3a aJireOpuYvHUTE CTPYKTYPH HA
MHTEIPUPYEMUTE YpPaBHEHUSA

Otuer Ha B. C. I'epaxkukoB 3a 2019 r.

V. S. Gerdjikov

acoruupan 4iaen #Ha IMUW npu BAH

0-0



1 Plan

e Derivation of Zj; and Dj-reduced nonlinear evolution equations:

Derivative NLS-type equations (DNLS)
MKDYV-type equations
2-dimensional Toda field theories (TFT).

e Reductions and Kac-Moody algebras

e Hamiltonian properties and complete integrability

The Equations

e Derivative NLS

wk O — 9
1y ¢ +ycotg N awzk—m Z e (Vp¥r—p) k=1,2,...
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~v = const ; the index k£ — p should be understood modulo A = N;
1Yo = YN = 0. Additional involutions: from Z; — Dy,

wk:_¢27 /7:_/7*7

1
Vi = VN _ks v =", L)

Particular cases with N = 3 reported by Fordy and Gibbons (1981)
and Mikhailov (1981).

Basic tools:

simple Lie algebras sl(N) ~ Anx_1

Kac-Moody algebras A%)_l and Aﬁ)_l.

The group of reductions — A. V. Mikhailov (1981)

e 2-dimensional Toda field theory

282;(]575 — k17 ke k-1 (2)

e modified KdV egs.
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The general construction of Kac - Moody algebras: an
example

e Choose a simple Lie algebras g and pick up its Coxeter automorphism
C" = 1. For sl(N) the Coxeter number h = N.

e Introduce a grading in g induced by C

h—1
k‘_

CgW ot = wFgh), w = exp(2mi/h),

(g™, g™ e g™ k4 m mod (h).

e Use the grading to construct KM algebras as:

X)) =) NX,  X,ecg?.

p

Then the potentials of L and M can be viewed as elements of KM
algebras.
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Example: g ~ sl(6), h = 6 and

a® ~

(*ooooo\
O«x0000
00x000
00000
0000 %0

\ 00000/

(ooo*oo\
0000 %0
00000
«00000
0Ox0000

\ 00000/

g(l) ~

a@ ~

C = diag (1,w, w?,w’,w*, w®),

(o*oooo\
O0x000
00000
0000 %0
00000 %

\*00000)

(OOOO*O\
00000 %
*x 00000
0x0000
00000

\000%00)
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9(2) ~

) ~

w = exp(27i/6),

(oo*ooo\
00000
0000 %0
00000 %
«x00000

\0%x0000 )

(OOOOO*\
«x 00000
0x0000
00x000
00000

\0000*0)/



An alternative grading:

h—1 - -
g= & g, Cgc—1 = kg, w = exp(2mi/h),

g, e g™, k+mmod (h).

(010000
001000
000100
000010
000001
\100000)

QY
|

obtained from the previous one by a similarity transformation.
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Lax representation and Z; reductions

Let us consider a Lax pair of the form:

Ex(ot.) = (i + U t3) ) x(zt.0) =0,

X

d
Mux(x, t, ) = (z% + v (x, t, A)) x(x, t, ) — AN"x(z,t, \)C"™" =0,

where

Ulz,t,\) = Up(z,t) — \C,
V& (@, 0) = Vo(z,) + AVi(z,8) = N*C?, DNLS
VO (x,t,\) = Vo(x, t) + AVi(z, t) + N2Va(z, t) — A3C3, mKdV

1
VD (x,t,0) = Vi(x,t) — XV_l(:c,t), 2-dim TFT

The Lax pair allows one additional involution:

Ut(x,t,\) = =S1U(z,t,eA*)S], (3)
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or

N—-1
U*(.CE,t, )\) = SlU(ZU,t, 6)\*)51, Sl = Z Ej,N—j—|—1
7=0

and analogously for V(z,t, \).

The direct and inverse scattering problem

The direct and the inverse scattering problems for L reduces to RHP
Mikhailov (1981). The continuous spectrum I" of L fills up N lines in the
complex A-plane:

2k
I: A= — k=1,2.....N.
a"rg N, ) = 9

The direct scattering problems for L: introduce the Jost solutions by:

lim o(x,t, eV = lim  ¢(z,t, N)e V1% =1,

T—r 00 r——00
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Jost solutions satisfy Volterra-type integral equations. Then determine
the transfer matrix

T\ t) =¢ H(x,t, \)p(z,t,0);  Ael.

The inverse scattering problem for L is equivalent to Riemann-Hilbert
problem which allows one to calculate the reflectionless potentials of L
and then find the corresponding soliton solutions. It is enough to know
that T'(\,t) depends on ¢ by:

T
i% — \[C*, T(\1)] =0 for DNLS
AT 37,3
ar 1 - -
ol 1es s _ I
T )\[C’, (AN t)] =0 for 2-dim TFT

The reductions imply also symmetries between the discrete eigenvalues:
if A\ is a d.e. of L then so are \qw”? forall j=1,..., N — 1.
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()
lg ) 110

®@urypa 1: The contour for the RHP of L with Zg-symmetry.
0-9



ISP and RHP

Fundamental analytic solutions of L x, (z,t, A) and solutions to the RHP:

my(z,t, ) = x(x,t,\)e/, )\li_{{)lo Amy (x,t, \) = 1.
The rays [, are defined by:
Im Aa(J) =0, & a €0y & g, C g.
Important: all g,sl(2) ® sl(2) ®---. The RHP is:
my1 (2, ) = my(x, N)e g, (N\)e! v=20,1,...,2N
gv(A) = 5,
Here SE(N), TF(N\), D ()\) are defined by the asymptotic of m*(x, \)

1% 174

when  — 400:

A

(N)SF(A) =D, (NI, (N, (A)D;F ().

SE(\) = lim (e *my, (z, )\eiio)e_i”"”) : A€l
r—r— 00
TF(N)DE(\) = li_>m (ei”wmy(a:, )\eiio)e_iu‘”) : A€ l,.
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One could write S, TF, DF also into the form

SN =exp > spo(MNEia, Ty (N) =exp Y  tr,(AN)Exiq

Q€8 =5

D (A\) =exp(£ Y dy (A Ha).

aET,

In other words S, TF, DF belong to the subgroup G, with Lie algebra
g,. The minimal sets of scattering data that determine uniquely T'(\)
and Uy(x,t) are

1 1
Ts = | J{siaN) iaesixel}, Tr=|J{ti.(N):acdf Ael,}.
vr=0 v=0

Since m,, (x,t, \) satisfies

0m,,

i 4 Uo(a, )y (2,1, ) - ALY my, (2,8, A)] = 0.
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If we know the solution of RHP then the corresponding potential is
recovered from:

Ug(x,t) = Ali_)rlgo A (Jé1> — my(x, t, )\)Jél)mgl(m,t, )\)) :

Integrals of motion

Since

dar - . )
i~ = X’[C T (A 1)] = 0.

where C? is a diagonal matrix, then the diagonal elements of T(\,t)
are time-independent and may be considered as generating functionals
of the integrals of motion. The first two of them A; and As, obtained as
coeflicients in the asymptotic expansion:

In Tll()\) — ()\w)_lAl + ()\W)_2A2 + O()\_g)
have the form:

1

Av=o- | d:c Z VN —p (T, 1),
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| o N—1
Ar == dx { Z 1 cotg %p (wp,x¢N—p(xa t) — wN—p,xwp) (z,t)

202

=Y Gttty

p+n+m=N

where p + n + m = 0(mod N). Note that under the involution (3) both
A1 and A, become real. The density of A1 may be interpreted as the
number of particles density, while A provides the Hamiltonian.

The ISM — Generalized Fourier Transform

The analysis based on the Wronskian relations in Section 3 can be
generalized to the system L with Zj;, and D, reduction groups. The
mapping from the phase space F,; > ¢ to any of the two minimal sets

of scattering data T, £ = 1,2 leads to the following form of the adjoint
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solutions and the skew—scalar product:

EFa(@,t,N) = XiF EaXy (2,8, N), €ra (@, 1, N) = Pos €5, (2,8, N),

oo

[x,v] = / dz (X,[J,Y]),
where Py is the projector Py X = ad;'ady X, ady X = [J,X] and (,)
is the Killing form on g.

+

The set of squared solutions e, (x, ¢, \) form a complete set of solutions
in F for generic potentials (VSG, Yanovski (1994)).

We get the following expansions for [Jél), U] and 6Uy:

D Uty = S 2 / A S (A) (5Faiia + Spaiia) (3t 1),

0 271 l, a€5j‘
1
(=1)” — -
oUp(x,t) = Z omi ), dp Z (057 0€ma — 0Spabria) (@t 1),
v=0 v a€dy

The minimal set of scattering data 7~'1,2 consists of the expansion coefficients
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of the potential Uy (x,t) over the squared solutions. The expansions above

are generalized Fourier transforms which linearize the corresponding
NLEE.
Introduce the generating operators A* by:

(AN — )\N)e,jf’jm(a:, A) =0, (AN — )\N)eiia(w, A) = 0.

They are expressed in terms of Uy by:

h—1
1} .dZ . v _
A*Z =ad;’ {Zd + Pos|Uo, Z] +@Z[U0,Xép)]/ <[Xéh 7, Uo(y)]aZ> dy} :
X p=1 00

The class of NLEE that can be linearized and solved by this generalized
Fourier transform has the form:

h—1

iU+ Y b= | (J§)E, Un(a,1)| = 0,
k=1

where f(\) are polynomials in A (or in A™'). Each NLEE is determined
by its dispersion law f(A) = 071 ik g = SSL F (N Ee € b
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From the expansions we easily find that the NLEE is equivalent to the
following linear evolution of the scattering data:

.dS* N dTF
? dt +[f()\)7‘91/} _07 ? dt

For the Z;,—~DNLS the dispersion law is:

+
+[f(N),TF] =0, z'd?t” = 0.

fz,-NLs(A) = A2

The hierarchy of Hamiltonian structures and
action-angle variables

Drinfeld, V. G. Sokolov, V. V. (1984).
Kulish, P. P., Reiman, A. G. (1983).

Poisson brackets
Kulish, Reyman (1984)

0-16



Define 1, () as linear functionals of Up(x,t, \) by:

1 0
$y(@) = St Ule,t, ) Iy

Then
{Y;(x), Yr(2)} = Opyj—n0 (. —y).

Obviously, the Poisson brackets and the Hamiltonian H = 2a2vA; lead
to Zn DNLS.

The symplectic basis

Introduce the symplectic basis

Pa,l/(xata )\)7 Qa,l/(:c;t, )\), o € 53_,)\ cl,
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as special linear combinations of eia. Then we can get:

A U0l = 3 G [ dn Y al) (s Paslt ) (o).

271
v=0 acdy

1
_1 v
SU(a,t) = 3 (%2 /l A S (0raQas + 0o Pary) (@, 1, 1)

v=0 v a€51‘/|‘

1 v
= |[5UO /,\033_15[]0}] — Z (_1) / dp Z 5’<vu;oz A 577V;oz

27TZ l
vr=0 v

acdl

271

1 v
Q= |[5UO AAkNa:c_l5UO}] — ,;) (_1> /ly d:u Z )\kNélil/;a A 5771/;a

acs)
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Conclusions

e There are many other eqs. with Z; and [D;, symmetries that can
be solved by the inverse scattering method;

e all of them share the same Action - Angle variables;

so we have a hierarchy of infinite-dimensional completely integrable
NLEE.

e The inverse scattering method is a generalization of the Fourier
transform method.
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Thank you for your attention!
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