) : α ∈ δ+ν , λ ∈ lν}.

Since mν(x, t, λ) satis�es

i
∂mν

∂x
+ U0(x, t)mν(x, t, λ)− λ[J

(1)
0 ,mν(x, t, λ)] = 0.
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If we know the solution of RHP then the corresponding potential is
recovered from:

U0(x, t) = lim
λ→∞

λ
(
J
(1)
0 −mν(x, t, λ)J

(1)
0 m−1

ν (x, t, λ)
)
.

Integrals of motion

Since

i
dT

dλ
− λ2[C2, T (λ, t)] = 0.

where C2 is a diagonal matrix, then the diagonal elements of T (λ, t)
are time-independent and may be considered as generating functionals
of the integrals of motion. The �rst two of them A1 and A2, obtained as
coe�cients in the asymptotic expansion:

lnT11(λ) = (λω)−1A1 + (λω)−2A2 +O(λ−3)

have the form:

A1 =
1

2α

∫ ∞

−∞
dx

N−1∑
p=1

ψpψN−p(x, t),
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A2 =
1

2α2

∫ ∞

−∞
dx

{
N−1∑
p=1

i cotg
πp

N
(ψp,xψN−p(x, t)− ψN−p,xψp) (x, t)

−2

3

∑
p+n+m=N

ψpψnψm(x, t)

 ,

where p + n +m = 0(modN). Note that under the involution (3) both
A1 and A2 become real. The density of A1 may be interpreted as the
number of particles density, while A2 provides the Hamiltonian.

The ISM � Generalized Fourier Transform

The analysis based on the Wronskian relations in Section 3 can be
generalized to the system L with Zh and Dh reduction groups. The
mapping from the phase space Fg ∋ q to any of the two minimal sets

of scattering data T̃k, k = 1, 2 leads to the following form of the adjoint
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solutions and the skew�scalar product:

E±
ν;α(x, t, λ) = χ±

ν Eαχ̂
±
ν (x, t, λ), e±ν;α(x, t, λ) = P0JE±

ν;α(x, t, λ),[[
X,Y

]]
=

∫ ∞

−∞
dx ⟨X, [J, Y ]⟩ ,

where P0J is the projector P0JX ≡ ad−1
J adJ X, adJ X ≡ [J,X] and ⟨,⟩

is the Killing form on g.
The set of squared solutions e±ν;α(x, t, λ) form a complete set of solutions

in F for generic potentials (VSG, Yanovski (1994)).

We get the following expansions for [J
(1)
0 , U0] and δU0:

[J
(1)
0 , U0(x, t)] =

1∑
ν=0

(−1)ν

2πi

∫
lν

dµ
∑
α∈δ+ν

α(A)
(
s+ν;αe

+
ν;α + s−ν;αe

−
ν;−α

)
(x, t, µ),

δU0(x, t) =

1∑
ν=0

(−1)ν

2πi

∫
lν

dµ
∑
α∈δ+ν

(
δs+ν;αe

+
ν;α − δs−ν;αe

−
ν;−α

)
(x, t, µ).

The minimal set of scattering data T̃1,2 consists of the expansion coe�cients
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of the potential U0(x, t) over the squared solutions. The expansions above
are generalized Fourier transforms which linearize the corresponding
NLEE.
Introduce the generating operators Λ± by:

(Λ+,N − λN )e±ν,∓α(x, λ) = 0, (Λ−,N − λN )e±ν,±α(x, λ) = 0.

They are expressed in terms of U0 by:

Λ±Z = ad−1
J

{
i
dZ

dx
+ P0J [U0, Z] + i

h−1∑
p=1

[U0, X
(p)
0 ]

∫ x

∓∞

⟨
[X

(h−p)
0 , U0(y)], Z

⟩
dy

}
.

The class of NLEE that can be linearized and solved by this generalized
Fourier transform has the form:

iU0,t +
h−1∑
k=1

fkΛ
±k

[
(J

(1)
0 )k, U0(x, t)

]
= 0,

where fk(λ) are polynomials in λ (or in λ−1). Each NLEE is determined

by its dispersion law f(λ) =
∑h−1

k=1 fkλ
kJ

(k)
0 =

∑h−1
k=1 f̃k(λ)Ekk ∈ h.

0-15



From the expansions we easily �nd that the NLEE is equivalent to the
following linear evolution of the scattering data:

i
dS±

ν

dt
+

[
f(λ), S±

ν

]
= 0, i

dT±
ν

dt
+

[
f(λ), T±

ν

]
= 0, i

dD±
ν

dt
= 0.

For the Zh�DNLS the dispersion law is:

fZh�NLS
(λ) = λ2J

(2)
0 .

The hierarchy of Hamiltonian structures and

action-angle variables

Drinfeld, V. G. Sokolov, V. V. (1984).
Kulish, P. P., Reiman, A. G. (1983).

Poisson brackets

Kulish, Reyman (1984)
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De�ne ψj(x) as linear functionals of U0(x, t, λ) by:

ψj(x) =
1

N
trU(x, t, λ)J

(0)
N−j ,

Then
{ψj(x), ψk(x)} = δk+j−Nδ

′(x− y).

Obviously, the Poisson brackets and the Hamiltonian H = 2α2γA2 lead
to ZN DNLS.

The symplectic basis

Introduce the symplectic basis

Pα,ν(x, t, λ), Qα,ν(x, t, λ), α ∈ δ+ν , λ ∈ lν
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as special linear combinations of e±ν;α. Then we can get:

[J
(1)
0 , U0(x, t)] =

1∑
ν=0

(−1)ν

2πi

∫
lν

dµ
∑
α∈δ+ν

α(A) (κν;αPα,ν(x, t, λ)) (x, t, µ),

δU0(x, t) =
1∑

ν=0

(−1)ν

2πi

∫
lν

dµ
∑
α∈δ+ν

(δκν;αQα,ν + δην;αPα,ν) (x, t, µ).

Ω0 =
[[
δU0 ∧′ ∂

−1
x δU0

]]
=

1∑
ν=0

(−1)ν

2πi

∫
lν

dµ
∑
α∈δ+ν

δκν;α ∧ δην;α

Ωk =
[[
δU0 ∧′ Λ

kN∂−1
x δU0

]]
=

1∑
ν=0

(−1)ν

2πi

∫
lν

dµ
∑
α∈δ+ν

λkNδκν;α ∧ δην;α

0-18



Conclusions

• There are many other eqs. with Zh and Dh symmetries that can
be solved by the inverse scattering method;

• all of them share the same Action - Angle variables;
so we have a hierarchy of in�nite-dimensional completely integrable
NLEE.

• The inverse scattering method is a generalization of the Fourier
transform method.
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Thank you for your attention!
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